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W9 (j=1, 2, 3, 4, 5, 6). Asin [3] we can show that ¢ are a complete system
of lincarly independent solutions of the equation (I19). From this result it
follows the completeness of the associate system Ui (j=1,2,3,4, 5, 6).
We can now formulate the fellowing theorem.

Theorem 7.3. The problem {I.) can be solved for any G(z)=(Ts, Ty,
Ty H) from H(Z) if and only if

(7.6) iT(dG_-O, f s:‘,kka,dc——O.
z

The solution is expressed as a single layer potential and s determined within
an additive vigid displacement zector (6.2).

Proof. According to Fredholm’s third  theorem, the necessary and
sufficient conditions for existence of the sclution of the equation ([s) are

(77) j‘-.G,(y)UD(y)dGU:O’ (k'_'_' 1, 2’ 3’ 4, 5: 6)

These conditions lead to (7.6).

We can prove also

Theorem 7.4. The problem (E,) can be solved for any G(z) cH(Z). The
solution is unique and can be expressed as a lincar combination of a double
layer potential with some single layer potemtials.
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TIIE MINIMUM RISK APPROACH TO MAX-MIN BILINEAR
PROGRAMMING

BY

1. M. STANCU-MINASIAN and ST. TIGAN

1. Introduction. In this paper the minimum risk approach for the
max-min bilincar programming problem is formulated. We show that
this problem can be reduced, under certain hypotheses, to a max-fiin bili-
near fractional problem. In the last section a pqrametncal algorithm for
solving the bilinear fractional max-min problem is proposed. _

7 Problem formulation. The following max-min problem is studied
in the papers [1], {23, {4]. P M Problem. Find:

(2.1) max min [xAdy+dx-+ayl,
r€X yEY
where
(2.2) X=IxeR"| Bx<d, 20} Y={yeR'|Ey<e, y20}.

and x and y arc variable vectors, whereas A GE’”‘"‘, BeRr**, E=sR**",
deR, a=R™ beR? and ¢e R? are given matrices and veciors, respectl-
vely. As can be seen, the constraints are separate in problem (2.1)—(2.2).

Definition 2.1, Given a function f: XX Y=R, X‘xYER"""‘, we say
that (z', y)YeX, Yisan optimal solution for the max-win probiem

max min f(x, ¥)
s€X yeY

if (x'y ¥") verifies the following conditions :
: ' "no_ = ’ e Lt r 2 g x’ , xEX.
@ S ¥)=min f+ 3 (i) S+ y)> min f(x )

In what follows, we assume that the matrix A4 and vectors d and a
are random :
(2.3) A{w)=A'+t{w) 42, d(w)=d*-+1{w) ds, a(w)=a'+i{w) a*

where A!, A?eR**™ arc given matrices, d'eR®, a*eR" (i=1, 2) are
given constant vectors whercas t{w) is a random variable on a proba-
bility space {Q, K, P), with the continuous and strictly increasing distri-
bution function T(z). ) .

The minimum risk problem corrcsponding to level z, associated to
PM problem, consists in finding the optimal solution of the following

problem :
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PRM Problein. Find

(2.4) v(z) = max P{o Z{(x, 0) >z},
reX
where
(2.5) Z{v,w)= min [vAd{e) v d{e)r L a(o) v
weY

Definition 2.2. 4 puir (1, y Ve X 2 Y is called minisum risk soln-
gion for the PR problem, i f 11 verifies the conditions |
(2.6) Plo] xA{w) y'+d{o) 1"--a(e) ' =)=
=P{o | min (¥4 (o) v+d{eo) L afe) 3) >z},
yEY

(2.7) I’{u') VAd(w) vbd(w) v hale) Ve
2 P{w | min {xA(w) yd{w) ¥+ ale) ¥) >z}, Yred,
Let us denote : '
Zdx, Vy=xA"y-Fd'x4a'y, ({=12), V(y,1)eX=Y,
Further, we shall suppose that :
(2.8) Zix, ¥)#0, ¥(y, vjeX XY,
(2.9) A and Y are nonempty and bounded sets.

By the continuity of the function Z, and by the assumptions (2.8),
(2.9), it results that only one¢ of the [ollowing cases holds :

(1) Zu(v, V) =0, Y(v, VeXxY: or (i) Zu(x, v)<0, ¥(r, )eXxY.

Thus, we wiil show that, under the assumptions (2.8), (2.9), the
minimum tisk PRM problem, can be solved by a deterministic max-min
problem, which docs not depend on the distribution function of the random
variable (o). This fact generalizes a result obtained in [3] for lincar pro-
gramming.

Theorem 1. If the conditions (2.8), (2.9) are met and if the distribu-
tion funclion T is conlimuons and stnictly increasing, then the minomtni-
risk sclution of the PRM problem does net depend on T and it can be obtar-
ned by solving one of the max-min bilinear fractional problems :

PAT Problem max mii‘:\ [Z(x, 3)—=2)Zo(x, 2y, U Z,(x.y)=0
2 Es yeY
or

PA2 Problem max min [z—2 (v, W/ Z: (v, v}, i Zu(x, 4y =0,

€l yeV
Proof: We get from (2.3) and (2.5):
F(x,2)=P{w] min [yd{o) v+ d(o) x4a(w) ] >z} = Plo |min [Z,(x, v}+
yeY rey

Fi(w) Zi(x, )] >zi=Plo | Ly, ¥)Hi{w) Zdx, y) >, - VyeY},

e
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hence, according to (2.8), it results :
. Plo () = [2—2Zalx, NZLx, s vyeYl, 1.f Za{x, y) >0
Fg e { Ha | Hoy <[z—Zi(x, WZ(x, M) vveYl, if Zx v)<0.
Lot g(x, ¥) = z—=Z{x, Y11 Za(x, v) be for any (x, ¥) eXxY.
Then, we have: .
Ple | H{e) >max g(x, M)}, it Z,(x, y)>0
yed
Flx2)= Pfo | t(w) <min g(x )}, if Za{x, ) <0
’ Y€
|- T{max g(x, ), if Zax, ) =0,
yeY

T(min g(x, V), it Za{x, ) <0.

yEY
Then, the PRM Problem is equivalent to:

max [1--7 (max g(x, ¥))), if Zix, v)>0,

Flx, 2) seX A

ax Iflx, o)== PR if Z.x <

il"l:._::\ R max I(]'nlﬂ g('\"_}')), if Z:(") }’)‘*—0*
sEX YEY

hence, by the assumption that [ is continuous and strictly increasing,
< ‘t :v 1 M y - .
e | — T (min max g(x, 3)), i Zaly, ¥y >0,
f ax Fly, )= seX  yevy

) _1315”'\ W =i T{max min g(x, ), if Z.{x, v} <0.

reX yeY
Therefore, a minimum risk solution for PRAI problem can be obtained by
solving 1’42 problem or
PAU Problem. min max g(x, »).
reX rvey .

But PAl Probleem is cquivalent to [7.11 problem. This ends the proof.

Remarks 2.1. A similar approach can be applicd to the mmunurfn
risk problem associated to a min-max bilincar problem having random coef-
ficients of the (2.3) form, that is:

DPRM' Problent: v'(z)== max P{mima;\; [xA () y4-d{w) 2+ alo) yl<z}

. 1€ vey . i

2 2. The minimum risk Chebyshev problems st_udxcd in {53, (6], (8]
can be considered as minimum risk problems associated tof discrete mitn-
max problems (that s, min-max problems, whose fcasxblc sc)t Y is a finite se b

2.3. If T is continuous and strictly increasing, the PRM problem can
be formulated as a max-min problen :

p{z)=max min Pfo | (@) ¥y d{w) ¥ +alw) y>2}:
reX yev .

3. Parametrical algorithm for solving the max-min bilinear-fractional
problems. We will propose here a parametrical algorithm for the following
max-min bilincar-fractional problem :

PF Problem : Find
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(3.1) y=max min Ay tdxtalytol
sEX YEY Y:::A’_v—i—d'x—{-a'y-{-w"
where A'eR**™ (j=1,2), d'eR", a'eR™ and w'eR (s
> y &)y @ R (1= iv
matrices, vectors and real numbe’rs, respectively. i e
The fcasible sets X and Y are, as in section 2, polyhedral sets defi-

ned by (2.2). Obviously, the max-min P4! and P
[ i AZ rObI juil < i-
cular cases of the PF problem. For cvery x X and ng, \frc sderlnrgtcla) ;gf‘l

23 2%, yy=xd'y+d'vqa'y+wf, i=1, 2
(3.3) h(x, .}') — :’(‘1’! J')/ze(x’ }-)

Throughout this section , we make the followi i
(H1) X and Y are nonempty and bounded ;Ztso‘ e
(H2) z4(x, ¥) >0, for all (¥, 3)eXxY. '
To solve the max-min bilinecar fractio
) 3 ) ‘ nal PPFF problem, we ad
a parametrical m(;zthod given in {7], which can be app]icIZI to mthc:'e :neargii
classes of max-min non-linear fractional problems. .
The following thcorem gives a necessar ici i
e follow s y and sufficient i
for a pair (x%, y")€X x Y, to be an optimal solution of the PF c;::)cli)lltelgin
Theorem 2. Let x' X,y eY and £ =R be, such that: ‘

=k x', Y==min k(x", ¥).
(2%, &7} il 1(x%, ¥)

Th -3 . .
wh::?e (%, ¥") is an optimal solution for PF problem 1f and only if F(')=0,

F (t)=n;12x r:leul} (z1(x, ¥)—124(x, 3)), for any teR.

The proof is similar to that of Theorem 1 from Ref. {7].
The algorithm consists in the following steps:
Step 1 Choose x,€X and take £:0. .

S t e 2 A I} . 7 . - - - .
problle)m : Find y, <Y, which is an optimal solution of the linear fractional

(3.4) min A{x, ¥)
YEY

and take:

(3.5) te=h{xs 3%).

Step 3 Solve the max-min bilinear problem :

3.6 4 — i c Al

(3.6) F(t}) max min (z:(x, 3)—hize(x, 3))s

and let (x3,1, Yis1) be an optimal solution of this problem.

Step 4 i) 1f F(4)=0, then by Theorem 2 (x, i) is an optimal solution

for PF, problem and the algorithm stops. In this ¢
9 : ase v=1{,.
it} If F{t,) >0, then go to Step 5.p ’
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Siep 5 Take xs: =Ner L= k=1 and go to Step 2

This algorithm generaly requires an infinite number of iterations.
1t can be stopped after a finite number of iterations, by using in Step
4 an appropriate stop criterion as:

Step 4 : 1) 1l Fll)<e then stop.

i) If F(f) ==, then go to Step 3.

We meation that in Step 4, g isa very small preassigned positive quantity.
Its value depends on the degree of approximation that is required.

The algorithm convergence, as well as the finiteness of approxima-
tive variant is based on the following theorem :

Theorem 3. Let =20 be @ given veal number. Under hypotheses Hl
and H2, if F{t)<e and if (v, 32 80, for cvery (v, vye X Y, then,
for every optimal solution (x', v') of PE problem, we have

0<hix's ') LS ()8 < ¢fB

The proof of this theorem is similar to that of theorem 3, ref. [7..

Remarks: 3.1, Step 2 requires to solve a lincar-fractional programming
problem at each iteration. As only objective function is changed at 1itera-
tion k, at &4 1 iteration the optimal solution vy obtained at the previous
iteration can be taken as the initial solution for problem (3.4).

32, The max-min bilincar problem (3.6) in Step 3, can be solved
by two linear programming problems {see, €. g Refs. 717, {47, [5L

3.3 When 4 and o * are zero mnatrices. that is, when in fact the PF
problem is a max-min linear fractional problem, then the parametrical
algorithm stops after a finite number of iterations {sce Ref. 777).
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