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Eor A, an analogous proof 1+ made with F.=A, i=1. 2 and dim F. -

- A}é,—m.rr,—‘c‘\ By S 4.2.p "0 if Aus CM complex then 3 s Buch~

lex.
o ].;] I}o.;\l:}‘:t- A,2are Bachsbhbaum complexes, A; ¢ 3, Mav be nnt a
Buchebaum complex. If Fy=@, i=1.2 for F = I:‘, «l, = th.on
Hlks, » 3, F. k) ==& if 1 - dim Lka, =3 F and it vanishes for_:;é dim
Lks es, F. M Fo== F then Lky, % 2 F o+ ALk F,y and H(Lka * 5, 0 k] =

D 1.4, kﬁé@l_{._-'l,k.m,."'l - k). Because we do not know the homolo-
Pigmiei ’ Burhsbaum

gical groups of Ay it results that A, « A, mav be not a
comples
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ALMOST SEMI-INVARIANT SUBMANIFOLDS OF A COSYMPLECTIC
MANIFOLD

BY

CORNELIA-LIVIA BEJAN

1. Introduction. Recently. A, Bejancu and N. Papaghiuc
obtained iv [1} fundamental results on the grometry of almost semi-inva-
riant submanifolds of a Sasakian manifold. Also, A Bejancu and D,
Smatanda studied in (2] semi-iuvariant submanifolds in cosymplectic
nmantfolds. The purpose of the present paper is to obtain some resuits for
almost semi-invariant submanifolds of a cosymplectic manifold. I[n § 2
the fundamental formulas for the structures inherited by an almost semi-
invariant submanifold are given. In § 3 we obtain necessary and sufficient
conditions for the integrability of all distributions involved in the definition
of an almost semi-invariant submanifold and in § 4 we study the geometry
of leaves. The last section is dedicated to the totally umbilical and rotally
geodesic almost semi-invariant submanifolds.

Let M be a (2r--1)-dimensional almost contact metric manifold
with (F, 5. v, g) as the almost contact metric structure, where F is a tensor
field of type {1, 1}, § is a vector field. v iz a 1-form and ¢ is a Riemannian
metric on M satisfving .

(1.5 L7 ®E: n(E)=1 FE==0,; rF=0;
(1.2) gFX, FY)=g(X, Y)—#(X)n(Y), VX, ¥ e (T,

where / is the identity morphism on the tangent bundle. On
contact metric manifold M, we have g(X, FY) 4 g(FX, Y)==0, YX,
M iz a cosvmplectic manifold if and only if we have

ViF==0, ¥X =I{TM),

Fre

any almgst
Y e NTM).

(1.3)

Where V is the Levi-Civita connection on A. On any cosymplectic manifold
M, we have VyE=0, YX el(TA), (sec 12)).

Now, let M bhe a Riemannian manifold isometrically immersed in a
Cosymplectic manifold M. Then we denote by the same symbol 2 the Rieman-
Ban metric on A and by ¥, V1 and 4, respectively the Levi-Civita connec-
tion on M, the Riemuannian connection induced by ¥ on the normal bundle
- TML ang the second fundamental form of M. Also, for each vector bundle
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K, we denote by I'(K) the module of its differentiable sections. Then we

have the equations of Gauss and Weingarten given by
(1.9) VY=V, Y- h(X, Y) and respectively
(1.5) VyN==— A4 XA-VEN, v, Yel(TH), Ne INUIMTESD

where Ay is the fundamental tensor of Weingarten with respect to the 22)

normal section N satisfying .

(1.6) a(W(X, ¥), Ny=g(d X, Vy=eldxYs A VY, ¥ e N(TM), N eP(IML).

Suppose = (TM) and denote by {Z} the 1-dimensional distribution
spanned by g on 3 and by {214 the complementary orthogonal distribution (2.5)

to % in T, Vor any X (1)), we have 2(FX, 2)=0. Then we put .
(L.7) . FX=hN-4cX,

where bX e({214) and s evTMY). Thus & 3s an endomorphizm of the

tangent bundle TAf and ¢ is a normal bundle valued 1-form on 3.
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Denote by #(X, ¥)=V Y21, X, VX, Y =I(T) .
{1.3) we obtain : ' Y Y =D(TM). Using (1.3), (1.4),

(2.1) o(u(X, Y), 5)=0, YN, ¥ T (1),

\We shall omit the following proofs obtained by usual computations.
Lemma 2.1, For any X, Y eD(TM) we have

Pu(X, Y))=FDPVyY ;
(2.3) O((X, V)= Orh(X, Y) ;
{2.4) L(u(X, Y))=bLV Y4+ LI(X, Y) .
BN, bY) 49t Y = eV Y - RN, T),
Remark. Using (2.1) and (2.3), we gei:
(2.6) X, Y)— (¥, X) 61‘(1)635), vX, YeI'(TM).
Lemma 2.2, For anv X, Y eD(TAM), NeI(TML), we have:

Next., we suppose M endowed with the following differentiable dis 27 . _ -
tributions : (2.7} VeE=0; X, 5)=0;
.8 = . e
D= {X € (Z1L[eX =0} 1 DL={Y {gPHN=0% (253 AyI=0; VN=0;
and let I be the complementary orthogonal distributlion to DeDLd{ | (2.9) #(VyY)=0:
in 7M. 1t is casily seen that the distributions 1 and DL are orthogonal § (2.10) (A3 X)=0
AACART A Eaund

to each other. M endowed with the distributions D, DL and D is called ang
almost semi-invariant submanifold of M, [17. 1t is casily seen that the ress

triction I'/D is an automorphism of D and 411 is an automorphism ol 1.
The projection morphism_of TM to the distributions D. PLand D
are denoted respectively by £ 0 and L. Then for cach X e (1M} we have:

ffor any N e(TML) we put:
(19) FZ\? -'-—f.\" "—fN.

where (N 1s the tangential part of FN and /N is the normal part.

Since FDL and cD are orthogonal distributions, denoting by v the
orthogonal complementary vector bundie to FDE@®cD in TML we have:

(1.10) TML=FD!®D®v.
We have (see [1]):
(1.1 T MY)=Dt@D ; {FDY)=D*; (=D St Dy=D

2 Basic formulas. All the following results are obtained taking
an almost semi-invariant submanifold of a cosymplectic manifold M.

X

Lemma 2.3. For any X, Y eD(DL), we have
2.11) A=A, X

Lemma 2.4. Denote by K one of the distributions D, DL o D Then
huve V. X EI‘(K) For e’i'vr_\-h.\' EI‘(K),I ns I, ar 1. Then we

Lemma 2.5. Denote by K one o sty ihadt D
,  Lemma . h the distributions D. DL The
(X, 5] = 1(K) for every X @ I(K). / ions D, DL or D Then

3. Integrability of distributions on M. I ' 1

' g listribution: . In this section we shall study

the ?n.tcgra.blhty of all distributions involved in the definition of an :l;mc;s}t
semi-invariant submanifold 3/ of a cosymplectic manifold Al

Recall that any c9$3'nlplcctic manifold M is locally a Riemannian
product M, iy, where M, is a Kihler manifold and ; is a curve, [2].

From (2.9} we have:
{3.1) (X, Y]eDl'({&}L), VX, Yel(TM)

E I'hus,‘ we oblain that 3/ is locally a Riemannian productM, Xy
thatrLD_'t[, 15 a _51.1bm:1111f01d of M, and v is a portion of <. It also follows
®@DL@D is a parallel distribution with respect to the Levi-Civita

tonnection on M. Nex - o . . L
distributions oo _-1-»1.-\0“’ we shall siudy the integrability of the other

E——



152 CORNELIA-LIVEA BEJAN

brom lemma 2.3 it follows:

Proposition 3.1. Denofe by K one of the distributions D, DL,
sier o divect sum of ‘them. Then K is involufive if and only +f K@

pRvcitive,

Proposition 3.2. The distribution DL 15 alwins tniegrable.

Pronj. Using (1.2). (L.3). (1.3). (2.11) we obtain:

2 XY, 2P X, Y, FZ)mg(FS Y. FA) ¢lFV X FZ)=
g Ay Y FZ) gl N FZ)=0, VX, Y eI(DL), ZeT(0)

From {2.4) it follows LV Y - Leh(X, Yy Ld e X=t Lising (2.11) “_cq
get L N.Y =0, Thus we have LN, Yi=0, YX,Yel(DL), since &
is an womorphism on D, Applving (3.1) we complete the proof. b |
Proposition 3.3. The distribulion [2 4s integrable if and only ¥ wel

Ave

(3.2) MY, FY)=h(Y, FX), ¥X, Y eF(D).

Proof. From (1.3}, (1.4) it follows © AN, FY)=cVyeY + A, )'),‘
¢X. Y e F(D). Using (3.1) we get ¢7 X, Y==0, YN, Y e I'(D) if and only

11 we have (3.2

Proposition 3.4. The distribution D@DL is integrable if and only

1f @e have 13.2) and
3

3) A, XV FX & D(D), vX =0(D), Y =I(DL).

Remark 3.0. Using (1.3}, (1.4), (2.6), {2.11) and the result of the
proposition 3.3, we have (3.2} and (3.3) if and only if we have: 1

3.4) WX, Y)—ulY, Ny = 1'(D), ¥YX. Y =D& DL).

Prooy. Using (2.4) and (3.1} for any X.YeD{D®DL) and the fact
that 5D is an automorphism of D, we obtain the distribution D@®D4

involutive if and onlv if {3.4) is satisfied.

Proposition 3.5. I'ke distribution D is integrable if and only if we

have
(3.5 WX, Y)-ulY, X)=D(D). vX, Y =1'(D) and

(36)  ABX, Y)—hX, bY) VX Vit eIl Dy, vX, Y er(d)

Proof. Using (3.5) and applving F 1o (2.2} we obtain :

3.7) PX, Y= FPu(Y, Xi—u(X, Y} vX, Y e NTM)

Bv applving I7 to (2.5) we get:

(3.8) QLX, Y1=QU{Y, bX)—R(X, bY}+ Ve~ vicY), vX, Yel
Using (3.1), (37) and (3 8), if (3.6) is satisfied, then D is involutive.
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Conversely, if P is involutive, using {3.7) and the fact that F[D

s an automorphism of D, we obtain Plu(Y, X)—u{X, Y))=0, vX,Y=
e[‘(ﬁ). Thus. from (2.1), {2.€), (3.7}, it follows (3.5). Using (2.5) for

anv X, Yel(D) we obtain :

oV Y (X, Y)=h(X, bY)—h(Y, bX)+ VY — Ve X,
vX, Y «I(D).

Since D is involutive, we find {3.6) and complete the proof.

Proposition 3.6. The distribution D@D is integrable if and only

if we have (3.5) and :

(3.9) By Ay N AreY eD(D), ¥ X eP(DY), ¥ &T(D).

Resark 3.3, Using (2.11), we have (3.5) and (3.9) if and only if we
have s ’
(3.10) n(X, Yy-—u(Y, X) «I(D), vX,Y eT(D1@D).

Proof. From (2.2) we have :
(3.11) FIIX, Y]=Pu(X, Y)—u(Y, X)), VX, Y el(TH).

Csing (2.6), (3.1), 3.11) and the fact that FID is an automorphism of D,

we have (3.10) if and only if the distribution Dl®ﬁ is involutive.

Proposition 3.7. The distribution D@D is infegrable if and only if
we have

(312) A(BX, Y)—h(X, bY)+ VX —Vxel er(D), vX,VeT(DaD).

Proof. Using (1.8), (1.10), {3.1), we have (X, Y]el(Dan), VX, Y <
eT(TM) if and only if
(3.13) ¢[X,Y1eT(cD), ¥X, Y T(TM).
From (1.3), {1.4), (1.5), (1.7) we have (3.13) if and only if (3.12) is sa_tisf_ied.
Femark 3.4. The study of the Sasakian rase shows that the distribu-
tions D, D, peb, DD, DRDL, D®D-’-€BD~ are never integrable.

Proposition 3.8. Similar with the Sasakian case, dim D#1.

4. The geometry of lcaves on an almost semi-invariant submanifold
in a cosymplectic manifold. ~

Definition. Let K, Ky, K, be one of the distributions D, DY, D or cvery
direct sum of them. An almost semi-invariant submaiifold o f a cosympicetic
mani fold 1s called (B, K.)-geodesic (resp. K-geodesic) if h(X, ¥)=0 for
every, X e(K;), Y el'() (resp. X, Y eT(K)).

Using lemma 2.4. we obtain :

Proposition 4.1. Le! M be an almost semi-invariant submanifold of a
cosymplectic manifold M and denote by K one of the distributions D, DL,
D or cverv direct sum of them. Then K is involutive and iis leaves are telally

geodesic immersed in M if and only if K@®{E} is i volntive and iis leaves are

lotally geodesic immersed i M.
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Proposition 4.2. Let M bhe an almnost semi-invariant

5 silonant fold of a
cosymplectic manifold M. Then we have '

Iy The conditions 1). i) and 12y are equivalent

1) 0 is involuifve and its leaves are totall v geodesic fmmersed 1w M.
i) (X, V) e(DL@D), vX eT(N)., Y el(DLtah).
07) MX, YYeT'(v) and ViV el(DLO D), VX, Z<l(D), Vel
Iy The conditions a), *), ) are equivalent :

a) DL@D is involutive and its leaves are fotall v geodesic Tmmersed in M.

b) u(X, Y)eT(DL@D), VX, Y eD(DLaD).

¢} KX, Y)eT(v) and ViV eT(DI@D), vXeT(DioD), Z=T(D),
Ve(D).

IITy Any leaf of the distribution DY s totallv geodesic tmmersed in M
of and only if we have M{X, DY)+ VoY & ]’(rﬁ@v), vYXeI'(DL), Yel (DO
®D).

IV) The distribution D@D is tnvolutive and ifs leaves are folally sco-
desic dmmersed in M if and only if w¢ have (X, 0Y)4 9V e TED® V),

VX, YeT(DOD).

VY D is tnvolutive and its leaves are lotally geodesic ymmersed in M
tfand only if u(X, Y) s (DL D) and X, (1Y) 4-VieY (e 1 v), ¥X, V=
eI(D).

VIY D@ DL is inwolutive and its lea~es are folally seodesic immersed in |

M if and onlv if w(X,Y)eD(DL®D) and WX, h )V Y T (D),
vXeD(Di®D), Yel(D)

Proof. Let K be one of the distributions D, DL, D or every direct sum
of them. The distribution K is invelutive and its leaves are totally geodesic
immersed in 3 if and only if :

(4.1 VyYel(K), VA, Y eI (k)

Let K’ be the orthogonal distribution of K in {14, Using (2.9) we have _I_'
(4.1) if and only if g(V,Y, Z)=0, VX, YeI'(K), ZsI'(K'). From (1.2}, B

(1.3), (1.4), (1.5),

(4.2) g(V2Y, Z)=—g(VuZ, ¥} = g (VoY — Aoy X, bZ) +-2(h(X, bY) - VieY,c2),
YXel(TM), YeI'(K), 7K.

(1.7) we get:

|

Next, we shall prove the assertion 1), Using (1.6) we obtain that iii) implics '
ii). Take K=Di®D, K'=D and X &D(D). Thus, from (4.2), (2.9 and
(2.10), we get the equivalence of i) and ii). Using again (4.2), if we have
ii}, we obtain V;YV el(D), vXel(D), YeI'(DL@®D). From i) and (1.6}
we get iii).

- bmani fold of a cosymplectic mant folid M.
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The assertion IT) can be proved following step by step the proof of
L akine XeMien. )
. assertion T) but taking X' & . ) ]
i The assertion HT) follows from (4.2) T taking ]\-ZDG%D.FI;)@';))
W1 N e (DY) Similarty, TV) follows from (42) by _tukm;r .‘lr:: \‘(. : ]_)).
" -l'sin" (2.9), (2.10) and taking in (4.2} K=D. A =?’)@]]‘)”_.) I)t-L‘ (\‘_)l“
the -1"“‘1‘tli50n \") holds, T the same way, bul tuking N e ML),
(R el
phtaln \'I).
it 3 sition 4.2., we get
‘rom proposition 3.3. and 1) of proposiiion -2 we |
:Z(Ijrolla]ry }4 1. Let M be a D-ceodesic almost semi-inwariand submant fold
of @ cosvm plectic mani fold M. Then we have :
WD s indegrabie o ‘ » -
ii)) Any leaf of the distribudion D s fofallv ,r_:m.-f‘rsu' smmersed i M oif
and enlv if Vil eT(DI@DN). vX eI(D). Tel(D). |
From the asseriion TT) of proposition 4.2., we obtain : -
N-seodesic almost scmi-tnrarian
orollary 4.2. Lot M be a (D DY@D)-geodesic a . e
Sy Then the distribution DY@ D s
inzolutive and its leaves are fotall v ;':'och's."-'_ iovmersed i M OIf und onlyv 1}
_" 5 ~ 7 " ) .L@f}_ I'Llw(]))
V.l eP(ie, vNeI(Dieh) : - |
' From proposition 3 2. and the assertion 111) of proposition 12, by
nsing (2.5), we get: ) | o
) ﬁC(nroIlnry 4.3. Lot M be a (DL D@ D)-geodesic almost s:'.'m—.z-nl-arm.n!
submnn folld of a cosymplectic mait fold M. Then any leafof th:'ld(ff_):zl{:u!gw
DL is fotally geodesic immersed i M oif wnd anly if we have VAN 2D(eDh
‘e (DY), Nel(h) - R |
" Cll-'}om) propmi(tim)l 3.7, and the assertion IV) of proposition 1.2, by
using (2.3), we oblain : - - .
. Corollary 4.4. Let M be a D@ D-geodesic almost sepi-invariant sub-
' o f @ cosy ' N, Then we haee
mani fold of a cosymplectic mani fold M. LA o
)y nebh s fntegrable if and onlyif Vie X Viel =1 (el), ¥N, Y &
eND@D); : . |
i) I)@fj is snvolutive and its leaves dare fgmlly ceodesic Tmomersed 1 A
1 . X =TT i G 1])(_91))
if and only if ViV eD(el), ¥X, Y el ) -
From propo\s’sitinn 4.1, and the assertions 1) and T1) of proposition 4.2.,
we goet . . ‘
; Corollary 4.5. Let M be an almost semi-invariant submanifold of a
cosyi pleciic mant fold M. Then M dis lecalld the Riemannian Z‘N'()thti‘! M 1 M .
where M, is the leafof DLOD@IE) and M, is a leaf of D if u;m‘ a;il_\ i\ffz)e)c
(X 7 ' DL@T Celpily, el = :
hae 1Y, 7) 2 P(s) and VoY SD(DE@OD), VN €l (i), 2 PD). ¥ @ L)
From proposition 4.1, and the assertions I11) and 1V) of prop
42., we got .
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Corollary 4.6. Let M be an almost semi-iny
cosymplectic manifold M. Then M is the locally
XMy, where M, is a leaf of DD {&} and

tf we have MX, BY)+94eY e D(cD@v), VX eT({E}), Yel(D@D)
From proposition 4.1.

and the assertions V) and VI) of proposition
4.2, we get:

Corollary 4.7. Let M be an abmost semi-invariant submanifold of a
cosymplectic manifold M. Then M is locally the Ricmannian product M, » M,,
where My is a leafof D and
MX, BY)+-VicY eD(cDDv
e(D).

3. Totall
manifolds. In

ariant submanifold of g
Riemannian product M, %
Myis aleafof DL if and only

) and (X, Y)eT(Di®D), vXeDl({gH), Ye

the same way with [2] we obtain

M,isaleafof DODLB ) if and only if we have .

y umbilical and totally geodesic almost semi-invariant sub- § or global manner,

Proposition 5.1. Any totally umbilical almost semi-invariant submani-
Jold M of a cosymplectic manifold M is a tolally geodesic submani feld.

Thus it remains to study the totally geodesic submanifolds.
From corollary 4.6. it follows -

Proposition 5.2. Let M be a lotally geodesic almost semi-invariant sub-
manifold of a cosymplectic manifold M. I f the distribution ¢D is {EM-parallel
with respect o the normal connection VL, then M (s locally the Riemannian

product My x M,, where M, is a leaf of D@ﬁ@{i} and M, is a leaf of DL,
From corollary 4.7. it follows :

Proposition 5.3. Let M be a totally geodesic almost semi-invariant sub-.
manifold of a cosymplectic mani fold 5. I [the distribution cD is {EH - parallel
with respect to the normal conmection VL and WX, Y)ye(DL®D), vXe
eI({E4), Yel (D), then M is locally the Riemannian product Mix M,
where My is aleaf of D and M, ia a leaf of D®DID{E}.

From corollary 4.5. it follows

Proposition 5.4. Iet M be a totall > geodesic almost semi-invariant sub-
manifeld of a cosymplectic manifold M. 1 f the distribution I s { et -parallel
with respect to V, then M is locally the Riesmannian product M > M, where
Myisaleafof DV@D®{E} and M, is a leaf of D.
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IDLES
[NVARIANT FINSLER CONNECTIONS ON VECTOR BUN

BY

. TARINA

: i i local
The automorphisms of the Finsler spaces were considered, 1n a
. by different authors, as

{for instance by E.T. D\E{]..V i eI.;,,
K Yano V.L.Laptev, M Matsumoto, R.Miron,
an g! NS . o dees 1 [2”' ‘ ‘ .
“or references see {11, (2] P
The purposeI gfr this paper is to prc;sen: ;hzrg;%bltehrgofét ilcl:l:;la;;oai T
- connecti a Finsler structure, from L al point o
T Li(;?-nfcocltltjoxgisngftac ideas of K. Nomizu {4} in the classical ca
e ‘. . « -
”Lﬁ\ homogeneous affinc connected manifolds. e connections. All the
e l.(1) -\éhomogmeous vector bundles and Finsler oD bl
.1 objects and maps considered below are L differontiane )
geomeltrtltc:i (f‘l =, M) be a vector bundle over 1_thc rrclz;g;gcti(;n.(w) L
T W e £ i g mear i
R turc over % is defined by a non 1 (V) o
?hi :”ii-lmb it;“ﬁﬁ}ircntiab?c distrybutlo}x)l uENg 1\? .EEé,bguc‘trnhgrlit E.ﬁ':kcrynf A
E, the ace E, is given by E =N, DL, SR
=k, t e t?ngilg:: :Salt’ 1% Th’;: decomposition above produces a lc:zrrl;:lq%tterio%
th?’t‘l;lnrlct:;mcsgbntmger.}t space E.,as well as for the tensoria :
split {o onts .
S i i i tion V
algbbtl.; ¥ cc)l\efinitien. a Finsler connection on E is :11j ltlpeés.xi V-;ozilee; .
S s ‘ch that the horizontal spaces N, of thevdlstn u “ljlel N e B e
on L. cu ct (to v, and the vertical spaces E, are para : e
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