1186 STRKKA-LISA ERIKSSON

1 Donner, K — Eafenston of fonlite

4 Eriksson. S-L. - Hyfarkarmon

Sei Fenn. Ser. 4, J Math, Dissertatimes 49,

bevators and Kororrae thegyems Lecture Notes 1n
Mathematics 904, Springer-Verlag, Berlin—Hewdetberg - New York, 1982,

and  hyperharmoenic wmorphisms. Ann. Acad
1984, oo, 175

ones

3 Popa, E -~ Morphtsms nf H-conrs. An. Stitng Umv

(N.S) 29, 2, 1983, pp. 33

Recrived 15 I1X.1984

I}

Al

{ Cura” Iasi. Sect. [ a Mat

Degarimeni of Mathemadics
University of Jornsuu
CF-EMO0T Jesnsuw, Finland

Analele stinpifice ale Universitdge AL 1. Cuza' din lay
Tomul XXXI, 5 | a, Marematic:, 1995. §. 2

LOCALLY H-CLOSED SPACES
BY
IULIAN HAIMOVICI

P

We characterize LHC spaces, study seme of their preperties and
focus on a special class of 1.LHC spaces, the Hausdorff spaces for which
any [l-closed exiension is obtained by adding only a finite set of points. We
also establish @ theorem for the identification of the LHC extensions of a
Hausdorif space.

LHC spaces were studied by Obreanu 76, C.T Lin 4, Porter
‘8, 9], Blaszczyk 1l and Ovsepjan {70

As in {3}, we denote by X a Haunsdorff space, by Sp(.X} the set of
filters on X, by & the set of filters on X with an open base and no cluster
points, by XV the set of the maximal elements of @ and by #(x) the neigh-
bourhood filter of ¥ &X. 0, denotes the topology of Sp(X) generated by
the sets O(d)={F € Sp(X): A < 7F, Aopen subset of X} and O, the topology
generated by the sets {i(A) : A open subsef of X} and {{A)u {F}: - open
subset of X and A ez} The same notations will be used for the topology
induced on different subspaces of Sp(A). If AT X, then ¢d denotes XM 4.

We shall use extensively the following theorem, proved in {37 :

Theorem 1. Y is an H-closed extension of X iff il is homeomorphic to
a subspace U of Sp(X) suchthat: (X)X, N UX) &, any maximal element
of X has exactly onesubfilter in A, and thelopolog . of & is between O, and O,.

§ 1. Characterizations of LHC spaces. X is locally H-closed (LHC)
if every poini has an H-closed neighbourhood. If we requested a fundamental
system of H-closed neighbourhoods, we should obtain only the class of
locally compact spaces. \We agreed that any space denoted by X is Haus-
dorff because there exist non-Hausdorff topological spaces in which every
point has an fl-closed neighbourhood (and cven a fundamental system of

compact neighbourhoods {2, I, §9, 7}) but such spaces cannot have H-closed
extensions

X ds LHC iff esther & has a least clement or Hw= (.
. X is LHC {ff cither the intersection of all the maximal elements of &
1S in & or X=(

These characterizations are close to those obtained in 6l

The following result is a corollary to Theorem 1 from {3] : a nowhere
solvable space is LHC iff @ contains the intersection of all the non-con-
vergent ultrafilters with open base.

In [3] we proved that X is not H-closed iff there is at least a cover
of X such that : it has an open subcover, it contains Ay B whenever it con-
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i ; D itself s an cleme | the cover Let €, denote
ains o and B and X itself 1s not an clement of ] -
It?llon}qmilv of such covers and @ the subfamily of those which contain all
the subsets of a set of the cover. ()h\'iousl} O — g iff €, .

Theorem 2. N is LHC iff €~ & or i has a least clenent.

Proof. X is H-closed iff €- & heneeforth we consider that £# @

If F=1{Flier=®. then n g
I = XN, henee 1t has an open subcover ; P\ e y=e ol =e(l ) s in

L b

+€1

A 1 (D=0 then (D) €A Indecd. (DU DY=cD,0ch; and ‘f;c D=
=@ since U ece=U D=\ 1 D,el=t then D, ={DuD)el.

-7 iel )

Therefore 1t is obvious elens
responding in A 15 a least clement of &, hence iff X
LIOSLd;\ cover is called strictly refinable if it has a refinement other than
iself. ' e rofines ol €@ ifl f' el l;cvu.usn_n:f. c?_ntmns Q}L.thc sul)s‘et.s
of a sot of the cover. Therefore ef refines o iff 77 < F, where (7 an(_l F m
the filters in @ which correspond to the two  covers. Fhis remark suggests
another characterization of LHC spaces. . o

Theorem 3. X s LHC iff € contains at most a cozer which is not strictly
nfzmrlgi:fiinition. The topological space (\T. sy is a Hausdor[f (rrspm:hw;%
an H-closed) extension of (X, <), if (Y. 5) is Hausdorff (respmfw!_\' H-closed)
KoY. alv== and X=Y.The extension (Y. o) is called j)ro_f)fciwel\/' lur::c;
than the extension (£, &) 1f there Is a continitons j’un,d:on Jrom X (_mz‘o/j i {!;t i
leaves X pointwise fixed. cAn cxtension il d set § af cxlenstons is f.cillclef‘:_i
projective maximion ({)fz'm'_mm;'; in & of i is projectivay larger {smalier)
} anyv olher exiension 10 . ) - - —e
g ,{tais known that the Katétov extension hX=(XU.XY, 04 pt_A\ is
a projective maximum in the set of all H closed extensions of X [1]

Theorem 4. The following conditions are equivalent

1y X o8 LUC dud is not H-closed.

that € has a least element iff the filter cor-
is I.HC and not H-

The set of proper Hausdorf [ valensions af N has as a projective mi-|

wimun: an He-closed extension, . . B
A} The setof proper Hausdor [ f extensians of N has o projective mininii L.
Proof. 1t 1s obvious that 3) implies 4) and 2). . . e

1) = 3). % has a least clement 4 and the extension oht;m_l.ed by :ul{dljég

& is the projective minimum in the ¢lass ol !'1au~s_dorﬂ CXLENSIONS. ln(' ,C;”
if = () UUF)er is another l.-{au:;dorff extension, then as '“Cpf‘ol\f&(]tlwn.\
Yig, e & for any =/, any maximal clement of % rhu:: at 1110:.11. a :11 fil L[E
in & and the topology of 2 is between 0, and (. We define the !l}t.q;plrxlr,1
FoE—i(X)U TG which maps 7, in & and lc;n;vﬂ (X)) puintwise f].\('f .if_lzﬂ
open set of (XU {g] is either ((A4y or i(A)u i€}, where Ais an vpen subsel
of X, and =g is the second case. Their countenimages are either z(’:-_i')lc_)f_
i(A)y [Flieyand A =7F as GeiF. o any ri—_/',. the set 1(d)U {747
=0(4)n, is open In any topology which 1s tiner than ¢,

2) The set of proper H closed cviensions of X s u projective prninion. g
3

{eFiherE 8 Indeed N /7 = & hence 1
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If A is an open subset of X, {(A4) 15 openin anv Hausdor!f extension 74,
Indeed, any vy =4 has an fi-closed neighbourhood 17, which no filter in &
contains {scc the proof of Theorem 2}, Hence i",n.4 which is an unempty
open subset of X is not contained by any filter belonging to % - thus O(/1n
AV InE=i(Anl,) is open i(A)= Uildn V)

zEA
set of &,

4)}=>1) X has proper Hausdorfl extensions, hence it is not H-closed,
Qince #(X)U {4}, where &, 1s minimal in @, which is unempty, is a Haus-
dorff extension [37, the projective minimum & must be ((X)u {(F}, for a
certain (F ind, otherwise there is no map from ¢(X)u{g,} onto ¥ which
leaves 1(X) pointwise fixed. If IF =77, the counteriimage of #(Fjuz} which
is ((FYu{&,} must be the union of some sets belonging to the base of the
topology of (X)U {&,}; one of them must contain &,. hence it must be
(G {g,} for some Geg,; but this implies G < I because {(G)u (€.} is in
the union which gives {Fu {&.}, andit follows that F= &, Henve Fe g,
and as €, is a minimal element of &, we proved that (F=4&,. As &, was
chosen arbitrarv among the minimal elements of #, we can conclude
that these coincide, thercfore X is LHC.

2y==1). This has been proved by Liv (4] and by Porter 197,

Theorem 5. X o5 LHC /7 if 15 an open set tn every Hausdorff extension,

Proof. The necessity was shown in the second paragraph of the proof
of Theorem 4 ; the sufficiency foliows from the fact that X js TLHC iff it is
an open set in every H-closed extension 8.

Corollary. o regular space is locally compact 1ff 1t 15 an open set in
every Hausdorff extension.

The fact that a regular space is locally compact iff it is an open set
in all its compactifications is well-known.

§ 2. Properties of LHC spaces. Proposition . Jhe image of an LHC
space ander a continnous open mapping inlo a Hausdorff space 13 LHC,

Proaf. The image of an H-clesed space under & continuous mapping
into a Hausdorff space is H-closed. If X is LHC and yv=f(X), then v X
exists so that y=f(x). If ¥, is an H-closed ncighbourhood of v, f(I7,) 13
H-closed and is a neighbourhood of ¥, since f is open.

The condition that fis open is essential in the case of LHC spaces,
although it does not appear in the case of H-closed spaces. Indeed, let X
be 2 countable set with the discrete topologv, hence LHC. 1f £ is a function
from X onto () it must be continuous but Q is not LHC as it is regular but
It 13 not locally compact. '

Proposition 2. /f X is LEC and FC X such that Fi Y is H-closed when-
ever Y is an Il closed snbset of X, then [ is clased in X

.!’ronf_, The interiors of the ff-closed subscts of .\ form a cover of X,
and it 1s known the fact that if (Aver is o family of subsets of X whose
Interiors cover .\, ‘then a subsei I of X is closed if eachof the sets FNA,
is closed in A, {727 ch. 1. §3.1)

is theretore an open sub-

In 87 it is shown that any LHC sabspace of a Hausdorff space is
locally closed. If in these results we replace the words H-clased by compact
and LHC Ly locally compact, we cbtain familiar statements
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Theorem 1 apphied to LHC spaces proves results from 6] and 7§
in a unified manner. Indeed if X is not /-closed 1t has one-point /f-closed
extensions iff & has a filter which is a subfiher of all the maximal elements
of 7. hence ifl the intersection F of wll the maximal elements of & has a
subfilter in . hence iff 7 e, henee ilf X is LHC.

1 X is LHC but not H-closed, @ has a least element €. and by Theo-
rem | it follows that the only one-point H-closed extensions are (X {£},
for some £ satisfiving e Led. Lek.

On the set of one-point H-closed extensions. ¢/, and 0, voincide. As
the open sets are 7{d), Adopen in X and 1()y {LL A =L, 4 openin X, it
follows that the extension with the filter € is a projective minimum and
the extension with J is a projective maximum in the set of ull one-point
H-closed extensions.

§ 3. Katetov extension with a finite set. In 73] Obreanu described
an H-closed extension which has the same underlving set as kX, ie. Xu X~
but its topology is 0,. This extension was also described by Fomin., Obvi-
ously when X 1s finite the lopologies Ug and 0, coincide on Xy X7, Therefore,
in the title and every where in this section we can replace kX by the Ohbreanu
extension.

If Q is the set of rational numbers, then AQ™ (s at least countable,
If F<hQ has n elements then AONT provides an example of topological
space for which X has exactly « elements. By Theorem 1, X is not H-c'osed;
£0 is an H-closed extension of X. Since AQ is the projective maximum in
the set of all H-closed extensions of . it follows that AX=R0; therefore
X has »n elements,

Definition. ¥ is said {0 be almost H-closed (AHC) if for every pair of
disjoint open sets, the closure of one of them is H-closed.

AHC spaces are defined in 8] and it is shown there that if X is not

H-closed. then £X is a une-point H-closed extension iff X is AHC. Theorem

6 generalizes this result.

Theorem 6. X has n points iff amonyg any n- | mutually disjoint open |

wnempty subsels of N one has an H-closed closire, and 5—1 15 the least nuniber
with this property.

Proof. Lev A, ... M, be ihe maximal elements of & and U,,..,

U+, mutually disjoint open unempty sets. Anv maximal element contains §

either U7, or cU, for evvery =1, n+ 1. No maximal element contains two |

of the sets U,, ... [ 2y as they are mutually disjoint. We can find 7, =,

——— ”
1gq,€n—+1 such that «U,, & M for every i=1, n. Hence U, &Jd= N M

gl

and it follows that L', is H-closed. since the open sets which belong to & |

are exactly those sets 4 for which cA is H-closed, as shown in (8}

\We can find Mi @, i=1, n j=1, # such that M{nMj= g (other- |
wise Al U A ; generates a filter which belongs to %), As H1s a filter, NMi= :
j=1

—M# & for any i—=1. # and clearly M, are » mutually disjoint open sets.

As M, e, i=1, n. this sets cannot be A closed, because any filter from

% contains the complements of the H-closed subsets of X [6l.
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Converselv. we can find mutually  disjoint open  unecmpiy  sets,
none of them with ff-closed closure, hence by what we have proved, 4]
has at least » maximal clements. If we suppose that il has moie, we can
choose #. .... #ue, among them and we can find as above the inutually
disjoint sets M= M i—= 1wt none of which with F.closed closure.

Corollary. AHC spaces are LU

We can describe precisely the open non-convergent ultrafilter of an
AHC space which is not H-closed. The maximal elewent of & will be the
filter which it generates.

Theorem 7. oA space N which 1s noi H closed (s AVC iff the family
U oop the open wnempts sets which ara not contained tn an H-closed subspace
o Nty an upes non-ronverient udtra fitter,

Proof. Let N be AHC but not f-closed and A4 an open set of X, 1f 4
is dense in X it is obviously in 724 10 4 is not dense, then one and only one
ot the sets A and o has H-closed closure. otherwise X would be H-closed
as the union of two H-closed subspaces. The other belongs to @ since an
apen set contained inan {-closed subspace must have and II-clozed closure,
¢ is a filter subbase because by the definition of AIIC spaces, # and B
cannot be bothin %, if they are disjoint. Clearly, the open sefs containing
a set which is in 2 are also in 2. The intersection of {wo sets belongs to @,
whenever both of them do :if A, &2 and 21 isdense, then D 1R and

therefore
and « A are U-c‘lmvd as Vis AHC and 477 i3 not Heclosed as 4 nBucAvel=
~ X which is not fH-closed. 7€ is not convergent as any 1 X hus an Ji-closed

108 cannot be H-closed ; if netther o nor £ is dense then cA

r}cighhour]m{).df l'{;é;\' :u_ul then V, ¢ and i_L is not dense hence c"i/.', eqt,
Conversely. il X is a filter subbuse thew if 4 and 2 are disjnint open
sels one i< Missing from /0 and thus has an f-closed closure.

~In & it is shown that a LHC space which is not H-closed has a
unique one-point H-closed extensien iff cvery nowhere dense closed sub-
set 1y contained in an H-closed subspace of AL

l"hcorem 8 .‘1:_1 LHC space N which s not H-closed has a unigite -
closed cxtension tff either U or ¢li is contutned i an H-closed subspace of X,
for every set U whick has the property that there is no open sulsel of Xin which
both 17 und ol are dense.

Prooj. 1L X is LHC but it is not H-closed it has one-point Hi-closed
cg(tcnsmns. If it has a unique H-closed extension, then AX is o one-point
A —Ll()f{.cr! extension, hence the space is AHC, Let U have the property that
:jn any open subset of X either U or ol is not dense. Then Fr U is a nowhere
FEUS(E Lloﬁctl. set. therefore an H-closed subspace W of X exists such ihat
(‘jl‘ Ue 1}. Suppose for instance that 7 is not dense in A IL U=¢7, then

cFrUc V. If UU# ¢, the definition of AHC spaces appiiced to & and clU

ensures that cither U or el is H-closed. We have I/ < Uull and cUcely i
and the union of iwo H-closed subspuces of a Hausdorff space is H-closed.
Conversely, any nowhere dense closed sef is contained in an /l-closed
subspace since the closure of its complement is the entire space, which is
not H-closed. Hence the space has a unique one-point f-closed extension.

2 — Matematica 204 -



122 1ULTAN HAIMOVICL 6

Let U and ¥ be open disjoint unempty sets. As U U, either U or 17
is contained in an H-closed subspace of .X, hence its closure is IH-closed.
‘Therefore X is a one-point H-closed cxiension and this concludes the
proof, as kX is the projective maximum in the set of ail H-closed extensions.

Corollary. An LHC space X whick 15 ol H-closcd has « unique proper

Hausdor[f extension iff either U or cU is contained in an H-closed subspace

of X, for every set U which has the property that there is o open subsct of X |

in which both U and cU are dense.
Proof. If X has a unique (proper) Hausdor{f ¢xtension this must be

an H-closed extension also as such extensions exist, Conversely, the prece- |

ding proof shows that X~ has only one point M. By (3] it follows that any
proper Hausdorff extension is homeomorphic with #(X)u {£}, where g«
c L A, hence it is an H-closed extension too. Theorem 8 shows that
this is unique.

§ 4. The LHC and AHC extensions of a Hausdorff space. Theorem 9.
A Hausdor[f extension of X wilh trace Filter % is an LNC extension of Xiff
whenever Lhere exist mavimal elements of 30 with no subfilter in (8. thetr inter-
section belongs to .

Proof. If all the maximal elements of 76 have subfilters in &, then 7O
is oven an H-closed extension of X. We shall not consider this case hen-
ceforth,

Let an LHC extension of X have the trace filter @ Let Y= {(F}
be a one-point H-closed extension of &. It follows that /(X)) is dense in
and moreover ¢4 is an H-closed extension of Y. By Theoren 1, (F <@ and
all the maximal elements of & which have no subfilter in & are finer than
(F as they must have a subfilter in 4. Thercfore their intersection belongs

to #.

Conversely, let &£ be the intersection of all the maximal clements of §

% which have no subfilter in/, then U {£} is an fl-closed extiension as
Theorem 2 of [3} and Theorem 1 prove that a Hausdorff extension of X
with trace filter @ is an H-closed extension of X iff all the maximal elements
of & have a subfilter in 70,

Theorem 10. A Hausdorff extension of X wilh trace [tller (U is an AHC

extension of X [ff there is atmost one maximal element o f & which has no sib- |

Silter in 5.

Proof. As an H-closed extension of X includes & iff it is also an H-~

closed extension of 7%, it follows that & has only onec-point H-closed ex-
tensions {i.e. 2 is AHC) iff X has no H-closed extension which contains

besides & (wo or more distinct filters, hence iff there is at most a maximal

clement of & with no subfilter in @& (Theorem 1).
Corollary. The following statemenlds are equivalent @ 1} X is AHC 2)
X has no proper LHC extensions which are not He-closed extensions 3) X
has no proper AHC extensions which are not H-closed extensions.
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