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SOME THEOREMS IN A GRADE CONSISTENT MICROPOLAR
THEORY OF THERMOELASTICITY
BY

D, VIERU

{. Introduction. Brulin and Hjalmars (1, 2] have deri-
ved a theory of micropolar continua, where the sacond-orflcr‘displac.cment
gradient 1s added to the classic set of independent constitutive variables.
The grade consistent micropolar theory of thermoelasticity was studied

iRl 2o Sk ' _
The present paper 18 concerncd with the lincar theory of thermo-

clastic solids. The purpose of this paper is to prove some basic theorems
concerning the uniquencss of solution, the reciprocity relations and the

variational characterization of the solution. ‘

2. Basic equations. We assume that the body occupics a bouded
region B with Lipschitz boundary 2B which consists of a finite number of
smooth surfaces. Denote vz intersections of two adjoincd smooth surfaces
and D= Uy, We denote by the components of the displacement vector and

o .
by g the components of the microrotation vector.
The basic cquations of the lincar theory are (see [13, (2])

— the equations of motion

(2.1) '-’:uj—.'lxri,k:‘l‘l“i:?ﬁu yqy 3 SieaTrs M=Iue

— the equation of cniropy
{2.2) FTo‘l;._Qh =
— the constitutive equations
'~’u—Auni’u'f‘Bi;rsxrs"'[‘D.Jpq.'/-pgr'i‘UUU,
”1'“—15rrU{‘r.s"i'_Clir.s:'{rs—t-]“-”par?-_pqr'I 40,
(2.3) .llm----Druuf’n'FEnm‘f'-n"t'Fukqu‘/-pqr‘i’ LITAIR
PTJ’=fm—"“uf'u'—fu'/-u—'guxxum
!?i‘”-—"kue- I
— the geometrical equations

(2-4) Eoy=1ty s P FTFs b o= s 4
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Th - :
e ccefficients in (2.3) have the following symmetries

(25) Auu—"dirﬂh Cuf-r—‘cruh Dc!pqr = DU
E‘I —-E F qpr»
pEr {igprs Ilkpar'—'_l il =
- kpgr— i
\i/e lntrOduce the notations -
P‘_ =P | nN P n
B N S F et ]
) y 2 (Llpn pite prifip !)’ r|l #yy
je‘_.},!, i n = n Y, == ",
rai’ et gy Q( <IJ~3H pTN>y 1= EsrpT My

(2.6)

where #; represents th

g > the components of th i

Ty TEPTES e I

< sepresents the unit tangent Vector {0 v, and <  Genotes the dittorcs

oy e o Eezuvi‘ 0 s%dﬁszof Y- Let us consider subsetes.S lEe(s(}-lflferenc‘[j

of 31 20 that 241 By T30 2T =20 20 IS0 B0 D2, BN R
- i -

We consider the following boundary conditions o

u.=i;¢ on X, x[0, ), P,-—-If, on Z;x {0, ¢,),
" D:,=q>¢ on Esxr[O, 2o),s m,.—_nj‘ on X, %0, i),
g 5, on Z, %[0, &), R=R; on Zx[0, {,),
0= 0~ on %[0, £), g=¢ on Tyx[0, t,),
=0 on I'x [0, £,).

where #, Py, 9., # 5 el
A Ty P My £ R, 0 3
s (T AC I;lay gy I{i’f’l :gEe are prescribed functions and ¢, is

To the system of i
L eld e i .
(2.7) and the initial con ditionsquatnons we adjoin the boundary conditions

2. 1 = 5 ‘
(2.8)  ay(x, O)==a,(x), w(x, 0)=bi(x), @ 0)=c((x), @i, 0)=d(x)

B(x, 0)=m4(x)
wl |
ere 4y, by, ¢4, dy, M, are prescribed functions

3. General theore
ms. T i
reference configuration is he internal energy per unit volume in the

3.1 W
2 AUneuer"+Cur;xu'/-n‘f‘Fukpaﬂ'-(n:xper-r-
+ BUrce(lxrl+2Di!yqrf‘,?.pqr+2E“parx“Kpu ]

Thcorcm 3 l (U M

k“ be @ posilive B0 | nlgqcncss theorem). i) 155 . . )
T,>0, rj!b >{z)tw%kssmz}def inile tensor, Iyy be a positiveb;eﬁps’rtme semi-de finite,
. en the mixed problem has at most one sol:;i;; ensor and p >0,

( Proof. With the help of (2.3) we have

32 T

- ) Tl b Mo oot PG“;J=W+ 048,
n the other hand, from (2.1), (2,2), it follows that

(3.3)

Letusi
(3.4)

From (3.2)-—(3.4) we obt
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I(Tuﬂn-i-mu"/-u—'t*}lm';mri' PB":a) dU:SB(F:Ut—FJLVFF(UTn) 85) dv

B
—_f(pv.-v.--i-fu:l‘v,) d?)—(][To)gqi 0, { d?}—l’:a_L(P"U; +R‘DU‘+n15V;—i

B8
+(1/T,) 8g) da -%-i[Q‘v.ds.

) defincd by

atroduce the function E on [0, %o
p62) do--{ Wdv.
p: ]

E"':(Uz)ig(i?ui")i‘l‘fc;‘fi”s i

ain the identity

.Eﬁj(F{U|+BI‘V¢—[' (1I|IT9) BS) di’"‘la‘ [(P;U‘-i-R(D‘U,--Lm;V;—'-
B B

3.5

’ £ (/T2 00) da+ [Q@ds—(1Tofg: Ou .
be the difference between two solutions. According

to the linearity of the problem, & is a solution corresponding 1o null data.

By using the initial conditions, ), (3.5) we obtain

i, =0, 9:=0, 0°—0 on B=[0, th)g

In what follows we will use an alternative formulation of the problem.
Let 1 and @ be {unctions defined on B [0, ™), continuous on [0, 20}
with respect to the time { for cach x € B. We denote by # * v the convolufion

of w and @

(3.6)

Let us introduce the notations

(3.7) gli)y=t, fi=g * Futr P(tba“'r.“i), L=g
w={1]T )l * S+eto

ove the following theorem
A, Tess My Bisi satisfy the cquations

if and only if

Let &8°={m, % 8}
the hypotheses and (3.4

[ * o] (% t).:._ju(x, 1—7) v(7) d~.

o M+ Tultdite), 1 =1

Proceeding as in [6, 7] one can pr
Theorem 3.2. The functions i, @0
(2.1), (2.2) and the initial conditions (2.8),
Li=g* (T100 5 Pasid -!)'Jrfs:‘ B
M=g* (e i+ ‘iuafn)'i‘l‘:fuq?n

(3.8
) F'ﬁ—'(l.'Tn)I*Qist‘{'w-
blem if and

Thus & is a solution of the boundary-initial-value pro
only if it satisfies the equations (2.3, (2.4). the boundary conditions (2.7)
and the equations (3.8).

Lel us consider the body

subjected to two different systems of loadings

L= {F', MY, 5%, Wl .., d$ 0" .g~,"‘ y21 and the two correspon-

ding states 34 a=1, L
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‘ Theor_em 3.3, (Rcdproc:_al theorem). 71 a therimoclastic solid with St e-
tric conductivity tensor is subjected to tico svslems of loadiigs 1. (a=1, 2) —
then between the corresponding states S there 1s the Jolloiwing relation ,

[y . . .2 1) g mt20 ‘N ow 2, F
;_f‘- =g -00 2 Qe v D % G ffy4 _fg * [P e B

a2 @I 4RI % Dy (U To) I glhe 027 fgq 2
(B9) g+ QY uRUs={[/Dx w13 # /D g v o 0]y
.Ila'[‘i’g # TP P e o R s Dy —{[[To) L # g®» 0'V]da -+
+i[g # (J0a  fs

Proof. We will use method given in {3]. On the basis of the relations
{2.5) we conclude from the constitutive cquations that L

PO S (L T ) | ST 1 Mo @ 1 o (1) )
(3.10) SR G TG R T mn * g — ey * 0D 6 o} # i)
(M4} . . & }
Hin ¥ wlfh— et 2 001,
H we introduce notations
i — % [11) 5 13 LY et
(3.11) Lis Bfé’ (=3 2 e b P ufil « i — e + 9]y,

then from (3.10) we have
(3.12) L=
Eiseng;etthc equations (2.4), (3.8), the divergence theorem and Stokes’ theorem

Las =177 % =15 % 0 —g# 0 & 09 00— [orp) % 12y -

B
(313 Lo = @Ue (T g n 0% g3 % 0,804 g % [P % 1D 1
B b ' -
o2 % (?(::J_!_ R & Dul%)__ (1f -[o) ] # (]h *® 0.3.; da+ ‘—g # Q(.-“ # ut?lds.
5

From (3.12) and (3.13) we obtain (3. 10}. The reciprocal theorem can be used
to obtain variational characterizations of the solutions [0]. In what follows
we will present a variational theorem of Gurtin type [11] m
We introduce the notations -

se=(1[To) g, 0,= Tohis), A= O AgCre g et Epartpgr-
Theqrcm 3.3. (Variational theorem). Let (@ destote the set o f all admissible
processes, (8], and for each t=]0,1,) define the functional Dy} on P by

1= f % [ . - o a |
(3.14) D{11} - g{(l,z) E¥{Adymecu® oy +2B 00, % st 2D sty |

o . ) - )
i C(J.H/-U * 'tu-i-ZL,-;,,q,/.“ # %t Fi’i‘pqrx(u P z,,;,,-}-(llfg)A Ak
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il ¢ . 3 P IRV 2T I =
® -t Io)\s;I*Ss“'S:"g*(wJ ot 2 T

» 0,)—Li* ty— My % o A-g * 0% whdv+
Py * udatfgrme* oda-r

'IT'P”i * ”.‘4—[“(‘9‘

AP ® :f.,-”,—|— g * 0 }-l % §,

4 faw Dy -J‘r,-(f’ﬂ—l'-‘!.g % (P

(3. 14} - (v.; (=) * et fg * R, % gdatfg# (Ri—R)* Duda+
= - R -2 =,

(VTo)fg 1+ (06— 0) qda-&-(l[]’o)é‘g w 1% 0 * gda+

T 5 .
+1g* (Q—0Q0) » 1uds,
i
{11} =0,(0<1 <to) at at admissible process 11 if and

the mived problem.

for cuery 11 eP. Then 3D,
he formal notation

anly 1f 11 ds a solilion of
© Proof. We introduce t

811/DI{H } TE '{'?i fD,{n-{—)\ﬂ'}{;ﬂ:o

\ straightforward calculation yiclds
311'7),{11 }= { {g # [ salir 4 B+ Dispar Zpgrt (
I

i * co+g# I'_Brsi:cra'!i'cilrn}'-rs'%'Ei:pqr"’-pqr“’f"(Ud) CUA_

ki [Dr«ilkfm'i'ﬁ,-.siu.-?-r,—_-F,“,pq,.y.pqr—%-(lfd) g”lA.
[(1)d)yA— 0] % 5’ — (L= ptey) # tt'y— (Mi—

1/d) ayh—

— ] * S
— i) A g
' ] % =

—Fip)*pitg* Lo (Tohgss— 0, )*s«—8&* (8% Sir ¢
—w)# '—g ¥ {eri—1ts i— SrPr) * <8 * (kP ) * M

("15) —gw ()’.iﬂ;_“mi]) % ,rl',“_}dv —-z[lg * (Hr—'"‘) * P i(iﬂ+
= - t — E i d —_
(g# (P-Py)# u't-da—ﬁfi'; # (pe—i) ¥ idﬂ+zf‘£,:* (mi—my)* ¢ da
= (R—Ry) » Dw'da+

-~

—fg= (Duy—gi * R'idﬂ—i—é‘g #

-

(T fg ¥ % (0- 0y # g'da—(1/T )
B A fg# (Q.——b‘) wat'y ds, for 0€E<t,.
i~

[gx L+(g—q) * O'da+t
e

If 11 is a solut ) %
(3.8} that du 7] {ll} =0, (Oé_i «ty) an ‘ C :
'i)rog)f can be cont‘inued by using the procedure of [8, 11]
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EXISTENCE THEOREMS T3 ELASTOSTATICS OF MATERIALS
WITH VOIDS
By
GHL RUSY

Nunziato and S. C. Cowin
gave a nonlincar theory of clastic materials with voids. The intended appli-
cations of this theory are to geological materials like rocks and soils and to
manufactured porous materials. The lincar theory of the clastic materials
with voids was established by S ¢ Cowin and J.W. Nunz iato
in 27, Some basic iheorems for otatical and dypamical cascs were obtained
by D. Tegan (i3)). In this paper Wt consider somde fundamental three-
dimensional boundary value proidems of cquilibrium for 1sotropic and homo-
geneous clastic materials with voids. in Section 3 the fundamental matrix
{s given and ity properties are established. A, Hom jglianas type
representation of the solution is given in Section 4. In Sections 3 and 6, using
the method of potentials ({47, 13]) we reduce the boundary value problems
1o two-dimensional singular integral equations for which Fredholm's basic
theorems hold (67). In Section 7. esistence theorems for interior an
exterior problems art established.

2. Basic Equations. Throughout this paper 2 rectangular coordinate
system Oxplk=1.2,3) is cmployed. We shall use summation and differen-
Uation conventions . Latin subscripts unless otherwise specified -~ are
understood to range ovel the integers (1. 2. 3. summation over repeated
subscripts 15 implicd and a subscript preceded by a comma denotes partial

1. Introduction. In B TS ANL S

differentiation with respect to the corresponding cartesian coordinate.
Let us assume thal the body occupics a finite region B bounded by
4 closed Liapunov surface Z.
The basic cquations of the linear theory of homogeneaus and isotropic
materials with voids are ({21)
the cquations of equilibrium

(2.1} {oonr - fi=0, i:l-‘---g—-l-_-O.
the constitutive cquations
fo== 00D 2ol Bl
i2.2) Iy oy
g-"--i?—ﬁfrr-



