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1. Introduction. T L rane AN Nunziato Al GG oSN
gave a nonlincar theory of elastic materials with voids. The intended appli-
cations of this theory are to geological materials like rocks and soils and to
manufactured porous materials. The lneat theory of the clastic materials
with voids was established by S ¢ Cowin and | Wil Nz | altee
in 27, Some basic theorems for tatical and dynamical cascs were obtained
by D AT g st {i3}). In this paper wv comsider some fundamental three-
dimensional boundary value problems of cquilibrium for isotropic and homo-
geneous elastic materials with voids. In egtion 3 the fundamental matrix
is given and its propertics are established. A Gomiglianas pe
represcntation of the solution is given in Section 4. In Sections 3 and 6, using
the method of potentials (47, [ 3]) we reduce the boundary value problems
1o two-dimensional singular integral equations for which Fredholm's basic
theorems hold (6) In Section 7. existence theorems for interior an

cxterior problenis are established.

2. Basic Equations Throughout this paper @ rectangular coordinate
system Oxplk=1.2.3) is emploved. We shall use cummation and differen-
tiation conventions . Latin subscripts == unless otherwise specified -~ are
understood to range over (he integers (1. 2. 30 summation over repeated
subscripts is implied and a subscript preceded by @ commnia denotes partial
differentiation with respeet to the corresponding cartesian coordinate.

Let us assume thal the body occupics a finite region B bounded by
4 closed Liapunov surface =.

The basic cquations of the linear theory of homogeneous and isotropic
materials with voids are ({2

the cquations of cquilibrium

2.1 tysmfi=0, By g —1=0.
the constitntive cquations
fos== 1 Bist 20039
12.2) AT
P 2 3¢ ¢rs
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| b

— the kinematic cquations
(2.3) 2o sy gnligy X

Here we have used the following notations : #,— the components of
the displacement vector ; o— the change in volum fraction from the reference
volume fraction; ¢;, —the tomponents of the strain tensor: £;,— the components
of the stress tensor : i —the componcents of the cquilibrated stress vector :
g—1the intrinsic equilibrated body force ; f,— the components of the body
force vector; /—the extrinsic cquilibrated bodv force : )., o, 3, £—the

characteristic coefficients of the material satisfving the conditions ([2])
(2.4) #0220, 130, 3142050, (3r+2u)% =350
If the surface tractions are prescribed on the boundary, then

(225} liny=t;, b=,
where n,= cos (n,, )} are the components of the outward unit normal to
X in the point v=(x,) and 7, I are prescribed functions defined on ¥,

From (2.1), (2.2). {2.3) we obtain the field cquations of the static theory
of elastic materials with voids in terms of u; and ¢:

LUS ety 4+ (0 2)aep -4 B39,0= 1
LU=2)p o= Bty =1,

where A is the three-dimensional Laplace operator and (- (thy oy 105, % @)
v* denotes the transposed of the matrix ».
Using (2.2) and (2.3). the boundary conditions (2.5) become

(2.6)

(2.7) TL= 0 div ud-Bohn b 45 My, M 5 ppn P
o, T Ay iy

If we introduce the operators

{2.8) L=(L,, L, £, L), T= K Ch, To (G T,

then the svstem (2.6) and the surface conditions (2.7)  become
(2.9) LU =—7F,

{2.10) §C L=

where

}_—(fhjﬂaf'n ‘[)'! ’j‘z(‘;‘h}"b !.:9 5).

. 3. Fundamental Solutions of the Equilibrium Equations. The force (F
In the right-hand side of the equations (2.9) arc in general different from
zero only in a some finite range of B It is of particular interest to study
the case where the force Jirorlis concentrated at a point.

First we give a Galerkin tvpe representation of the solution.

Theorem 3.1. /f :

Mi=2 (A4 2 M A )P, — [ (A 4-u) (2A—Z2) - 8]y, ,,— BT,

&y '
P=aBAD,, (0 4-2u)AY,

—— - LLASTOSTATICS ER
L IEORAMS 1N b e —
= S— ENISTENCE TH
3

I : H } 11 Liey (I oM bff”‘t i thions
[ l f{[i'}\( { [l "f.!l.b(/ 1; { f\ !h[ (I”f i

ik ¥y fh it s ¢ ,f"

f - '-\(‘l 7 -lf f“

(3.2) A(A Y = aatl,
e !
E(n42u)— & e ,
pal - . ) e L 2..
(3.3) “ 200 1 20) a7+ 2u)

tgualin '5(2?:)0).(3.3) and substituting (3.1) in (2.6)

cand o salisfy the

i Hlj’ruof Taking into account (
| | RN )
we have At (et s - Bt fi= ol L2 ) AN (A y
A (A et P el e

b w) L2 (et — 2 321Ad 54 f= 0,
A —Zm— 530,01 J—=nra2 {p-t-2u) (an— &) 1Ad
XA 5% i P

A (-p 2 YA (A=) [0,
. proof is complete. ‘ ol
2 tlljtt RZ assuine that a concenirated force act
U L4 ®
the axis Oy,

at a point y=(¥) along
lfi_':_SiJS(‘w' .\"). !- 0,
(-) is Dirac delta. In this case. @, satishies
AMA—n)g=- ad(v—v),
(3.1) for @, g, O;="1=0 (i#7) will be

where 8

(3.4) T
: == 171 _
= '('ll')l‘le solution obtained from
c s iby G B
dLﬂOUI-? a extrinsic equilibrate

f=0, 1=3—1)

d force acts in the point 3 AR

0 and W satislics )
MA— )= —aud(r- v}
the solution obtained from ﬁ_.‘r,1.I

then oy

(3.5)
We  denote by UM
‘l)i'_U! W=,

If f]n ql’ {.{'

when

sdll 3 15
{15ty Ch 1 t \(,1\ 1. © L(l ltl
bald ‘{ respedil l] 1 o1

Agy S, AfA- 2= S,

ANg =8,
then =
d o= . (%17 4e “4a);
-/_l
satisfies the cquation AMA—#)g=>5.
N o have
i it for se—a 3{Y=—1), Wt
ic easy to verilvt
It " - } i 2 2 i '/,r)
= —— (2= L
(3.6) q Srut ! ]
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where r=r(x, vi=( .
o cAvi=(x—v) 15 the i
v ) ) ¢ distance between :
==l i the points v=(
a V= ‘{',‘) ;-I“d

1I '“l (i [ e b
w2 d L 1 an ) S

Oll ¢ IhL cguatl ( .)) 1 o1y l
~1IT l]l hL ) ien ()1 et en by

(’) 7) it ( L (1 B
-{:/_L‘,) 7).

Yormulae {3.1). {
ac {3.1). {3.6) and LN
ponents of the s‘olu)tio:f: (3.7) vicld the following expressions for th
E : ¢ com-

(3.8) 1] = a (-2 8 AN — 2l — (-t ) (28— %) 4 82]
o i o | A+31q0n
. : wBAg., will= <32 ol (3 L20)A-
¢ 1ntroduce the notations | 1,

3.9 i 4 :
) r ;'(“l i ”—2"‘! 1 f ot )+ i {2 )
‘ C(f=e1, 2,3, 4),

The matrix wt

00 hose col .
be chlg_nated by I‘(.x-lfn:.;s are the vectors I'™(x, v). (k=1.2, 3, 4) wi
It is easy to prove that . 2,3, 4) cwill
i3.10
) I (&0 I (i i)

and that each
{ col :
system umn of the matrix I'(x. v) satisfies at x the h
- : ¢ homogeneous

(3.1 =
he extensi . LIz, y)=0. (£=1, 2. 3, 4)
I nsions in series of powers e
¢ s of the functions
g q(x, v) and =<(x
i =[x, ¥)

are
qlx. v) = I S o 2Pl 2t vE
96 e N e s
=(x, ¥)= i, it (x L '_’3_"_3 eI
L S‘: 4-;—_;{! 31 4' e ).
et us note that ' '
gly, vi= _L,.a_ _‘(,t |
o =

Satisfy the equations

respectively. AdAG=—38(x —v), AAT=—3(z—3)

The functions

PR T TR >
/% =3 +2u) 8, AAag)— 2(k -+ u) A(ag)

: s Ik =
. |2.:| = ém—z:ﬂr x-+3u) 8,;—-:‘“‘;'-“'7":-‘-) 2 A
j

8= (AA-2u)A(auT) =
4rar’

—
ASTOSTATICS
e —

_-_________,__._————-—“""'__,___..——-——__;_____.—-»—-.
5 ENISTENCE THEQREMS IN EL
_,__,__-——.___,.__-—..__.__._______f—-__ = e —

represent the main part of the components of the matrix F{x. V) that 1s,
the o i

rder of the singularitics in the remaining terms arc ¢maller that in
g, % (k=12 3, 4). Morcover, {74} represent the fundamental solutions
in the statical case in the theory of classical elasticity.

In what follows. we

shall denote by 11{s, v) the matri
are T (x, A1) where
{3.13) N (x, ;v)-—=(L",* (0 L (k=1, 2, 3. 1)

Obviously

(3.14)
1t will be noticed tha

(3 13)

has all its components bounded when x==2
i x—=v a pole of the first order or arc hounded.

We introduce the notations

EEs y)=TE (¥, v). R¥Hx, v} =T, V)
(h=1.2.3.9)

The square matrices having the columns PRV X0y

will be denoted bY P(x. y) and R (S
From (2.7), (3.12), (3.16) wu obtain the

R{x. ¥}
: B ! 1 i
1\)(?)(-\‘- \’)'-'_’ '1' xsﬂ;’lT“ ':'5—(1"_' EL) ¥si rskl T lJ: = . ‘ ”t(_)v: —- 13 [_)sk])
47 (* i) 4z (h+ 2u) r r

« whose columns

Ny, v)=1"(x b, {x y)=11(x, ¥}).
t the difference
Gx. v)= (e ) - By Vi
v and their first derivatives have

(3.16)
). respectively R®(x, ¥)

components of the matrix

12
(3.17) 1 1
i 2 (20, RS L= (%)
) 4min \Y

In the classical elasticity was introduced the gcneralizcd stress vector

(i47) .
(3.18) plaig = {a' it £

04,

+ ', divo s 2’ n; . TOL Y,

{ pumbers restricted by the condifion

(&1 '

where «', §' are two red
P o ekt

=y and Blesi the gencralizcd
1 the classical clasticity. Due 10
| solutions in the statical theory
r an elastic isotropic and homogencous hody having
and u, taking 2=3 and 3=7, from (3.18) we have

2

Lamé constants. 1 2
he stress vector i
are the fundamenia

77 and u' being the
strogs vector bhecomes t
the fact that U (x.)
of classical clasticity fo
the elastic constants o

13.19) PRy, v =R vy (R

From (3.19), we obtain ((41)
(3.20) s 1™ (x, VYday = i

(k=1, 233

(1, v)doy=—3un(¥):
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where

{ fyefs,
(3.21) () =14 172 ifvel,

0 tfeEt s

Irom (3.12). (3.17), using a weli-known relation in the theory of po-
tentials {[7])., we have

(3.22) R (%, vyds, (1),

Taking into account the above properties of I'(v, ¥) and [{x, v} we see that
the difference

{3.23) e e P )
has all its components 7.,/ (¥, ¥} with a pole of the first order in v =\ (i, J=
=1,2,3, 4.

The transposed of the matrix P{x, v} s designated by Ay, v) and
the transposed of the matrix R(x, v) is denoted by Ofx, v).

Obviously, the difference

(3.24) N, My=A(x, v) 0y, vy,

has also its componenis with a pole of the first order in r=\.
From (3.21), (3.22) we get

(3.25) § QM Mo, == ()8, (F, k=1,2, 3, 4).

Theorem 3.2. Fuch column o S the matrix A(x. v) considered as a Sunction
of x satisfies the equation

LAM(x, 31=0, (k=1, 2, 3, 4)
Sfor x=x.
Lroof. To prove the above result we use the property (3.11) of the
matrix I'(x, v} and the definitions of P(x, v} and A(x, y).
4. Somigliana Relation. The reciprocity relation in the linear theory
of elastic materials with voids can be written in the form ([37)
(4.1) JULY -V LU)dv= £ (UCV—1"CU)de.,

B
As in classical theory, from (4.1} we obtain

(12) U S [I‘(r, }')Z(ﬁ, ny) U(v)—Alx, }')U(_\')J do,, v & R,

Following [4] we obtain for vé& By X a representation analoguous to (4.2),
if U satisfies the rclations.
(4.3) w0, 1, =0(r?), PE0(r ), 0,00

5. The Elastic Potentials. It /I{Z) bLe the class of functions satis-
fying Hélder condition at £. For ¢(x) € H(Z) we introduce the potential
of a single layer

(R
: 1
5 1IN ELASTOS TATICH o

- EXISTENCE TUHEOREM
7 B !

ey o
T(x, $)=| I(x, _\21’(.\)‘ i
(5.1) ]
the potential of a double layer o
Wix, d)= _LA(\', Vy(x)day,

{5.2) 5
and the volume potentia |

) {7 (x, = i T{x, V) vy
(5.3) |

iale V(x, &) and W(r, &) near

tentials Vv, &) a ] -

i of the surface po . ntials, Therefore we

dary is ’:ﬁgrqunc ag that for the h:‘.ﬂ].qomf} 182;5111112 .

P It T 144 4

t}lml})??ol: ;'lir':,t, extensive proofs of the fd}r([)“}ﬂt\’-er ]is continuous U”O”S’“;:‘f'

st i L & . l[l of a4 singlc ; =5 s . s when
e ?512 ]II;:O{ j}fé:;f::t![ r{f « donble laver has fimile linuts whe

Theorem 5.2. '

h [4] f } (=] E, i Jt ] { ) l ar ! !!lt'\ C 1 ]
L 3 ; ;“” !H(! frr.'.l [ It ) It
t ¢ p in Y tﬂ !{!5 H 101t 1H (i Y N {5

ely [ io

are respectivel v oequa 1 g .
e 9= — 5 U\ A 1)
Wiz, §)= — 5 ¢}

The behav

z

P Wz 9)= %(P(:) e SA(:, y)e(3)May,

£
des being conceived of as princip
} / oht-hand sides being corcaved 0. A7)
i mte)gm!s i\}'t\"t‘hf.lgtrzéfl!uszi{ltl‘aldc1''s condition Satlb[lefl‘})}i’lf((% 5
Itrogf(‘)f Ac( v, V), F(v, »). The double layer potential (3.
ropertic ¥5 V), » )
ﬁ:n?ed in the torin e R IS
()= §A(x D)) — () doy | [ [ALy, )= 1]
¥ ¢

al values.
and the above
can be pre

(3-3) + L0, Mo,

‘¢ obtain
Usi 3.24), (3:23) we © s »
e W5 B =) =1z ) (123 =W 9

from which it follows the desired result.

Theorem 5.3. The 'C operalor of the Sf".‘f.i-‘,’;,,-,, e
Limits as the point x tends to zeX both from :

limits are respectively cqual to

! oy
wer potential (5.1) has fmz_
o fijfrom without and these

(TV)i= %¢(:)+ g T (;‘F : -n,) Pz, Wby
e (TV)e=- %t‘a(?):g & ( , ,.,,) D, W)y

on 10(.:1{{3(1 on 2 m L}]L fOIIIl
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'Cl'ﬂ_.\')-—g[ E’(—c . n,) I'ix. vy~ C(f— G );,) Py, x) lz’g(}')dd,
A K v

s &

’C( _i ! n,,) I'{(v. y)(v)da,.

cy

P s

The last term in the right-hand side is a double layer potential and its
behaviour near the boundarv was established by the Theorem 5.2. The
first term becomes

| R EXCE R PR EE EEE
) e ey

N

=rg R{x, v)=R(v, x)= J(x, 3)v(3)day,

»
Bt}

where J{x, 1) has no singularities on Z. Using the properties of the Liapunov
surface it follows that
[ IR(x, 3) R Ry, )13y,

is continuous. and then, the relations {(5.6) arce established.
We can prove that

U(x, §)=—5(x),
(5.7} '.J? (1. ) 4(x), veB, |

LV (x, 1)=0, LIW(x, 3)=0 x&I.

6. Reduction to Integral Equations. We consider the system of diffe-
rential equations

(6 1) ,2(-"-) U=0
' éx
and the following boundary value problems :

Interior problems. To find the regular solution in B of the system (6.1)
satis{ving one of the conditions

{1y) lim L{xy—6(2).
(1.) lim t(f .H,)l'('.).-(;f;;:l, ve ) ey
Fa ] 0‘.

where G(2) is a given function from H(Z).

Exterior problems. To {ind the regular solution in B, of the system
{6.1) satisfving the conditions (4.3) and one of the conditions

(Ey) lim U(x)=02)-
A
(Ea) 1imfz(—f— , nz] U(v)=G(), v=B. z=I,
2= E cx

P——

= TAT 201
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e "

where B, is the complementary of BUE to Euclidean {hree-dimensional

space.ThC homogeneous problems correé;pom:}]ing to (1), ({2): (L), {E,) for
G(z)==0 will be denoted by (I, (12), (ED), (E2). .
In 03] the following theorems on uniqueness are csta ;s wed.
The.or‘em 6.1, The regular solution in B of the problem (17) ts identically

. Theorem 6.2. The regular solution wn B ofthe problem (13) is
(6.2) U o(x) = (3, i, 45, )
where

wW=ay+ epibiX s

' 1 ; ! ynating symbol.
& by being arbitrary constants and €y the alternabing -
o Thc;rem 6.3. The regular solution in B, of the problems (ED), (E3) sa-
the conditions (4.3) are identically zero. .
hsf_\m\%_c lct;nk ::f ter the solutions of the problems (/1), (E,) in the ;«Orm o{hz
double laver potential and the solutions of {he problems (F2)s (d,%lln i
jorm of a single layer potential. On the basis of the Theorem 52 mlb '11?0:[;‘ »
5 3 we obtain the following integral equations for determining the aensity {z

(1 g (A e 33000 =CE)
2 T

: ‘(z, 1) 0{3)da=G(2)

() 24+ SA (=, )4(3)da=Gla),
¥y

(Ey) %¢(z)+ S;\.(z, 1)(x)de,=G(2),
b

(Ey) %WH SA' (z, 7)%(3)do,=G(2).

The homogencous equations coresponding to the problems (%), {19, (E3)
(E3) will be denoted by the same symbols. ‘ _ _ '[1
These equations are two-dimensional singular integral qquatlons:(_ 1e
equations (13), (E3) and (I%), (E$) are pair-wise mutuvally associate equations.
We shall prove that F redholm’s theory ([6]) is apph(fablc.' .
The integral operator of the problem (I,) can be written in the form

(6.3) Ky=—3()+{ E(z, y)b(y)doy,
where
(6.4) k(z, y)=2A{ 2)-

According to (3.17) we have k(z, y)=hi(z, ¥) ka2, ¥)

T - alatemasicd 273
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with
1 |
By = —— — " [cos (i, z
2.‘.:),3 ()\ 'i—z:J,) [ S (”y, -
kY =k =0, kP=0,

(6.5) o 1 3(n+u) 1 o
A= i—;[S., ! —-~'**‘~)~—(:, v (2 ---.\',)]L (—l] B2 Ly ),

- ' 3 -
ey any\r

) ey —c08 (s ) (=31

i

W2y I A2 y ] 0
l"'\"J Z‘LH(_-s ")» /‘ﬁ ""ZI‘M(_T! :)' kl%]_ —( (l)-{-zl-u(.“s :).

2z ony \r
As in [4] we determine the characteristi i
As acteristic matrix of the oper: " by
coxlsldqurlg a.local system of coordinates §,5,5; with its 01'i¢crigp'::1~t(;=r“hr b}l
the axis Z; directed along n,. Following [4] we write S
3 24=“J.'.(:)H.U asi”a!:;sih

and we obtain th ars 1sti ix (s '

T ¢ characteristic matrix y(z, 0} with components y,(z, 0)
yu=-1 (1o sum) (’=1, 2, 3, 4),

Yra==—ya1=D[1:{a,,cos0+a,, sin 0)—iu(a,cos 0--a,,sin 0)]

(6.6)}} yi=—yn=D[n(e., cos 0-}a.sin O)—1;(ay, cos O04-a,, sin 0}],
Yea=—Yaa=D[M4{as, cos O} @z sin O)—n.{a,; cos O-Fay, sin 0)]
x‘.d_./_il_-os (I'y ]= 1! 2.- 3! 4)

The symbolic matrix of the o Y

he atri > operator A, a(z.0) h: L 3
s by ({_{}) a(z.0) has the components a,,(z, 0)
(6.7) a=-—1 (no sum) {i=1, 2, 3, 4),

G 2T g, (1, i=1,2,3, 4}

; .

’\I“\f_i obtain det oz, 0)=1—D%/{4=%), where D=1 /(a-}-214).

his result proves that the operators of cquations (f)), (£.) arc of normal

. 1,
typc' In L5 51””131 Wa'y We Call pIO‘.L {}}lt t].‘(‘ [\.'1’11015 i l}i( IL“L“AH’“‘
i [ O L ( & 5

H ¢ is 2 complex parameter, let us consider the operator
(6.8) Kop=—2(:) 40 | A 2)00)ds, -

We obtain  det g,(z, 0,)=1-p2D/4x?
E‘lj'l};llir(i:f??((z’iso)()flstlthc symb{)lic matrii\: of the operator K. Tt is known ([6])
o 1 normal type and the symbolic matrix is anti T

o, : Vpe A : S ¢ syimnetric,

gloern tEc] nitl_lc‘x of th.c operator is zero and the Fredholm theory is vulrid

1“)(2?*(—5’ 1(1. OPCr_at(_)r K, is the operator of Fredholin type in the spaCt;

I:‘:edh)ol[ I3 n' similar way thc‘: operators of the cquations (I.), (k) are
m cperators in the space L), Asin (3 we can show that the integral

o
-

11 ENISTENCE THEOREMS N LLASTOSTATICS

operators of the cquations {£,), {1:)s (L), (£.) are Fiedholm operators in
the space of functions satisfving Holder’s condition.

7. Existence Theorems. Lct us consider the problems (£1). (F.). The
homogeneous cquations (19), (I3) have only {rivial colutions. Indeed, assu-
ming the opposite, let &, be a non-trivial colution of (EY). The single layer

potential
{7.1) Volx, $o)= é P(x, v)wo(v)day,

satisfies the relations (4.3) and

(1.2) _E(_a.) V,=0, [’C(-ni , n,)l'e] -0,
ax v :

According to the Theorem 6.3
(7.3) Volx, o)=0 for all xe b,

Taking inlo account the Theorem 3.1, Fro, o) 18 continuous, hence

Vol do)le=L[Vol5 g)l=0 zeZ.
The Theorem 6.1 shows that
(7.4) Volx, $a)==0, for all x 5.

From (5.6), (7.3) and (7.4),
1
Bufe) = [’2:(—3--, nz) Vile, 'w)] S {@(?—. nz]vo(:, 39] =0, z<Z.
i [ ¢

&z

which is in contradiction with the initial assumption and proves our assertion
Applying the first fredholm’s theorem, we have
Theorem 7.1. The problent (1) has solution for any G{zye H(Z).This
solution is unique and can be ex pressed as a double luyer potential.
Theorem 7.2. The problem (E.) has solntion for any G{z) € H{Z). This

solution is unique and can be ¢xpressed as a double la ver potential.
_The veetor U, given by (6.2)

Lot us consider the equations (/2), (ED
satisfies

(1.5) ,e(i) U,—0

ax

G L , ux) U,=0, xeb.

[48Y
From the representation formula (4.2), we get
U(x)=— [ Alx, W (v)day.
z

1t is not difficult to prove that [7.(x) is a solution of the equation (ED).
Taking succesively in (0.2) one of the constants a;. by different from zero
and the others zero, we have six lincarly independent solutions Ui (j=112,3,
4, 5, 6) of the cquation (EY). According to the second Fredholm's theorem
{[87), the associate equation (78) has at least six linearly independent seiutions
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9 (j=1, 2, 3, 4, 5, 6). Asin [5] we can show that ¥ are a complete system
of lincarly independent solutions of the equation ( 9. From this result it
follows thc completeness of the associate systemn U$ (j=1,2, 3,4, 5, 6).
We can now formulate the fellowing theerem.

Theorem 7.3. The problem (I.) can be solved for any G(z)=(T,, T\,
Ty, H))' from H(Z) if and only if

(7.6) _f T‘dG:O, 3. Eukka,dO'_O.
L b

The solution is expressed as a single layer potential and is defermined within
an additive vigid displacement vector (6.2).

Proof. According to Fredholm’s third theorem, the nccessary and
sufficicnt conditions for existence of the solution of the equation (/) are

(17) (G (U o(3)o,=0, (k=1,2,3,4,5,6).

These conditions lead to (7.6).

We can prove also

Theorem 7.4. The problem (E,) can be solved for any G(z) = H(Z). The
solution 1is unique and can be expressed as a linear combination of a double
layer potential with some single layer potentials.

REFERENCES

.Nunzlate, J. W, Cowin, S.C. — A Noniinear Theery of Elastic Materials with
T7oids, Arch. Rat. Mecch. Anal. 72 (1979), 175-201.

2.Cowin, S. C.,, Nunziato, J. W. - Linear Elastic Materials with Voids, ]J. of Elasti-
city, 13 (1983), 125—147.

.lesan, D.~ Some Theorem in the Theory of Elastic Materials with Voids, to appear In
]. of Elasticity, 15 {1985}).

. Kupradze, V.D.- Potential Methods in the Theory of Elastieity (in Russian}, Moskow,
1063.

. Kupradze, V. D, Gegelia, T. G, Basheleishwvill, M. O, Burchiu-
ladze, T. V. — Threc-Dimensional Problems of Mathematical Theory of Elasti-
city (in Russlan}, Thillsi, 1968.

.MIihlin, S. G. — Multidimensional Singulay Integrals and Integral Equations (In Russlan},
Moskow, 1962.

7.Haimov igc I, A.— Ecualiilc fizicii matematice §i elemente de caleul variational, Bucuresti,

1966.
8 Haimovlici, A.— Ecualii diferentiale 5i infegrale, Bucurestl, 19635,

Roceived 16.IV.1985

TP —

S

Faculty of Mathematics
University of Iast
6600, Iasi, Remania

Analele stiingifice ale Universitatii LAl 1. Coza® din lasi
Tomul NXXI, 5. 11 b Genlogie-Geagrafie. 1985

TIE MINIMUM RISK APPROACH TO MAX-MIN BILINEAR
PROGRAMMING

BY
1. M. STANCU-MINASIAN and ST. TIGAN

1. Introduction. In this paper the minimum risk approach for the
max-min bilincar programming problem is formulated. We show that
this problem can be reduced, under certain hypotheses, to a max-min bili-
near fractional problem. In the last section a pz}rametncal algorithm for
solving the bilinear fractional max-min problem 1s proposed. ) '

3. Problem formulation. The following max-min problem is studied
in the papers [1], {23, 14l PM Problem. Find:

(2.1) max min [xAdy+dx+ayl,
tEX yEY
where
(2.2) X={xeR"| Bx<d, 220}, Y={yeR'Ey<e, y20}.

5 qAm
and x and y are variable vectors, whereas A e R**™, BeR"** E e Raxm,

deR", a=R™ beR” and ¢=R? are given matrices and vectors, respecti-
vely. As can be seen, the constraints are separate in problem (2.1)—(2.2).

Definition 2.1, Given a function f: XX YR, X‘xYER"""‘, we say
that (z', yYeX, Yisan optimal solution for the max-min problem

max min f(x, »),
s€X y€Y

if (x'y y") verifies the following conditions :
H r "o 3 4 a0 Lt r = g x, s xEX.
@ Sl y)=min fi+' 9 (i) S+ ¥)> minf(x )

In what follows, we assume that the matrix A4 and vectors Z and a
are random :
(2.3) A{w)=A"+i{w) 42, d(w)=d*+1(w) ds, ale)=ar+t{w) a

where A!, A*eR**™ arc given matrices, d'eR", a'eR" (i=t, 2) are
given constant vectors whereas t{w) is a random variable on a proba-
bility space {Q, K, P), with the continuous and strictly increasing distri-
bution function T{(z). ) .

The minimum risk problem corresponding to level z, associated to
P)M problem, consists in finding the optimal solution of the following

problem :



