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§  ON QUASICONFORMAL MAPPINGS BETWEEN RIEMANNIAN
1 MANIFOLDS OF DIMENSION «

nY

V. T. BORCEA

I. Introduction. It is well-known that each 2-dimensional Riemann
curfare 15 locally cenformally equivalent to the plane ; in the 2-dimensicnal
case the lccal properties of quaticenformal mappings Letween Riemann
surface« can be studied in the plane. The class of »-dimensional Riemann
surfaces analogous to the bidimensional one {from above) is very poor,
That i= why, K. Suominen [6] considered instead of them, the class
of n-dimensional Riemannian manifolds. This author defines the quasi-

| conformal mappings between Riemannian manifolds of dimension #, by
' means of the module of a curve family. The purpose of this paper is to study
these mappings starting from a definition with metric character.

In the sequel we denote by ¥, a complete Riemann manifold of di-
mension #, by T(V,) its tangent bundle, by T,(V,) its tangent space at x
'and by cap, the cxponential map. Tt is well known (see [4]) that exp, is a
| diffeomorphism of a neighbourhood U c T(V,) onto a neighbourhood of
x in V,.

If v, v are two points of V,, the distance d(x, ) is defined by :

d(x, y)==inf I{y),
YEC

‘where 15 the family of piccewise differentiable curves v : [a, ]— ¥, joining
x and y and {(y) is the length of y.

2. Quasiconformal mappings. Let us consider a map f:DcV,~
—=D'=f(D)c V,,where D is a domain in V,. We define:

Lix, ”)=51}%P{d(f(x)sf(:v‘)) sd(x, y)=r},
iz, y)= nf {(f(x), f(5)) : d(x, y) =7},

The lincar dilatation of f at x €D is, by definition :

§(x)=Tim LB
r0 [{x, r)

Definition 1. A homeomorphism f: D V,—D"=f(D)c V,is called K-g¢

K-quasicon formal) by the metric de finition in Gehring’s sense (1<K <w) if

WOE)<K, for coery point ¢ of D.
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A regular family of parameter k, k==k(x,), relatively to a point x,
is a family of hipersurfaces (submanifolds of dimension #— 1 {oa} «=(0, 1),
of class C! (/>0), where a,=9{5(0, «)), ${0, «) the sphere of center O & R"
and radius «, while ¢ is a homeomorphism of the unit ball onto a neigh-
bourhood of the point x,=¢(0), such that :

sup d(x, xo)
- S
a0 Ik d(z, o)
2 €0,

== f(2q) 0O,

if for at least one

A homeomorphism f is called regular at xo €D,
the family {f(oa)}

regular family {o,} of parameter k(x,) relatively to x,
is a regular one of parameter 2’(%o) relatively to f(x,).

A homeomorphism is said to be regular in a domain D if it is regular |

at each of its points. If [ is a regular homeomorphism then :
glxs)=inf k(xq).5"(xo)s
oy}

where the infimum is taken over ail regular families relatively to x, — is
called the characteristic of f at xo

Remark. 1t is casy to see that if f: D—D" is a regular homeomor-
phism such that its characteristic g(x)< K <c0, then 7! is a regular homeo-
morphism such that its characteristic g,(x)< A <o, 1If, in addition, g: D™~
D™ is a regular homeomorphism such that its characteristic ¢"(f{»))<K" <
<00, then gof: D—D" is a regular homeomorphism and its characteristic
satisfies ¢""(¥)<K.K".

Theorem 1. If f: D—D" is a K-gc mapping in
homeomorphism and 1is characteristic g(x)< K for cvery point x<D.

Proof. Let us consider f: D—D"a K-qe homeomorphism. Let B(0,. 1) 2
the ball of radius a in the tangent space T,(V.)
in T,{I",)). Let the diffeomorphism |

be the unit ball ahd B(0,, a)
with xeD (where O, is the null vector
% . B(O,, 1)=B(0,, a) be defined by MX,)=a.X, for every X, =B(0,, 1).
Let a be fixed real and sufficiently small such that the map exp. . B(0,. a)—
—V, be well defined. We denote by g=expoh: B(O,
«€(0, 1), let us consider the hipersurfaces :

62 =2[S(0;, #) J=exp.H(S(O;, 0))]={y : d(x, 3)=aa}.

1t follows that:
sup d{x, y)
s e
awn inf d{x, ¥)
¥ €y

therefore the family {s,} is regular at x.
Let us consider =,==f(a.)=(foexp,oh}{S{0y, «)), then

sup d(/(x), /) sup d(f() J5)

—= flF)€Ty L . |
o AU, TN e TG T00 =3()<K <.

k*(x)=lim

D, then it is a regular |

=V, For cvery |
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Therefore g(x)==inf £(x).&"(X)=inf 3(x)< K <oo.

3. 0-homeomorphisms. Definition 3. A homecomorphism f of D inlo
1 (D, D* domains of V,) is said to be a O-mapping, if there exists a funclion 0,
wohich is continnons and strictly increasing in [0, 17 with §(0) =0, such that,
if vy €A with d(x, y)<d{x, A), then:

{(f(x), f(v I(x, ¥
A, f(v) <u[ﬁ] for coery subdomain AcD, A"= f(A).
. ﬁ’([‘]l;eorem 2. A O-mapping f: D=D" is a K-gc homecomorphism with
¢ .

Proof. Let us consider ¥, D and C such that 0< C <d(x,, 84) and
d(f1x5), f(x)) =d(f{xa), @A) whenever d(xy, x)<C. For cvery re (0, C)let
the points x,. x, €D be such that d(x,, xe)=d(x., Xo)=7 and: d{f(x.), f{xe))>
>L( %0 r)—e ; d(f(xa), f(xo)) <i(%, 7}+5=. Let us consider also A=D—{x.}

D—{f(x,)} ; then:

and A'= ]

s A= A8 00) AUt S ol ]
Hxo )2 d{f(xa), f(xa))  d{f{xo), A7) d(xo, 8A)
_ d(xy, Xo) _ K
e[d('\,a’ xo)] 0(1) I"
for every ¢>0. Then, for e—0 we obtain : L{x,, #)}[{xe 7)< 0(1)==k, for
cvery r}tl-: [0, CL
enee

Theorem 3. . homcomorphism f: DD isK-gc if 1 is a O-mappin
-‘?Hshrjr(l[\' Lo (1), where 071 ds the z'?w.crscqof'(}. PrZS

roof. Let us consider x, €1 and 0.< C <d(x,, ¢D} such that - d{/(x}),
Ja)) —d(f{xo), ¢D7) i d{x, xo) <C.For every 0 < r<nC and ' >0, we cgl{)(os)e

The

=F and v, such that d{x,, vey==d{x,, x,)=r and

Llvo )= sop {703, f e} <A(f{x:), S} 42

{0/ (), f(xa))} = d(f{xa), f(xa)) — <"

Let us consider first the case in which I{x,, #) <L{x, 7). Th
: Noy L 7). en, for
gn >0, I(x, r)+s.<L(_rn, r}—z for any ¢ with Oﬂ<s<s', ; suitable. Let
=D—{x;} and A"=:f(d), then A"=D"—{f(x,)} and:

! d(f(xa), [lxa)) <Uxoy 1)+ <L{xo 1)z <d(f(3:), f(x0)) ==d(f (o), 3A7)
Since /7! is a 0-mapping (where 0 is incrcasing) we have :
Je ff(f"(ff-\‘:))»f"(f(-\'n)))g O[fﬁf(-\‘z),f(-\'n)) ] < o[i(_‘.."_i)_"’_z]
A7 S (xo)), 24) d(f{x), 887 17 1L (v 7)—el’
hence [L (xo, 7)—&)/[U(xo, )45 <1/07(1).

I(xg, 7) -_:d[ in]f
a, Iy =T
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For ¢— 0 we have:
() Hae r) B

In the case {(xa, #) =L{xe 7). () 1s true. Hence. the inequality ()

1
is true for every r< (0, 1) so that lim L{x, #) /(3o 7)< 1,07 (1)< ¢ and,
since A, 1s an arbitrary point of D, the theorem is proved. ] INVERSES OF SINGULAR INTEGRAL OPERATOR=
4. Mappings with bounded triangular dilatation. Definition. 4. lec. AND PROBLEMS ON DEFICIENCY sUBSPACES

mapping [ D V-1, i said o have bounded lriangular dilatation (b.t.d.) ;
ifthere cxists a real “wumber C 0=, smlx that for cvery v, v.re D with d(xv. vig |
<d(y, 2) we have d(f(x), f{v))<d(f { (¥), F=)). i SHIU PRASAD ant R N MUKHERJEF
Definition 5. Fhe mappiug [ DSV =1 is sard to havelocally bt d o f. |
for cvery x&D, there cxisls v -0) such that . (fa) < Ca{f() f(x)) for
cvery ¥, zeD with dy, xX)g<d(z, x)<r. C2 1. CekR.
Theorem 4. Let f: D V=V, be a homeomorphism, D a domain of |
2 If f has locally b.4.d. on D (:c ith the constant C) then @ 3(x)<C for cvery
i E—D
}
Ry

B

1 Introduction. In the present note we give some oxamptes of <in-
gular integral operators of the following nature. First example is about
cnnquuumg a bounded self-adjoint singular integral operator from the
resolvents of unbounded self-adjoint m'rui ir integral operators considered

2, aysmr a0 by Pincus and Rovnyak 76 Second ex cample goes as follows. Let

Proof. Tor any x =D, let v, =1 be such that d(y.

Since / has locally b.t.d. it follows d(f(¥), f(x)1< Ca/( ) £(%)

) mn(c S be a bounded self-adjoint singular integral operator (Pincus 137, 4,
sup{d{ (1), F(1), d{v. xh=ri< Cinf {d(f (o), Fx)), di 1) Clancey {l;. 12} Let oobe a real number which does not belong to the
v : lnrtrum of 8, Then we give a singular integral operator representation of
) o . T tudeed ~e!1 ad oint operator (S =720 L Further we invoke a technique of
and then L(x, 7)/{(x. )< C for every r. Tt follows thal S(x)—lm L(a. ) Hounc } ! : I . :

Pincus 60 to determine the finite dimensional deficiency subspaces
| of an mnbounded symmetric mverse of a bounded self-adjeint <ingular
integral operator. A similar treatment is also hinted for svmmetric Toep
litz operators without details.

.2. Example 2.1. Let A{v} be a real valued measurable funetion on

(= x), and &{x) be a complex valued measurable function en | -, =),
We consider the following singular integral operatos

r—0

fix, < C.
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=0 otherwise, ={} otherwise.

Then we define the family of truncated operators 5, with the coefficients
Aa{x) and £ (1), The sufficient conditions are given in (57 for the normal
convergence lim S,— 5 (means that there exists an unbounded sclf-adjoint

Operator 5 such that lim(S,—/) ' —{5—{) ' in the strong operator topolog:
for 1..(7)#0). ‘

If we define a sectionally holomorphic function E{l. ) (Im(l)#0.,
Im(z)s£0) in the following manner :



