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For e¢— U we have :
. IRET 1
) e S
(%, 7| 011y
In the case d(xg r)== L(x 7). (2} 18 true. Hence, the inequality (%)
15 tre for every r< (0, 1) so that fim L{xe ») /(v )= 1 Y1)« = and,
since x, is an arbitrary point of 1), the theorem is proved.

1

4. Mappings with bounded triangular dilatation. Definition. 4. [he

mapping [ D Vo=V, is said to have bounded lriangular dilatation (b.t.d.
1 fthere exists a real number C, Cz 1, such that for every v, voze D with d(x. v)<
<dly, 5) we have d(f(x), [x))<Cd(f(3), F(2))

Definition 5. The mapping [ D=V — 1 is sawd to have locally btd. o f,

for cvery x =D, thore custs v=0 such that d(f(y). (f(x)<C(f(2), f(x) Jor.

crery ¥, ze€D with d{y, x)<d(z, xj<r. C2 1, CeR.

Theorem 4. Let [ D V-V, be a homeomaorphism. D a domain of

V,: If f has locally bid. on 1) (with the constant C) then © 3(0)<C for cvery
xeD.

Proof. For any =0, let v, <1} be such that d(y. 7
Since f has locally b.t.d. it {ollows 4( /(). f(x))<Ci(/{(2). f(

sgp{-l(f(_v),f(r). dla, v r‘,s;f'i]}('{d(f(:)._f{x)}, (o Kysar}

)} hence

and then L{xv, »)/i(x. :)<C for every 7. It follows that B(x)—lim L{x. »)f ]

r=0

Ji(x, H<C.

REFERINCFS

I.Caraman, I’ n-dimeniiona! guasiconforsmal mapiings Q0. Ed Acad, Ducuresti

(Romdinia) and Abacus Press. Tunbridge Wells, Kent (Eagzland) 1974

2. Frunzd, M. — Condribufii la studivd roprezentirilor crasicos forme. PPho D Thesiz, Bucuresti
t T
{Romdinia) 1979

3. Gehring, F. W The Casatirodory ronsergence throvem fov go mafdings in ipacs
Ann Acad. Sei Fenno Ser AL 336 (1805).

4. Gheorghicv, Gh, Oproiu, V — Geometric diforentiald Ed did ped Bucuresti
{Rominial

5 Suominen, IN. — OQuasiconformial mars i manifoids. Ann. Acad. Sa. Fenn , 393 1966 |
538,

Recefved T1L.XIF 1954
Palytcehnical Tnstitute

6600 fug:, Romania

—

Jo d(z xda=p2s0.
X

Deravivient of Mathematics i

Analele stunpfice ale Umiversitagn AL 1 Cuza®™ din Tag
Fomul XXX, o Ao Matemauci, (983 {2
l INVERSE= OF SINGULAR INTEGRAL OPERATOR=
AND PROBLEMS ON DEFICIENCY SUBSPACES
! RY
I SHIV PRASADT ana R N, MIURHERJER
|

| Introduction. In the present note we give some examples of sin-
cular mtegeal operators of the following naturc. First example is about
construciing a bounded self-adjoint singular integral eperator from the
resolvents of unboundel self-adjoint singular integral operators considered
e Pincus and Rovnyak 6. Secoud example goes as follows, Let
S ke a bounded self-adjoint singular integral operator (Pincus 73, /4,
Clancey (1o 23 Let 2 be a real number which does not belong (o the
spectram ol S0 Then we give a singular integral operator representation of
boundedt self-adjoint operator (S 2) ' Further we invoke a technique of
Pincus 0 to determine the finite dimensional deficiency  subspaces

B of an unbounded svmmetric inverse of a4 bounded self-adjoint singular

integral operator. A similar treatment is alzo hinted for symmetric Toep-
itz operators without details,

2. Example 2.1, Let A{r} be a real valued measurable function on
=z ). and k(r} be a complex valued measurable function on | - x. «0).
We consider the following singular integral operator .

(2.1 S @ — A(x) \ HORG i
SR
on L —w.x). The essentiul facts about the operator S are given as follows
(see (31 Tet
(2.2) Adv)== (g if JA)iga Fa{x)==fix) of Ry) £a

=0 otherwisc. =0 otherwise,

Then we define the family of truncated operators >, with the coefficients
Aa(x) and k,(x). The safficient conditions are given in (37 for the normal
convergence lim S,=5 {means that there exists an unbounded self-adjoint

operator S suclh that Bimn{s,—/)"t=={5-—{) v in the strong operator topology
for L,()+0).

If we define a scetionally holomorphic function E(/ z) (Im(l)#0.,
Im(2)£0} in the following manner :

o
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R l e dy 48z N

2.3 K, sy=exp| - S g" [y ' i

@3 (1, 5=y [Zm. et 0 25 22 )

o

where g(4, v} is the characteristic function of a set Ie={(/, ¥} : A(f)--

— k() < x < A0+ k() 2}, then under the assumption that S GILCE.
St oo, and k(8)#0 a.c.in (—oc, o), we {ind that the double improper
integral in the definition of E(/, 2) exists. I £, (/. z) are the vorresponding
functions with A,(f) and %,(/) in its definitions via the characteristic func- |
tion g.{f, v), then lim £,(/, z)=[E(/, z). The representation of (S5,—/)7 and |

(S—7) t arc discussed in [5]. What we need here is the following formula :
ki |

QR W S Y Y AT N
f—w 2 O

(2.5) H(l, y=E{, 14i0)—E(l, {—i0).

The lemmas 2.1 and 2.2 given next will establish that (S—#) ' H(S+0)™ '
is a bounded self-adjoint singular integral operator.

{2.4) {(S—1) W)y, w)H{, 1y where

1]

Lewvma 2.1 1f an operalor S possibly  bounded or unbounded and
sel f-adjoint satisfies the foilowing commudution velution
(2.6) SUST SR==C,
il
where U s a bounded sclf-adjoint operator and C 15 of trace olass then
. -H . . . I, e .
(i) (=) U — U(S—i) = = (S =) 2C(S— i),
=i j
{i1) (S+) WU~ U(S+Hi) 1 = — — (S+)1C(S+i)
)
I'roof : To prove (7} from (2.6) we see that
(2.7) (S=i)U—U(Sri)==C,
o

Applying (S—1)7 from the left hand side of (2.7) we get

Lits

i

(2.8) U—(S—i) 1 U(S—1)= ic.

Next we apply (S—1)7 from the right hand side of (2.8) 1 we get
i1

U(S—) ' —(S—)1iU=— (S i)

from which (7) follows. Similarly we can prove (if). In case C={(. .k)k where .

Tl
J(t) & L3 (—occ, o), it is easy to show that the operators on the right hand
sides of () and (/i) are of the form :

)1C(S

—_———
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, ] s oV vy it
) '"',-.;'("E/.-(/) i, /))2/.(1) (i, o,
AN B R B
(i) == ("E;\{f) H(, z)).z-fc(z) H(-i, 1),

In relations (i) and (i77) above, the operators are rank onc operators of
the form (., flg. We need to show that fand g arce cssentially bounded func-

tions. To do that we quote some results of Pincus [6] as lollows.

NI .1 )

2.9 (i, Bt =1 S 2
o NI i Y ! ‘_m_"(f)
210 O L ik

where du; and du_, arc some positive Bsrel measures on the real line.
S is an unbounded sclf-adjoint singular integral operator in

(2.11) case du ; and du; both arc absolutely continuous with respect
to the Lebesgue measure
E(i, ) and E(—1, =) both are devoid of any real zeros as

(2.12) functions of = in casc d_, and d-1; arc absolutelv continuous with
respect to the Lebesgue measure.

2.13) E(i, i4-10) A —i-+1AE1°

o E(i t—i0  A{)—i—|k()]*
(2.14) F{—1, 1--1) A@)A-1-H A2

El—it—i0y A0 —i—ik())

Lemma 2.2 12600, ) and (U2)ROI(—1, 1) are essentiall v bounded
fundtions on (—cc, o).

Proof. We show that (1/2)k(1) 1H (7, ) is essentially bounded, We have
from (2.11)

%I;(z’)“H(r', == :;— E(Y L - 10)— E(1, {—10) | =
(2:13) 1 H 21 k(1) 2 k(¢) .
k() 1e————~ I, t—10)= ’ (i, t—10).
2 Ay —i— k(1) |2 Al —i— k(D) |2
Since E{--7, ) is deveid of real zeros as a function of z, it s casy to see

that the right hand side of (2.13) is an cssentially bounded function on
(—c0, o).
3. Example 3.1. We¢ now consider operators of the form :

SHOY =AY () + — k(?\)g M f () o,

brd Joa—2

&

where EU R is a measurable set and (), k() L (E). Assume that A(2)

1s real valued and ess inf (&(x)] >0. It is a well known fact that Sisa bounded
Ak
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«elf-adjoint sigular wtegral operator en LiEY (Pincus 3, 4.Clan-

cev 1% 220). Also if M==ecss sup [A4frs- 400 and m—cssinf _J{H—
tEE el

CEif ot then stS = m, M O Te case re m M Clancev has shown that

(§—73} 115 a bounded sclf-adjoint operator on LH£E). The {following leirmas
show that {S—7)7' is a singular integral operator.
Lemma 3.1

1

U (2= (S—2)MO(S— 3)7?

=i
shere C s the one dimiensional operator (. k)&

I'roof: Proof is similar to Lemma 2.1.

Lemma 3.2, (8~ ») k() sL={E)

- . AN N .

Proof: Define a function ®ix, 1) by the {ollowing cxponential formula |
which is well defined because & im M I
1
2

v HELI R
\log A .) (£} ’ _]_t_’] (Tm{z)#0)
A(E)-= E{1) 3=b 1—2)

Do, z)-_v:r‘xp(

Then from an analvsis applied 1 solving Riemann-Hilbert problems
17 we can deduce that
10 i

[3.2) (S-—2) k() = (1. 2)A(Q) DG — 1 — D 1
Alzo from (3.1) we can get
% O3 f—i0) = 5 (_’z;—— !.k(f'_] L ‘ -.
Giat am 1(n k-0 :

from which 1t follows that the right hand side of (3.1)

= IiLifyie 5
RS e L, O t—at = —— O o t—i0)

2 A= k(8 =2 Ald)— hif) =1

Since & m, M , the denominator of (3.4) 1s bounded from below and from
an earlier analvsis in {17, 727) it follows that ®(x, {~i0} and &{¢] are cssen-
tially bounded functions Therefore the right hand side of (3.4) 1z essen-
tially bounded.

Remark. The example 2.1 which we have given for bounded self-
adjoint singular integral operators constructed from the resolvents of un-
bounded self-adjoint singular integral operators is important in the sense
that it is analogous to the situation when an unbounded sclf-adjoint ordi-
nary differential operator encounterced in Sturm-Liouville Problem has a
compact resolvent, which is an integral operator with square summable
Kernel.

4. In 60 Pincus characterizes the finite dimensional deficiency
subspaces of an nnbounded symmetric singular integral operator. We adopt
his techniques to characterize the finite dimensional deficiency subspaces
of an unbounded symmetric singular integral operator (S--%)°! where
aeo(S), and S is a bounded svinmetric singular integral operator. We
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adopt usual notations for operator theorctic definitions for the matter
which follow next

Definition. For ¢ closed. unbounded. svmmetric operator T defined on
@ Hilbert space H the deficiency subspaces are R(T - it und R{T—i)t,

Let S be the bounded svmmetric singular integral operator of section
3, where A(). k() e=L=(L). Then by adopting techniques of section 3, we
can see that L=(S—2a) ! for re6(S) (where e(S)=- m. M} has a singular
integral representation of the tvpe

) i
Li{x)=a{x}f(x) l SZ(:” ) Fide

=i P X

Fhe above operator is defined on L w, «w) a{t)el (-w.x) g{f) s
=L —o0, w). This operator has a natural characterization as an unboun-
ded svinmetric singular integral operator on a dense domain in L, )

Remark In fact oue can easily sec that

o R{t)

vty - B3, 1—10),

Ay = k(1Y 2=
where @ is defined in section 3. By a simplified analysis (assuming
some mild smoothness conditions on A(f}} one can see further that w{f) <
[, - 0, ). |

Now we define o new E(/, o) function for the above operator (> 7))
following expression (2.2) of section 2 with 4{f) and 4{f) replaced by ajf)
and (!} '

A~ i 67 we have z funcnon

f,(¢) == .l:t:u.n Ya(d)— o) ?) _l_t;m'l(a(t} - {t)i%},

with 0< B,(fi< 1. There exists positive Borel measures on the real line m;

so thas

@xp\g—‘n—]dtﬁl

- l_\ .{ ) ,(t_ )

Let m,, and m_,,, be the singular part of #; und s entering into the Le
besgue decomposition of these micasures. Let mi==dim Lo(m,,) and n=

- =dim L,(n_,.}. Then we have the following results.

Theorem 4.1. The Jdeficiency indices of fhe symmelric operator 1=

7= (S—2)1 deseribed above are (m, n). If the measures above are not atomic

then the correspondine deficiency indices ure infinite,

For the £(/, ) function define H{J, 2) = J{I, 7 4-40) - (i, 7-i0). Consider
the case when the two singular measures deflined abeve are purely atomic.
Suppose that the atoms of m_,, are {2}, 37, ., *5+ while those of m_,,
are {Ay, iz, .., 2p)

Theorem 4.2, The funmcrions



Analele stiingifice ale Universitinii AL L Cuza® din Tau

134 SHIV PRASAD and R. N, MUKHERJEE 6 omul NXXI s 1 a, Matematici, 1985, §, 2
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n:(>»)=~.(—“zn 2 S et
olr) A
. H(—i7) |
iy TR r=1,2, ..om,
O LOCALIZATIC
. . . . . LOCALIZATION OF SOME NON-NILPOTENT GROUPS
arc in L.(~ . «). They satisty the formal cigenvalue cquations {1+ AND H'I’\(‘F\‘\H[O”::\l e
+ )W F(R)=0 and (L—)I; (2}=0 and span the deficiency spaces of the o L
operator L. .
The proofs of theorems 4.1 and 4.2 are analogous to the correspon- L Pop

ding results of DPincus 6.

Symetric Toeplitz Operators : Let o= %1, where

Define L,=— {0, by

{0} <
otherwise,

of I.(0, =} onto the Hardy space JE5

w0) { II'E)U), i

Then I, is a bounded self-adjoint operator on 1%, and the |, limit"

sequence {L,} in the sense of scction 2 was studied in [0}

operator is an unbounded symmetric

mensional deficiency subspaces have been characterized in [6]

{hat for a bounded symmetric Toeplitz operator 5]
operator
carlier in this section.
Acknowledgement.
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. We observe
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In this paper we continue the study of the category Gi; and of the
J- spaces defined by us in (77, for f- a set of primes, Then we investigate the
locadization at [ ol the [-spaces.

L. The category Gy, 1L Let 2 he the set of all primes, Ic I’ a subset
(_poss:l;ly empty) of primes and [ be the complementary sct of /. Define
S(y={ueZla>0, Vpel=p does not divide a} and let 7, be the integers
localized at £, We shall associate to [ a (full) subcategory G, of the category
@ of groups as follows : ’ T

2.1. Definition. 7). For /= I’ we say that a group & belongs fo th

e =1 : r ; e cale-

gory €&y iff the following conditions are suh’sﬁrd? - ‘
(1) for each x, velG and cvery s€S5(), there exists £ =S(1), such thal s
divides t (we write s | {} and

(1)

of the’J
The limiting

(S 2)7! by .

(v =,

(i) for cach x, v, z€G and every s, 8", 8" €S(l}, there exists t € S(I) such
that ss's”" 14 amd

(2)

i
¢ ¢

( v \..t)x".-,s.v.-']“’\ i

3._1.”If G &0b Gi, then for cach v, v&6 and every s, ', 5" €5(/), such
that s | 5" and s §”, there exists £<5(/), such that ss' | ¢ and

s

e ‘r_‘—\"s"( .\.s":n')‘ﬁ’_s" )

Fr

('\, s W 5')! — ( 3\ s'.\..c)s:ls's .

. 4.1. lro.rltlu:g:(;]tntmncnt of the theorem on localization of the category

5, we consider S(/) as a directed set as follows 1 if s, "= 5(/), then we }

$<s' Ml s divides s, g R

{ If G is a group, then we can construct a directed svstem of sets {G(s),

| Loy ;,s'GS(‘J),r\Vltll‘G.(S)=(:, VseS(l) and for s, s’ =5(/), with s<s, o, 1 G(s) =
=G ——G(s"} = is the following mapping ‘of svts:

(3)

.
2. (v)=01", Vyeh,

i ];1{1;5[5‘3_\', we observe that the maps .. are not necessary Liomomor-
I e - 2 e A 13 . - N -
3 groups. But. we can consider the limit G of the directed system

i Of Set S . . i 3 5 ol a 5 .
iy ESS{(S’)(,S)' o, and let ¢, (_,(.q)._m‘ the canonical injection, corresponding

Ceohberg al

(1)



