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are in L, o, ). They satisfy the formal cigenvalue equations (L5

+0 5 ()=0 and (L)l {3)=0 and span the deficiency spaces of the

operator L.
The proofs of theorems 4.1 and 4.2 arc analogous to the correspons
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ding results of Pincus (6. l Lt
Symetric Toeplitz Operators :  Let Py, where 1(0) is real
and periodic of period 2% and is in L.(0, =) and [’; denotes the projection In this paper we contlinue the s
g . = » study of s catecory . ;
of 1.{0, =) onto the Hardy spacc 1x Define Ly=Plb, by 4 & spaces defined by us in {7], for - a .:ct ci\l' p)rh;}:‘: ‘;lp'lltl(:-:,lol\\'c ‘irn:\"wﬂlli.('l\tnj :EP
[ = L (S s ;—J » e

: ooy localization at / of the l-spaces
} W0y, if [1(0)[<n e fospaces.
117,.(0) _{ » ! 1. The category G, 1.1, Let 2 be the set of all pri
p e v t Io Uollc eletels & § all primes, 7= 7 a ¢ e
0 otherwise, (Pos.sll'il_\.. empty} of primes and /7 e the (-ompl-_qn._»h][ar\' set of ;_‘ ;.)1;]13‘5:{&
i?)(:)‘l‘i!vil*—lf[{-'f\“{;(), }leJlE!-—a‘ﬁ does not divide «f and let Z, be the integers
salized at £ We shall associate to 7 a (full) subcategory G . category
€5 of groups as follows : (full) subcategory €4, of the category
2.1. Definition. [7]. FFor I< P, we sav that E
. « L1 40 we s a growp G belonzs to 1) -
gory ((_=; ,flff sz Ffollowing condifions are salisfied -’ P longs lo the cale
(1} for cackh x, vel and cvery ssS(/ there exi 3 .
divides ¢ {we write s | 1) and sl (D) there exists £ €SU), suck that s

Then L, is a bounded sclf-adjoint operator on L2, and the ,himit" of the
sequence {2,} in the sensc of section 2 was studied in [6]. The limiting
operator is an unbounded symmetric Tocplitz operator whose finite di-
mensional deficiency subspaces have been characterized in [6]. We observe
that for a bounded symmetric Tocplitz operator S and heq(5) we can
characterize the deficiency subspaces of the unbounded symmetric Toeplitz
operator {construgied in the above manner) for the operator (5 237t by
a treatment analogous to the case of singular integral operator developed
carlier in this scction.
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4.1. Tor the statement of the theor izati
G o comddor 9“1‘ iy 1¢ theorem on localization of the category
A S(1) as a directed sct as s if s, sTe S 'n we pu
A di\-idcs(\g’_ s follows 1 if 5, s = S{/}, then we put

If G is a group, then we ¢ : i

, 110 isagroup, then we can construct a directed system of sets {G(s

028 WEE'“”“M]‘G‘(S) =G, ¥se5(/) and for s, s'=5(/), with s=s', « G{(s)(—)‘
=G ——G(s') =G is the following mapping of scts: o

(4) a’s.\'(-\.) == ‘-'; 3 V.\' E(;.
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3.1. Theorem. [l (b be a group of the categury iy, Lhen

(1) Gy has a natural stricture of group.
grou p

(iyy The maps ¢, ((s)— ey are Homonor phisms of
Morcover, ¢f H 1s an arbitrar} aroup umd f (). Vs s S} ure

Lomomor phisms of Lrotps satis fying the condifions [0 % fo forany s, 5" S
= S(1), with s<s' fhen there exists o wnigue homantor phism of groups [ —H.
such that oy /..

(i) U G—-Hisa morphisnt in (he category €ty one can define. i
patural way, o homamerphism of groups fi o ln -1,

(iv) The correspondeicss (1t f—fie Jor G= 0L iy and [ oo mor bhism
i the category Cat g, define d covariant functor b Gl o€, :

(V) The functor I together with lhe homamaor Fhism gy
2 monad (localization) on the rategory i,

The proof of this theorem is given in 7. excepting the seconid part
of (i). For this part. if H isan arhitrary group and /. G(s)— {1 are homormor
phisms of groups satisfving the conditions f.ox., £, for any 5. §° = S,
with s,

then hy the universal property of the direct limit, there exists |
4 upique map ol sets [ G—H. such that

fog, = fo. ¥s=5(). Therefore,
ev =6, we have £ {i7.(1)) = /:{x) and in particular, Flg g e)) = Jlgse {s¥2"N=
ey o) a8 = e (DS =

Gy de e

- g N fy. L)) which
proves that fis i fact a homomorphism of gioups.

2. New properties of the functor E. 1.2. Theorem. [ ke covariani Juncior
F Gi,—Ghy s exact and preserves the central = xtensions

Proof let

'3) L

he un exact sequence in the category G, and let

) o .o -

6) Crog == ' (ry LAY P

Le the localized sequence. _

From gof=¢", 1t follows that g,0j,-—c'}' and therefore Im /= Ker & Then,]
i

b
algdan=¢i, for FEG. Lu g.(g(yy=¢i, which implies gly*) = ¢ with
feS(l), ts. By this, it follows 1i#= f(x), v €', which implies q.{v}= g/ S(x)))
Le.q.¥) = filg (). S0, we proved that the sequence (6) is exact. Now we
suppose that (3) 15 @ central extension, that is. 7 is a monomorphism, g is
epimorphism and ("< Z(G)-the centre of the group ;. First, because £ is
an exact functor, f; is a monomorphism and g, is an epimorphism. Then,
G i eGe then L) =g {al) =g NI
=g {f(x*)y") and, since Flatyat = f(xf). we deduce that filgla)g.() =
=gl ¥ (f(¥)) =¥} - (T =q.(y) - Ailg(x)). hence G'cZ(G,) and  this
proves that (6) 15 a central extension. :

22, Theorem. [f (G ts an ubelian
defined by £,@G {for example in {21) is a group isomor phic with
G, above considered. ]

Prof. 1f G is an abelian group, then the system §G(s), a5t 15 4 direcs
ted svstem of abelian groups. ‘ndexed on a directed set and therefore the
direct limit exists and (by 2, Proposition 2.6) it is a group isomorphic t
Z,2G. On the other hand, from 3.1 (i}, with the hypothesis that o, 3f

growp. then kis locahization af P

the group
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GRl ! s, which holds if & is an abelian group, the group
(5, is isomorphic to the direct limit of the above directed svstem of groups.

3.2. Naturally, it is interesting also to compare the localization Gy
ol a group G with its nilpotent localization, supposing that G is simultane-
ously in the category i, and in the calegory 2N (the category of all nilpotent
groups (G with nil (G)<¢). If G=0b ™, then its localization LG 1s construc-
ted by induciion on ¢= nil {G) For ¢=1, G is an abelian group and therefore
[ G- 6G@Z,. which, according with 2.2, is isomorphic to the group G, We
can prove the general resuit:

4.2, Theorem. [fL=s0bGh and G cOWI,, then the sroups G, and LG
are Isamorphic,

Proof. The prool proceeds by induction on c=nil (). We suppose
that if GeObXN  and {; @ ObEH . then there exists an isomorphism

homomorphisnis of groups,

vy fae L b for which the diagram
i a
G >,
I
. i
-y |
\\\ i ?r.l
_,] \\
\\.
~ ;
\ b4
Fooo s is commutalive.

Now, if we suppose that G =0b XN, we consider the central extension

o

(?. T EN --—‘-—1-'4*—-})(;/1‘

with I'=1*(G), nil (IN=-1 and nil (G/I)<e—1. Then the construction of the
group L,G74, p. 13] is the following by Theorem Eilenlberg- Mac
Lane. (7) corresponds to a cohomology class 7 & HHG{Y ), where T' s
considered as G;'.I‘—moduic with the trivial action (see for example [8, p. 206]).
Then, cor}smlc:nng the homomorphism ¢: F—L,[" one obtains e e H:
{G/] ; 1;}} and hence. [4, Corollary 1.14, p. 14], there is an element ;",: e i3
(LeslGG(F) 5 L,1} such that e 7, =e,7, where ¢, is the indnced Ty the homo-
morphism ¢ : GiT—s1...,(G/V). Then oue considers the central extension
corresponding to the cohomology class «, ¢

(8)

In virtue of the induction hypothesis, we have £, LGITY = {G[T), and LT=T,
'I;hus 7, corresponds 1o an element 7, e A{(GI, ; 'J‘,) and this cohomoTog;,;
class corresponds to a central extension which can be identified with (8). On
the other hand, from Theorem 1.2 the sequence

(9) lw! ] “n _i!_____ —_ ((,;[ Il‘)l

is also a ceniral extension of the same abstract kernel ((G/T);, Iy, §) as easily

i
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can be verified. Tt follows that therc exists an isomorphism o, 1 G—1.0

such that the following diagram :

i

| RIS A (1Y
|
o I e Pe—1
! : | i
Lyt o LG [ (G

is commutative.
5.2. Definition. A group G 1s cailed S{l)-torston groip if for every x &G,
there cxists t =S} such that x'=c (the wnily of the group).

62 Remark. 1f ¢ is the unity of the group G, then g.(x) =« J
t

iff there exists 7= S(/) with £2s and such that A=,
7.2. Corollary. If G 154 S(I)-lorsion groitp, then GOl iy and s loca-
lization G s the trivial group.
$.2. Remark. For any group G =0 Gy, the kernel of the homomorphim
gy : G—G, is a S{l)-torsion group and, for every ¢.{v) =6, we have (g.0v)" =
gi(x)=Im g, |
9.2. Proposition. /7 =0b iy and G has not S()-Lorsion clements, then,
if at=y*, with x, v <G, seS{N, it follows x=1.
Proof. From a*=3" we deduce 2% l): =0y

Applying 2.1, there exists

t & S{}), with s | 1 and such that e={x*(11)" and since (& kas nol S(/)-torsion]
clements, it follows r=1v. |

3. [-local groups and /-equivalences. 1.3. Definition. [77. 4 group G =]
cOb G, is called -local 1f the homonorphisit ¢, GG, is ait isomor phiso g

1 {
2.3. Proposition. If G’ B G Iy G ds @ central extension i the m!.s'gor_x‘i ;
Gk, and G', G are I-ocal groups, then G Is also loral. ] :

Proof. Vet s S(/). We prove that 2, (=G, with a0, (1) =" is a bijection]
and then we can apply Lemma 1. of [7] First, i x =G, then (v} =G" and!
because «,:G'—>G"" is a bijection, we have s{x)=1""for a y"' G Then y" =
=¢(y), with v <G and therefore yre=z(v*). We deduce that (v)-v e Kere
and by this (i) 'x=p(y"}, with y' &G’ But, since =y with v’ el and
w(GY€Z(G), we deduce that x= vl )= v ) = () Consequently,’
«, is a surjection. Suppose now that v'=23" for x, vy &G and s =5(/). Then,
e(¥*)== ("), and this mmplics (s(x))'={e())". therefore e{v)= z(»} and by}
this, x==1u(x), with 1'=G" Thus, A== 1n(x™) and therefore (v =1
and then y"=1, Since ' is {-local group, we obtain v = | and therefore:
x=yu(1), that is y=y. t

3.3, Theorem. A homomorphisim f: G—1I1n the catcvory iy s [-cquivas

lence iff [ 1s l-bijeclive,

The proof is given in [7, Lemma 21,

From 3.3 and by Remarks 6.2, 8.2, we obtain . ]

4.3, Corollary. If G= Ob Gy, then the homomorphism g, . G—=G, is an
[-equivalence.
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_ 9.3 Theorem. If G Ob i, then the homonmorphism (q), H,(G)—
S H(GY ds an l-equivalence, for cvery n.
I’ro'uf. According to 3.1, the homomorphism g, : G—6, is an l-equi-
valence. Then, using the property of the hoemology of groups to commute
with direct limits and by 5.1 and 2.2 we have:

(L= N A1G) =2, (0 G = TG = 4i) . (G} = I lim G)=

sEsy) sEX) sES

= lim F{,,((i,) -:{1:{,,((;,)), and this composition of homomorphisms 1= {{g.). )

—
sexlh
6.3. Corollary. If GeOW Gy and o s anl-local abelian group which
is o frivial G-module, then ¢y H'(G o Y= HMG ;). ds an dsomorphism
Proof. The homonmorphism g, : G—(, induces the following commuta-
Live diagrain

Ext (1, ,(G)), Ay > ———— H*G,  A) —

-» Hom (H,{G)), 4)

g 7 q

|
Fxt (Hi (G A) === II"{(;:; ) » Hom (1,(G), A)

Using |7, Lemmas 3, 4] and 3.3, it follows that gy" and ¢y are isomorphisms
which implies that ¢; is also an isomorphism.

4, [-n-simple spaces. 1.4. Lut X be a fopological space, which we suppose
palh—cpnncctcd, and lt:_t eEN, _lf a==,(X, v, then denote by &, @ =, (X, 25)>
—>7:,‘_(.\. o), 12 L {he induced isomorphism by the action of =,(X, v,) on
= (X, ) (for example see [9, p. 4917). For 122, we consider the homomor
phisin ;

'_']l:: . '.:?J(X, Xﬂ) :

(Vo @)= 11 ixon) ol X, x)

. Then, Tm (¥, a} is a subgroup of the group =, (X, x,).

2.4, Definition. [7). Let XN be a path-connected space. If for a point
e N, we have w=,(X, x,) € Ob Gy and the group = (X, ) operates trivially
on the group =X, xo). then X is called an [-nu-stmple space. -
. 3.4. Proposition. (scc also [7)). A path-connected space X is I-V-simple
iff =N, vy s Ob Gy and the group ={X, xo); 1s abeliun for a point voeX.

_ Proof. We suppose that =1(Y, x5) € 0b Giy and its action on the group
N, v,) is trivial. This means that s e S{), Yiz], [B1€ =Y, xo), we have
go([«] [21) ==¢.([8] [=]). Tt follows that if g A[21)s 7. ([B]) € =X, xo}, then
gull])  gor (18]) = ¢ ((#17181) = g {[BV[217) = qu{[B])([=]), that is,
= (X, Xo)p 15 abelian. Conversely, il =, (X, v,);, there exists and this group
is abelian, then, from ¢ ([« {(B)=q{l2] [8D)=¢{[BD¢{[=]) we deduce
that we have ¢.([x] (%] [a] ) =g.([B]), such that g,k (8)=.((8]).

4.4. Definition. [7]. A continuous map f: XY between path connected
SPﬂCfb‘, is called [-n-equivalence, n2 1, 1f the homomor phisins fug : m (X, x)—
> (Y, f(x)) are l-injective for 1<g<n and i-surjective for 1<q<n.



140 1. POP b

5. i-simple and /-local spaces. 1.5. Definition. A path-connecded space
X is called l-simple if this is L-n-simple, for any iz 1. X 18 called i-local 1)
this 15 [-simple and all 1ts homotopy groups (X, x,). 1@ pomt x, € X, are
I-lccal,

2 5. Definition. A continuous map f: N=Y. beficen path-connected
spaces, is said to Ilocalize homotopy if the following conditions are satis fied

a) Y is a IHocal space ; b) m(X, x} € Ob Giy, ¥g2 1, YxeX, ¢) The
homomorphism fu, @ 7 (X, ¥}— (Y, f(x)) are l-equivalences, for every g2 1.

3.5. Corollary. A confinuous map
is l-local space and for cvery wnteger gz 1, Ker fyq 13 S{l)-torsion group and for
any class we m(Y, flx)), there exists s ©5(l), such that w = Tm fg,.

4.5. Kemark. Using {7, Proposition 4, the condition a} in Definition
2.5 can be written as follows .

“a’) Y is a simple space and the group =,(¥), n> t (which are abelian}
are {-local.

Applying Theorem 2.2 and Definition 2.5 we obtain:

5.5, Proposition. If X, Y are L-simple topolvgical spares and f: X—Y
is a continous map, then f l-localizes homotopy iff f {-localizes homotopy
in the usual sense (for example, (2, p. 31]).

6.5. As usually, a continuous map f : X—Y is said to I-localize homology
if ail groups H,(Y) are Flocal and [, H{(X)—H,(Y) are [-equivalences for
every #

" Using Theorem 2.2 and paragraph 4, we have:

7.5. Proposition. The homomorphism [ : H (X} H,(Y) 15 an [-egut-

valence iff the hemomorphism

ot HAX ; Z)—=H (Y 1 Z)) 15 an isomorphism.
P

8.5. Now, we recall (see, for example [9, Ch. 9)) thatif F—-»E— B is .

a Hurewicz fibration, then there exists a contravariant functor from the ji

fundamental groupoid of the space B in the homotopy category of topologi-
cal spaces which associates to any point b € B the fibre £,= pHb) and to a |
class of paths [w] a homotopy class % ) € [Fuo, Fuw ). 1t follows that
for a ring R, one can define a contravariant functor from the fundamental
groupoid of B to the category of graded R-modules, by associating to a
point b« B the R-module H (F, ; K) and to a class of paths [») the homo-
morphism K., @ H, (Fagy ; R)=H (Fow R). The above fibration is called
R-crientable i ke, = Id, for every class of paihs [w] in B. This fibration
is orientable if it is R-orientable for every ring R. Using Theorem 2.2 and -}

[2, Proposition 5.3, p. 32} we obtam: |
9.5. Proposition. Let F—E—B and FsE—E be two orientable fibra- |
tions and consider the following commutative diagram i

F —E - B

f ‘ gl k '

v 4 b

F - E - B

If two of the maps f, g, h 1-localize homology, then so does then third.

£ XY, localizes homotopy i]f =1
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10.5 Theorem. Lt nz 1 and let = be a gronp suchthal n=I\b if nz2
md == Ob G, and =, is abclian, for n=1,

Let q, « K (=, 1)K (m;, n) be the continuous map tnduced by the homo-
morphism g, . n—w, Then .

a) E.v, [-localizes homotopy, D) qu Lilocalizes homology.

Proof. a) First, we remark that the space K(=y, #) is l-m-simple. for
cvery M. hecause =, (K (7, #)) = Smarr =@ Ob Gt and if #==1, then by Propo-
sition 3.4, the space K=, 1) is i-1-simple, iff the group =,(K(m;, 1))=m, is
abelian: what we suppose by hypothesis. Then. it is obvious that the homo-
topy groups of K({=;, #) arc Focal. Therefore K(=, n) is indeed I-local. Also
by hivpothesis we have = = 0b Gi,. Finally, (7))4m Tl B (7 1)) = e (K (7, #))
i< the trivial homomorphisin if ms#n and this coincides with ¢, if m=n. By
Corollary 4.3, 1t follows that ¢, I-localizes homotopy.

b) For n3 12, ¢, localizes homology by, Lemma 5.4, of [2, p. 34]. For
w=1, the space K(=, 1) is a simple space and from {2] it follows that the
groups Hn,(K{m, 1)) are l-local. We consider the homomorphisms (E,)‘m:
H.(K(= 1))~ Hn(K (7, 1)). By Proposition 7.5, in order that these homomor-
phisms be l-equivalences it is necessary and sufflicient that the homomor-

phisn}% (r}l),_ H, K=, I)),. IV H (K (=, 1), £;) be isomorphisms. But
HalK(z, D), Z) 2 Halry, 2)) and Ho(K(w, 1), Z) 2 Ho(r, Z,). Then Hu(x, Z3)
are the homology groups of the chain complex

Cl{=, Z1)

o= Cpy— . -

with Co=Cn(7}®Z;, where C.(r) is the free abelian group gencrated by the
set of svstems (., 102y, with 1; €= One can prove, considering at first
the rase 'whc'n = 1s finite gencrated and then the general case writting
z== lim ='. with = all {finite gencrated subgroups of =, that we have an

—

isomorphism beiween the above chain complex and the complex C{my, Z;)=

=(ir)®Z: Thus 1t follows that (f}:); are isomorphisms and therefore (}1) =
arg [-rquivalences. ’
11 3. Corvollary. If f K(m n)—K(s', n),n 2 1, [-localizes homoto
then f also l-localizes homology. ) , — 2y
Proof We must consider only the case n=1, the other cases being
treated in 2, Corollary 53, p. 371 Bui. if /1 K{x, 1)>K(=', 1} I-localizes

hon}olrap\, then we lave =, > m22= and / i¢ 1 fact the map ¢, K(x, )=
-+ Kz, 1), which bv Theorem 0.5, b) /-localizes homology. “To establish
and prove the general result regarding the relation between the homotopy
l—locahml_lqn and the homology /-localization we use a suitable Postnikov
geCOmpos_ltgon of l-simple space. Namely, closely following the Postnikov
ecompasition of simple space [9, Ch. 8, §3], we oblain:

12.5. Theorem. If X 15 an l-simple - , '
B oo f ple space, then there exists a Posinikov
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W !
.—PJY’, j"- —‘*)‘\'"'1——?. i i -—)Xl - —+pt

X, A
N 8!
¥

where K(m.(X), :1)—>X"f-z)_a.X"'1 is the fibre map induced by the Postnikov
invariant B NPoK(m(N), 1) and g X—X" 15 an l-n-cquivaloitce
(Defimition 4.4) and w{X?)=0, when 120
Now we can prove the f ollowing theorem : )

13.5. Theorem. If f: N—Y I-localizes homoinpy and X 15 stmplospace,
then [ also localizes howmolog v

Proof. Let {X" % g"} and {Y7,¢% "1 be Postnikov decomposition |

for X and Y respectively. Then the map [ induces f*: X" Y* such that f"g"-=
=hk"f and having the commutative diagram

n

"\gn__, A l'n
?"| T

| .

‘{'n 1 _f '1_ =, i.'n- 1

Therefore, for any n we have the map f’--(jl_p:) s K(m (N #)— K (m (Y}, ).
Now we prove, by induction on 1, that f» I-localizes homology. For n=1,

X1=K(=,(X), 1} and Y1=K(z,(Y), 1) and we can apply Corollary 11.5.

Suppose that f*7* I.localizes homology and we consider the following com- |

mutative diagram : "
K (m)X), 1) = X" — P X
r f ‘ fo
o3 L
I\(T:H(Y)’ ”,) e Y

Then, by hypothesis f” [-localizes homotopy and by Corollary 11.5 this also
l-localizes homology. Finally, we have the commutative diagram

— y 1

H,(X) —de > 1Y)
ar I

H,,(i.;f") D LS+ 2 )

In this diagram A2 is a n-cquivalence and g% is an [-u-cquivalence It follows

that A" is an isomorphism. Thercfore, because " I-localizes homology and

thus H,(Y") is {-local group, it foilows that H,(Y) is also llocal. Morcover,
by applying a suitable version Whitehead theorem for the category G,
if follows that g2 is also an l-equivalence. Using the above diagram and the
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fact that /2 is an l-cquivalence, it follows Lt /. I, (N)—H,(Y) is also l-equi-
ealence for every z, and this ends the proof of the theorem.

14.5. CoroMary. 7/ N is an Flocal space, then if has all homology groips
{focal.

Proof. From [7, Prop. 4], X is a simple space. Applying Theorem 2.2
i follows that X local in the usual sensc. Then we can apply [2, Corollary
5.7, p. 39

6. Localization of the [-simple spaces. 1.6 Definition. A continuous
map [ XY is called [-localization. if

(1) Y is an l-local space,

(i) Ifg:X—=Wisa continons map, with W an l-ocal space, then
fiere exisls a continious map g Yo IF, amique up to howiolopy such that

yof==f.
Tmediately it follows:

2.6. Proposition. If [ N=Y and [ X—Y’ arc l-localizalions, then
there exists a unigue homotopy equivalence i Y=Y, such that hf=f".

3.6. Proposition. /f f: N—Y, I-localizcs homology and Y is [-local space,
then [ ds an l-localizalion.

The proef is similar with those of Proposition 6.3 from (2, p. 40].

l'rom Proposition 3.0 and Corolary 13.3, we obtain:

1.6, Corollary. If f: X—Y, l-localizes homolopy and if X is an l-local
space, then fis an {-localization.

5.6, Theorem. Givon an l-simple space X, there cxists an l-lecal space
N, and a continuois wap e N X, which is an l-localization.

Proof. The space X being supposed [-simple, there exists a Postnikov
de omposition of its {X* p% &% /) satisfving the conditions of Theorem
12.5. We construct the sequence #? @ Xi— AT, which /-localizes homology, by

induction on n. For n=1, we have Xi=K{m (X, x5}, 1) and we take nt==g,,
where ¢ @ 7 X, TR ARSIBT the localization homomorphism, for a fixed
point 1, =.X. From Theorem 10.3, 12 I-localizes homotopy and homology and
by Colollary 4.6 this 15 cven an -localization. .

Suppose that we consiructed "7t - Ao XU with X7t an [-local
space. which is an [localization. If we denote (X, Xo)==T, We can consider
the map g,k° : X*i— (7, n-+1). The space K(z, n-i-1) being Ilocal and
w1- NP1 X being an iHlocalization it follows that there existsa continuous

1 £y
map A7 : Xrr—= K (=, n4-1) such that g, i%=k7u""1.
\Weo consider the Serre fibration.

QR (my, i == LN (70 92+ I —— K=, n1).

. g W g q“ 4 -
Then, the map A7 induces a fibre map QK(ry, n+1)—X3=* X} and g, and
¥""1 induce a map " X X such that wiorpr=g™u®. We prove that »*
1s an [-localization.
First, u%izu"#!‘, if i-<n, therefore uy;

is an {-cquivalence and the groups
= A7) are Hlocal. For i=n, i, coincides with (Qg.) and, because ¢y I-loca-

lizes homotopy, it follows that Q}l l-localizes homotopy.
Then we consider the homotopy exact scquence
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11}

o (K {mn 1)) —m XNl XY Yon (Kimn n—=1))— .
and usipg the induction hypothesis, we deduce that =,(X}) =0, for i>n
Also we have m(X")==0 if 7 > Thus it follows that ug,: w2 (X (XD s
an l-equivalence, for any @ Then, by |7, Example 11,. we have that X7 is an
I-simple space and by the above considerations. it follows that it 15 even
{-local space. Thus we obtained that #" @ X"— X7 [-localizes homotopy and
since X* is an l-simple space, it follows, {rom Corollary 4.7. that «" is an
{-localization.

Now we consider the following nverse system of topological spaces
Xy

Xi z—_ X -

and let X,;= P(liun X*), where, {or a space Y. P(Y} denotes the geometric rea-
(._—

chain comptex S{Y). Also. we can define the map

lization of the singular
Plim #®).
-

- X— X, by composition of the functors lim and P. that 18 u =
L

L.}
Because 1* are I-localizations it {ellows that # is also an I-localization, what
finishes the proof of the theorem.
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ON THE STANLEY-REISNER RING OF A JOIN
BY

CORINA SAV Y

~In (47 1t was studied the Stanlev-Retsner rng of the sus-
pension SA of a given simplicial complex A, In this note we consider a similar
problem for the ioin A, %4, of arbitrary simplicial complexes A, A, For
<uch a simplicial complex we study the following propertics: Cohen -
Macaulavness (CM), double Cohen-Macaulayness (2-CM)
almost. Cohen-Macaulavness (AMC), Buchsbaumness
and Gorensieiness. ' -

Proposition 1. {se¢ 3.2, p. 167 of 20). 1f A A, are simplicial complexes,
! then for an arbitrary field k and cach infeger n there exists the follawing
jsolli!“-l!.."i?'&)?l E )
(1)

Faded,: = & Hid o H®H (A b

tegomm]

b Proof. Tt 1s well-known ! 3. ¢x 1 3. p. 2517 and { 5, ex . 6.3, p. 109} that
if X.Y are polyhedra then N=Y and S(YAY) are homotopy equivJalem.
So. for two simplicial complexes Ay, A, it follows the homotopy equivalence.

(2) A A = SOAA A )
where /i 1s the smash product.

~ On the other hand there exists (3. §53.5 p. 343! the following isomor-
phism of reduced chain complexes : '

(3) M ) & F'r(.l,j®(h:-,("_\,;-—.E",,l';}l/xai“.,

F-r®

This isomorphism and the Kiinneth formula imply the following isomorphism

AaAMA, ks @ H@A HQH A, ha

Frs5 .

& Tor (f:i,(_l, -k, f},';‘—\z;k_}.-

LR RN ]

(4)

IB{Y JCS 4.5.10.p. 145 { 1sa chain complex and % 1s a field, then the group
AC®k :&)H,(( @k hecomes 4 vector space over b All k-vector S}Jaces
are flat, so Tor? vanish for allynz 1.6, vol. 1, p. 1147 We deduce Tor (ﬁr,(A,

R), H,(A, kij-0 [ " :
’ A yp) ST . ST P .
of ‘-'e;;(to; C‘,plall(‘es :lor all 7, s. Using {4}, we obtain the following isomorphism




