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PROPERTIES OF SOLUTIONS OF HIGHER ORDER NONLINEAR
DIFFERENCE EQUATIONS. 1
BY

RAVI I'. AGARWAL

1. Introduction. Motivated with the work of Hartman [8] on
linear difference equations, here we shall discuss asvmptotic and oscilla-
tory properties of solutions of nonlinear differcnce cquation

(t.1 Arx(t)A-f(t, x(t), Dx(f) s AT =0, (el
and its variant
(1.2) Arx(f) - (Y (x(2), Ax(t),.., A" 1x{f))=0. (€ i,

where 1 is the discrete set {0, 1,..} and A is the difference operator Ax{t)=
= x(t-+-1)—x{t}. Throughout, we chall assume that f. p and F are defined
in a given domain and for all initial values of the ivpe

(1.3 Alx{t),=4,; 0gi<n—1, -V

solutions of (1.1), (1.3) and (1.2), (1.3) exist for all izt tel.

Bv a solution of (1.1) or (1.2) we shall always refer to a nontrivial
solution. A solution x(f) of (1.1} or (1.2} 1s called nonoscillaiory if it is even-
tuallv of fixed sign ; and it is called oscillatorv if there is no cnd of £, and
t(t, .} in I such that if x(4) =0{x(¢t,) <0) then x(4) <0(x(2.) =0).

In section 2, we prove a scries of lemmas which are discrete analo-
que of well known results in the continuous case. These lemmas are used
in section 3, to obtain our main results which are similar to known results
[3, 913, 15] for the continuous casc and cover some results known in the
discrete case for n=2, [4—7, 14].

In what follows, we shall denote the set {¢,.¢,+1,...} where t, el
by [,. and (f)f”"=l(f—1)...{!-—??1—}—1), the nsual factorial notation.

7. Basic lemmas. Lemma 2. 1. Lot u{f) he some Function defined on Iy,
Ther, for 0gbkgn—1

n—y (g g jir—H T )
2y afu="5 LT pny e TE (s ) AM(S)
i=x (1—R) ! (n—hk—1)1 o, '

Proof. The proof is by finite induction. >ince
re1

(2.2) ATu(y=A"ult )+ £ ATTHu(S), Qgmen—1,

=k
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the identity (2.1) is trivial for k==u—1. Next, assume (2.1} is true for A
ssume (2,13 1 or k=m
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then from (2.2) L1, (1) Aluti). O<hgn—1 has a definile fimid ns {—oc, ¥
5% 1t we denote An{eo)=lm Al (), then (e —Anfoc)=... =A% tu(x)=02,
A'"”(t)=:lm”([1) - :\‘1 vl\_‘l (S !1)“""“” . {—) It we denot 7 ( ) = () ( ) ( ) ( )
Rl P me= e A Aoy =20, Akt (oc) =AM (00) = . e APy (ea) =0 Chere D<hgn—1.
{ Wlgowey  (i—m—1) | (3) 1f b= (n—1), fgrgn—1, and {15 odd, then ¢ 1s fuile.
4 - S R I 4y 1 A u(eo)=0 fcr<n—1, then (—-1)*14° Qe(t) 0.
{n—wm-2) &,L;, e A ‘}"\n“("'l)]::é\"‘!!(h) ((i)) [fnis ¢(°‘L':‘)H and k=0 then, n(m)y=c>0.
o1 (s f,) o (o) 10 is odd amd w{ty)=0 then, Afyr(0)=c >0 for some Lz 1.
4+ oy Alulty) |- Proof. T.et Aru(an), Oghgn-—1 cxist and negative, then {from lemma
R EE TN A H A : 2.4, u{o0) <0 (in fact y{oo)=—oe. if l<hgn—1) wich 1s a contradiction
AT l fememot, fomim I 1o our assumption that n(y>0-on /. Thus, we need 1o cpnsidvr Atufoc) 2z,
(n—nt- 21) P ORER (S B S ) Lt X TR nghgn—1 il it exists. Since, Amne() <0 on . A () is decreasing on 1
A B fut) and hence A" (@)= (finite)= O cexisls, so (1) is true for k=n 1 and (3)
N (o £ Lo I R for i=1. 1 ¢, >0 then, (2} follows from temma 2.4, 1f 7,=0 then, Ar i (4) >0
o {i—m) = Afu{l)- | 3 (e s— 1)1y (s on I, and so {4) is true for (=1 and AP (f) is increasing and A* (o) =
' (re—m—11 7 u(s), —co2 0 cxists and hence (1) for k=a-—2. 1f co=oz, (2) follows from lemma

» hlfnw (2'2]) L 24 for h=n--1, similarly if c. (finitc) >0, (2) follows from
emma 2.2, /. /
20 Lot AZ0, f(}20 on 1y and w(t) salisfics an inequality

lemma 2.4 for

o=y — 2 also, if ¢,=0 we must have Ar=2(f) <0 on {,, which is (4) for 1==2
and so A" du(l) 1s decreasing and A" “ifoc)==c, (finite)=0 exists which is

(2.3) =i (3) for i=:3. Repeating similar arguments, we get (1)—(4) casily.
Hly< A x f(s)us). 1f 2 is even du(o0)==c,1 >0 then, (3) is immediate, also if du{e0)=0
Then, for t=1, i ihen. from (4}, Au () =0 on I,, which imphes {5).

n(tys A 11 (14 /(s)).

diction to u(f) =0 on and hence (6) is true.

(a) lim Au(f)=0, 1glhegn—1,
tora

(by (=D AR (f) >0, 1ghgn—1.

0T t 1t i
])] 00[ .H’l(l SUACT Hl i 2 i ‘
! [ QO . l L3 ]ln( ar ﬂ.n(l 1101]]111(_“11 .\('n{ l.dl]/.'clli“]'l:‘l 0] (2 5)

Lem .
emma 2.3. Lol wl{f)y be some function defived on 1, Then

1 n is odd and Aw{x)=0 then. from (4), Au(f)-<0 on I,, and #({) 1s
decreasing. Since u{f;)=0. we find u(t) <0 on I,— st} which is a contra-

Lemma 2.6. Lot in lemma 2.5, u(t) be bowwded also. Then,

(2.4) '3 faxtam 0 o " Proof. The proof is contained in femmas 2.4 and 2.5
. S DA (s) = x (— DMPOAT YA By (g f | I Lemma 2.7. Let u{)>0, #(t)=>0, Au(fyz0 and Az{l) =0 for all suffi-
=i k=1 ' S )i ] ciently farge £ in L Then, if 3(f)—o0,
Proof. The i - Atk
o/ I"r identity (2.4) is a repeated application of lm ;}‘_?_‘(!) —r  implics lim”—(l—) _—
1
S i) Anrfs 4 ; e Au(t) trm (0
= H(-S)—\H(S) _'“(S)T (\) : El._\fl(s)f-'(s"' [) s . A X i . o - . N
' I Proof. Lim du(f)[Av{t)=r implies that for all sufficiently large (24,

i 1= F= i,

Lemma 2.4. Lot 1<
X e \.[SH—"I(”HI H(/) be sonte fusction de Fine .
{a) hfn:xmmf Alu(f) =0 7'mj)£r'csr lim _)"u(/).-oé" ;)Oé.z;:.éélff]d on 1. Then,

{1s) hm; sup A () =0 implics }im Alie{l)=—cc, OLigyg~—1.

i=f, to T—1, we {ind

Proof. 1i i " i i )
f I' !.m inf A!H([) () ll'ﬂl)ll(‘ﬁ that for all Sllf“(.'i(‘lll}\' l'l[’"L‘ !osav
s hlte] ek

2t Au(f)ze, 0 Now, {

2 . E Cfrom (2.2), for m=g—

Hésfit ) and hence lim AT ]”(({) ) for m=g—1.we find A? Wit)= Aty
1o

(r- s)[l " 1.({1)-'152(—,{.‘)'_? .
()4 o)) (1) (
tion, The case (b) . =o0. Rest of the proofl follows by in(iué- and in the above incquality as T—oC, the result Hm (/)
. > case (b) 1s treated similarly ) ) tom
Lemma 2.5, Let u(f) bttsu?ul:lll‘nl'\; : Lemma 2.8. Let u(t) be as an lemma 2.3, Then,
on 1, Then, ne funclion de fined on I and (1) >0, A (1) <O - )
. lim =7 =0, I1<ig<n—1
t~=  H(t)

)

T

R
in {, (r— s);\v(i)s_.ku(l)g(r—‘;—s)Atr(f). Summing the above inequality from
(r—e)[e{1)—olfH)]< w(Ty—u(t)<(r- ) iu(T)—2(4)) ]

’_(’[—‘)) s(f-l.-s){'— —%1)"]

(f)==r follows.
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provided w(i) =0 in ¢ . : =R
a1, then from (2) 2. ) = =0 and (2 5y fol _' E * 0NN When '
. . , (2.5) is obvious . ) tellows from (2). Nex . . .
If c=0. Next, le _( wious for A+ tsign— ). Next, let eipe (3.5) in (3.0), we find
y let ¢==0 then, from lemma Zt‘?. \:; ’lfn\-]r-. and for k<ign—1 Usipg G35 s e
A+ ‘ L e R B
0=tim 20 i A0 . Fied + % e TP Fs)-
tex AF im e _ 1 A"N(i) A setyl ieaD
5 (1) e APy Zl_m o )
o oo Au{l) res n(t) s application of lemma 2.2 provides that
(2. . Atu(e Il :
lim ) . Bl SR bR | PR 8
Next, from (26) e LS Fyea 11 [1 2 E, (oI
_ 2.6) . it
o Alu(t) " Al . A and hence from (3.2), -I-"(t)é‘(,', where (0 1s some positive constant. Thus,
s e(2) ,‘32 A1 lim — (). i An{t) inequality (3.9 implics that
and hence (2.5) is true { uh e ATl e H”?)—. i (3.7 ARy < CO7 =t 0gkgn=—]
- A s true for 1<i<h als
. J-)f’}i’am re?uits. Theorem z3 1 d.ibs-(:”m y ; Next, from (3.3}, we have
ss Xnoy) for el (x, v Ao dAsswme that the functi , ' t-1 '
(X0, Ui,y Ay 1) = [n Sﬂffsfr'c’s !r’.': {G?:ié:;z%,:;j(t, Yoo T1yuy 13.8] AP ix(t)"-Aﬂ l‘k,‘(tl) = f(ﬂ, ."C(S}, AI(S) yiiv A“"LX(S)).
:3.1) f(‘ - ) n;] =t .
P X Ve Yy, < 2 pO)ixy nnod .
l LQIES since, condition (3.2) implics that 2 % (s 73 pals) <00, we find from (3.1)
1=0

d thercfore lim AP rx(f)
=+

+=0
and (3.8) that vhe sum in {3.8) converges as {—o0 an

where pi(t), O<i
s LIeN-- 1 o .
are snonnegative funclions, defined on | {
S ! anc
To, ensure that this Limit is not zero, We

axists and is & finlie nnmber.
-0 and impose the condition

o
e that 1 —C Z 2 ()7 Crpds)

chovse ¢, so larg
1 i=
Arix(t,) =1 on {he solution of (1.1). This solutio

totic property.
Corollary 3.2. Under the hypothests of theorsm 3.1, (L1} A

tory solulions.
Next, we shall ¢

ditions :

‘3 2) = LTt
. 1- Y e
: [! .‘?:o (s) Vhs) <.
1 has the desired asymp-

n-1

T}le‘ﬂ ‘];,_.; -
s ¢ equal )
quation (1.1) has solutions whick ure asymplotic to I
TR {e to ._.(Ii(f)(i) as
as ponosciila-

=

t—-&q), ere a < 3 [ 17y real constian
i ]\1$ 1 4 (4473 GNnS !l& (IHL’I 1] O
-1

N y

tye{, it follows that
ced some of these con-

onsider equation (1.2) and 1

(3.3) Atgl)= X Lot I )
3 - A T P =
F(i—h) L Ry L (fe-se=[ymeten . . »
fls, x(s), Dx(s) o b= 1) icvan ' (iy ple) 1s positive on I, and & pls)y=m®
. JUs X8}, Axisy QA ix(s) )t e “ - ons (
Using (3.1) in (3.3), we ' (s)); tel . Osbksn—1. (11) Fxos 1500 ¥n J) is continuous on Re oand X f(%o F1aeee Xpoa) >0
3.3}, we obtain ithe estimarte tor xu%O
(34) 'At_‘r,'(t);< (l)l”'l‘k} fomike— (iii) }:()\ID, ?\xl ,....).-}‘,1_1)—')\21-*—1 F(xo, 9?1,...3 x,,_l) {01' 3.11 (xg,lxl,..., xn_g) =
A B ) Rl - U S S L < R" and ?.© R where x 15 sOME nonnegative intcger _
po= = pds) Alals) (iv) for any (Yo Fren % ), 20, J<h<i—1 the function F(zo
&, ¢) which is positive or o A5 X0 e

4 ==

*
L ta.a) hasa definite limit £(
riaa— Y-

L3

where o, =(#) "1+ o
b=()7 S (O (=) A ()

— 0, Npeefo Xy =0, %

) Ssh ). amd By= ) -
fine, A= max 4, then since £,<1, i . i v k=10, De- s Vi
( ?‘fo’g"“ 2 By< 1, dnequality (3 4) implies . Theorem 3.3. I.n‘lm (1.2} {61 f;zd F scfzt;'sfy (1) —-I(iii) Then,
3.5) : . a) jur m e, every solufton 0 1) 4s oscillatory o1t Ly
A ) FUEE, os k-1 (b) for n odd, any sclution of (1.2) 18 oscillatory on I, whenever it has a zero.
’ Proof. Let x(f) be nonoscillatery solution of {1.2} which must then
we assume that

gn. Without loss of generality,

where
eventually be of one sl

5 — Iaptemetasd I3
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-8 provides that Iim Af’r([)/,\,({) l) Oﬂlltil (“), we find A7 1_({) <0 e (IR —_—— T e ’ l
) . = S . 9 A1 )
for any =0 » I<isun—1. Since, I j emma .
any >0, ther e ce, I is conti N i _—
‘ re exists £,>4, such that ontinuous, Al = O 0y-21 X )
sealy
alse let

which is again a contradiction.
D safisfy (i) and poc pesitive on {

(L0 800) |
B (i), I x(2) x{t) o E L0, O)i <z, {Zf., Theorem 3.5. I ¢ in (1.2)
o ! 1t} ’ 1’ e e o . ! : oy
I*from lcmnm( 2.5, \;"cogaq\% ‘lndtwc may assumc 0 <e<F(l (3.10} E(s)"""p(s) — .
) = ¥ . ax Wy R . ! .
x{f) =, >0 for all te],, Do,fin(c) >\?,r _!{ ,l,‘f(f)>0, also as u,?(;m’, 0). Then, (a) for w even, every hownded solution of {1.2) 18 oscitlatory on I
A3 AP=iy(pa ]). n » M) =AY, then we lllls‘f‘illuut‘c (by for odd, anv bounded solution of (L.2) s osvillatory on 1, whenever it
) = T e Ay S B has o zero
o = XA Al ) : . . . . .
T xi-+1) a{t) R : 1) g &) _ Aty {c) for # odd, crery Fownded solption of (1.2} 18 vither oscillatory oF tend {o
s, from (1.2) ¥() - i eero ntonotonically.
1 f— i *) Proof. Let as in {he proof of theorem 33 a{fy=0onl, bea hounded
2*, Ay(s)<— }_‘,11;(3) L(xls), Ax(s),..., Aniy(g olution of {1.2). Then. Amx() -0 and lemma 2.6 is applicable. In cases (a)
o st Sy S8 52y A7) “nd (1) from lemma 2 5 and the boundedness of x{{), we find a(o0)=c>0
) Also. in case () since Ay(N=0 cither v{ec)=0 or x(eo)=c =0 exists. Thus,
we need to consider only when x{oo)=¢ =0
H)=I(0 N =

and hence,

J'(ﬁ)*}'(:‘e):—u 3511_ ;ﬁ(s)x”(s)F(i, g(s) - é:m‘(s)) -
g x(s) o 3-(:)—_ A

% _rF I 0 1 D ‘x
S ( s Vi, O)-. et s__}:,"j)(‘g)-

L}

(o complete the proof,

Using femma 2.6, we {ind, im Fie), Ax(@ oo Arrx(
! .e =0, tlence, there exists 1’._.21,' sucl that Fio, Oy 0)—:-.’17(\'(1), Ax(t),0
L AT x(n) for all £z e ank from (1.2}, we find
Arx() -+ Fle U 0y—e1plf) <

ing lemma 2.3, 10 ohtain

(3.11) 0, 121

In the 1 ~

above ine ity i 14

rematne ove b dqu’zll‘lllg llg]]t sute tends to oC A8 f—cwo oreas e side | | |
. | LR Atz > as f whereas loft sid .Iuluhl--m:r (.).11} b}' ([)(" Uognd w
cmains Lo I S t 5oour result, _ ‘ |

]4LI}I“! 1[ . J ¥ H I anNn
ll j]l ¢ H
. orein 3.3 1l 15 1y 88 3
-~ 3 t Is CHO ll 1o
o dasunmee (]“) 7 h n(l .
i L€ W x

. .
e, 0s 0)——3]33.(3') =3 p(s) -

t

nonne'i?};.:(li)\'c 11113111)01".
rorem 3.4, Jof
. cor b fir (1.2) 0 i i
2 collon of ficomy 3?3 /!)O[{;Sau.l Fosatisfy (i), (i), (iii).,, (iv). 7% (3.12) .
. 1 . Theu, 4- 2 ——1)’.‘-!"1;}-"“‘1-"?)';"-‘]A“-;'Frll‘." k—1) -
{5 o e LY
Bl . o

f. ‘xg.‘s“ B - 1 [] 0 m .'3 5 1]1(']]
! b c N
17100 m (1)\(] on j’: 15 1n 1€ })lO()f Of ”10 ren
ooty
3

'_\ \_(f) - o !;l—! i - i - \' U [‘ 8 ‘2 2 v [
Y Xz = ’ XD == B oI W 1
l( ) O on l_, dng \.( = 1
? 2 ( N ) f I ( )

)] :‘}..1 (s)l= 2 p{s) Ry 1) (- 1)

— ALY AL () = o
)= X p\F(rls _
and hence / =1y PIIE(x(s), Ax(s),..., A" x(s)) (3.43) [Pl O
=1,
3C B f—
5 AT = B p(s)F(x(s), Ax where K is some finite constant. Tnequality (3.13) togethier with (3.10) gives
s=, (s Ax(s) ... APT1a(s)). 4 contradiction to our assumption that x(f) 1s bounded.
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rections in the {irst

'] 1(. L‘ i ()! ].LI]”“.!. 2.\5 W ] Ch 15 1Wavs ‘.h.e S
Y = m th
N O ] C conclu 101 < case

when i is od . .
) 5 odd) thea, from (iv), lim £(x(f), Ax(/ i
Thus, there exists 7,34 = AV, AR =Lk ) =e>
Roplaci sts fa24,, sueh that F(x(s), Ax(7) ..., Avt st
\ 3 o T N ] E yerey L e .
cplacing £, by 7, in (3.9), we find A" i el (1)) =< for all izt
and this leads ) x{f)>e % opls
Next‘::i(eli ;’}0=(:)1 (f'('thvt.m‘.thi011. °'=’-/)( )
vhich is possible only when » is even). Tl (
) iRl wen, lor every

0<e<F(c, 0
» 0,..., 0) there exists
Ax(ly,... Aty ere exists fuz¢ . s
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omul XXX

= din last
e ale Universitigi »AlL 1. Cuza® din Ia§

spaiele stungific A

‘R UNE EQUATION AUX
;X POUR UNE [Q
ME DE DARBOUX SRR

S PROBLVDFRIVEES PARTIEL
[ PAR
GEORGETA TEODORU

t d’cxistence locale pour

, N .
est de donner un résults perboliquc Rk

ur une équation hy .
ypotheses guivantecs .1

i iv a vale
ion multivoquc a ‘
3 () un ensemb

Note
put de celie ! P
-olli;fémc de ]‘)nl-bc.m:\"dul?l p%
e pr Supposons satisfaites lcs
1 1;“ - Dw—2® est une {onocta] 10, b,
. l—)~ ﬁon vides dans K", DS[, S tion— s F (%, ¥, 2)
ch-Sij ur tout (%, ¥) €D, T'applica ) S
n C L i : e S
(.]I.)éricurclncnt sur g)-- - - . .')—).F(x, ¥, _-;:) est mesura
sup I tout 7 €Q, V'application {x, 5 o
(H,) Pour 3 . ac e l<g(® 3,
cue dans .D’ conction & : D—Re, gei(D; Ry telle q
(H,) 11 existe une It P veen.
4 . . . Yix, y) * Ct,
o t)EFI(;c}:c,ls?,:‘zz, Lfn ensemble convexe, €ompa
(H, 3
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