1. POP

. = (X ) n (K w—1)j— . .

and using the induction hypothesis, we deduce that = (X% =0, for 1 =>n
Also we have = (X")=0 if :>n. Thus it follows that w3 : (X)X s
an l-equivalence, for any 1. Then, by {7, Example t1,, we have that X?is an
I-simple space and by the above considerations, it follows that it is even
Ilocal space. Thus we obtained that 4"+ A" X7 [-localizes homotopy and
ince X* is an l-simple space. it follows, from Corollarv 4.7. that «* is an

[-localization. _
Now we consider the following inverse system of topological spaces

- me(K{m, 24 1)o7 XT)

X1 I - X1 oy e

and let X,= P(lun X"}, where, fo1 a space Y. P{Y) denotes the geometric 1€a-
L ]

_ Also. we can define the map

chain complex S(Y)
P(lim 1.
P

lization of the singular
functors lim and P, that is w =
L]

1 : X— X, by composition of the

Because #* are I-localizations it follows that u# is also an {-localization, what
finishes the proof of the theorem.
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0N THE STANLEY-REISNER RING OF A JOIN
BY

CORINA SAVA

CIn 47t was studied the Stanlev-Reisner rng of the sus-
pension SA of a given simplicial complex A. Tn this note we consider a similar
problem _for the ioin A, # A, of arbitrary simplicial complexes Ay, A, For
such a simplicial complex we study the following propertics - Cohen-
Macaulavnuss {CM). double Cohen-Ma caulavness (2-CM)
almost Cohen-Macaulavness (AMC), Buchsbaummness
and Gorensteiness '

Proposition 1. {see 3.2, p. 167 of 2 ). If AL A, are simplicial complexes
then for an arbilrary frebd k and each infeger n there exists the fof!az:t:'n.':"
tRQIOr ISR ' )

.1)

ided, bz @& Hia; HoH A b

[ Y

) Froof. Tt 1s well-known 73, ex 3op.o 250 and {5, ex - 6.3, p. 1097 that
| if N.Y are polyhedra then XY and SINAY) are homotopy equivalent.
So. for two simplicial complexes Ay, A, it follows the homotopy equivalence.
(2) A, *:;A: AA A, ]

where /A 15 the smash product,
~ On the other hand there exisis 3. 8.33. p. 343 the following 1somor-
phism of reduced chain complexes . '

(3)

A @ T8 =Gl

This isomorphism and the Kiinneth formula imply the following isomorphism

HiAANA By @ f?,{_ﬂl : fe)@f{,;‘_{\! Ry

LA S ad

@& Tor (A k), H{Agk)).

-~

(4)

Foes

By 3. 4.5.10 is q i

{3, 4.5.10, p. 1457 if C 10w chain complex and kisa tield, then the grou

H (C®k) 'i$1{,((.'®k) hecomes a vector space over A, All k-vector ;paceli
are flat, so Tor® vanish for alln > 1. (6, vol. b, p. 1147 We deduce Tor (f?rfﬁl

k)‘H- A -k“"*‘. e 5 o . LS : . o
of Ve::(to; qp)a(-;b) :lur all 7. s. Using (4), we obtain the following isomorphism
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P bs i

A~

(s) AN ks @ 1A RO ).

peis=n

Then, by suspension isomorphism IadSA Byl £} and using the
homotopy cquivalence (2), we obtain the isomorphisms :

1,080 B ZHLSUAAA 182D 5 R) =TI, (MAA RS

= @ LA MOMAE, qed

rit=n—1

Proposition 2. a} dim E{AA]=dim RIA ) 4-dim kAl .
where dim k[A] denofes the Kor [1 dimensionofthe Stanlcyv-Rets ner
vine of a simplicial complex A, over a field k

by if F= sl for Fisd, i=1, 2, then I.kA,-:-Aq_F=I,kmelLk_\‘;I-';, and
c) dim Lk gyl =dim Lk, --dim LkaoF st

Proof : a) The simplexes of the join A=A, are {dig.. 01,0 bysenling) with
(@ igr-- e} EA0 (biger- b} =80 By i8S, Th 1.3, p. 63] we have

dim R[A =A== dimid,s Al c=dima,4-dim A,4- 14 1=dim AT
A-dim A[A]

h) Consider G & Lky,#aoF. This means that GeApsd, CaF=g and
GuEF €A+ A, L . ) .

Then we can write G =G, =G, forG € Lkadin i=1,2, thatisG = Ly [ o*
* Ll\’;:F:. l B J

Consersely, if & € Ly, Py Lkaofoe then it casilv resulis that G = Lkm-::-A.EI‘.
where TF=1 1 ] - ‘ | _

¢} dim LK,y x50 -=dim (Lka o Lkyed7s) = dim Lky, 74 i Lhaoled
+ Lq.c.d. o

Theorem 3. [/ Ay, As are CM simpliciul com plexes, the the join AxN,
is CAL . .

Proof. We use [8, 0.5, p. 44]. Denote c=depth £ [AxAL], d=dim k_
rA*A,], e;=depth A& dy = dim & [A;], =1, 2. Lot I be a _fucc‘ of the
join AxA;, Then by Proposition ! and 2 w¢ obtain the following 1somor-
phisins :

.{}.'_IJ-]_;(LI{._M*A,F . ft) == ffi_-f-:..'[(]‘k_\lI"I*Llﬁa.l I"q X n’t) ==

= @ L (Lkal R @ILLKT R). i
rigzy— | F] =2 F

1f 1 (k1A #AD)#0, then by [4, lemma 1]. there exists F €A% \f:hich:
satisfies ff; i {Lka, # 2 F: k)#£0. So, for 7y, S such that rotse=i—'Fj--2y

B (LksFy: k)20, /1, (Lka Fe s K)#0. Let be 7=y S F, 4, 5=, Fal -+ 1
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quch that ry-bsy=7. Then H(EAD#0, Hk[A])#0. 1 I(R{Ay + A:])#0
then I (A[A D20, IELEA#O for ri-s,=c.

so, depth A[A--depth FTATS ry-bs=depth B [A; # AL

If Ay, =1, 2 are CM then dy==e, and it follows dim E[A,]--dim £[d,]—
dim £ 1Ay = A< depth AT, » A,]. Because dim A[A, x A, = depth Ay »
+ A,] we obtain that &, = A, is CAlL

Theorem 4 : If A, = 1,2 arc 2-CM complexes, then Ay A, s
20M complex.

Proaf. We use {8, p. 82). If A r=1, 2 are CM then A; + A, is OM. Let
vbe averfexfor A, A, If v s vertex in A, then (A=A )fv=34,/x * Ay,
where &, v={F <A, vel! Because A, fvis CM then (A, « A)fr is CM and
dim (Ap x A fv==dim A, fx-dim A-f P=dim A, 4-dim A, [=dim A, + A
If vis vertex for A a similar proof is made. So, A, * A, is 2-CM.

Theorem 5: /f Ay x A, is ACM compiex thei Ay, A, are CM complexes.

Proof.: Weuse {1, §27. H Ay = A is ACM then for every "2, » Ay,
F# @, Lk, 1, F is CM. We consider Fi=¢, F.=A, such that dim F,=

~dim A, Then LkaF,=23,, LkaJ .= and Lk, » s F=A4, is CM. For A,
we consider I eA,, dim Fi=dim A, and FF,==GJ. Then Lk, « 3 F=2. is CM.

Remark, H A, 7=1,2 arc ACM complexes we cannot say that A, « A,
is ACM complex. For example, Jet I be a face for A, x A, F=F,«F, I
Fo#t @, 7==1,2 then Lky, » o, F is CM beeause LEkyF; are CM. I F = & then
Lla, # 3, F=A % LkaJ": is not nccessarilly CM if A, is not CM.

Theorem 6: If A, + A, is a Gorenstein complex then &y, 1=1, 2 arc also
Gorenstedin.

Proof: By {8, 5.1, p. 737 isa Gorensteincomplex over £iff for
every I'eT,

T (LkeF 3 by = { k {or t»—(l!l‘il Lkrr
- 0 for 1= dim LkplF

where I'=core Va=fry el sty x#A} is a subcomplex in A gencrated by all
vertices of A for which stav# 3, and stav= [ =A Fy iy} E*_\'}. We can 1§rovo
casily that P'p=:1"pp21'; for A complex on the veriex set o r=1.2.

Suppose that A, * A, isa Gorenstein complex and let v be a ver-
tex in ¥, Then xis in V=Vl For everv Fyel'y, i=1, 2, such that
dim Fy,=dim I'},,

L]\'l‘; _F’ % Ir‘:szl,]{r‘ -Fl ani ‘T{i(l"kl'['ll:l : /‘) = ?Ii(]-k_[‘l-l"l N 1:2 : ]‘) -

- {/: for 1=dim I.k]“.,Fl
“ 1o for i dim Lkr-rlF,

Then A, .is a ( orenste in complex. For A, wecan perform a similar
proof taking Iy s, =1, 2, such that dim FF,=dim I';,.

Theorem 7. If Ay Ay 15 « Buchsbawm complex then A, i=1, 2 are
Buclshaun.

Proof. We use {8, 3.1, p. S41 Let be Fo e 4, =1, 2, I o, dim Fy=
= g_lim As Then Lky, a0 # 1 = Lky Iy oand H(Lky, = o7+ Iy )=
=H(LkyF,: £y=0if ¢«dim LkyJ',. Then A ds Buchs b aum complex.
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For A. in analogous proof 1s made with F,=A, =L

2 and dim F

= A}i’:nmr;:ﬂ. [, By 'S, 4.2, p. 70 if A< CM complex then A Buch~
paum complex,

2. If Ai. 1==1,2 are 5
Buchshaum complex. If F2@, =112

Hlks, =5 Fi k) =
Lka, xa, F. M Fy=

FlEmy

Buchsbaumcomplexes, A, « A; may be not a
for F = F,+«F, = &J then

L if f == dim Lka * 5,F and it vanishes for i# dim

7 then Lka, »a F - A LkaF, and H(Lky, » a0 £} ==

®  jIA; B @ H./Lka 7, k). Because we do not Lnow the homolo-
[ |

gical groups of A, it results that A, = A, mav be not a Buchsbaum
o

complex
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ALMOST SEMI-INVARIANT SUBMANIFOLDS OF A COSYMPLECTIC
MANIFOLD
BY

CORNELIA-LIVIA BEJAN

1. Introduction. Recently. A. Bejancu and N. Papaghiuc
obtained in |

"1} fundamental results on the geometry of almost semi-inva-
riant submanifolds of a Sasakian manifold. Also, A, Bejancu and D.
Smaranda studied in {2] semi-invariant submanifolds in cosymplectic
manifolds. The purpose of the present paper is to obtain some results for
almost semi-invartant submanifolds of a cosymplectic manifold. [u § 2
the fundamental formulas for the structures inherited bv an almost semi-
invariant submanifold are given. In § 3 we obtain necessary and sufficient
conditions for the integrability of all distributions involved in the definition
of an almost semi-invariant submanifold and in § 4 we study the geometry
of leaves. The last section is dedicated to the totally umbilical and totally
geodesic almost semi-invariant submanifolds.

Let M be a (2n--1)-dimensional almost contact metric manifold
with (£, £, v, g) as the almost contact metric structure, where F is a tensor
field of type (1, 1), £ is a vector field. ¥ iz a 1-form and ¢ is a Riemannian
metric on M satisfving .

(1.2) FX, FY)=g(X, Y)—#(X)n(Y), VX, Y eDI(TM),

where [ is the identlity morphism on the tangent bundle. On any almost

contact metric manifold M, we have g(X, FY)4-g(FX, Y)=0,vX, Y e I(TH).
M is a cosvmmplectic manifold if aund onlv if we have

(1.3) VeF=0, ¥X =T,

Where V is the Levi-Civita connection on M. On any cosymplectic manifold
M, we have VyE=0, VXEI“(T.-\?). {sec [2]).

Now, let M be a Riemannian manifold isometrically immersed in a
Cosymplectic manifold 3. Then we denote by the same symbol g the Rieman-
Ran metric on A and by ¥, V1 and 4, respectively the Levi-Civita connec-

| tion o )}, the Riemannian connection induced by V on the normal bundle

TML and the second fundamental form of M. Also, for each vector bundle



