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A NOTE ON WARD QUASIGROUPS
BY

M. POLONIJO

Inspired by M. Wards paper {13] on postulating the inverse
operations in a group (ct. [51, [14). [15p, J. M. Cardoso and C. P.
da Silva defined in [2] the notion of Ward quasigroup (bricfly W-quasi-
group) as a quasigroup {(Q.-) which satisfies the following conditions :
(W, 1) There is 0 =Q such that aa=0 for all asQ-

(W, 2) ab-c=a-{c'0b)

for the element O postulated in (W, 1) and all a, b, ¢,=0Q.

In {2) it was proved that if(Q, )isa 1V-quasigroup and -+ the binary
operation on Q defined by x 4y=x-0y. then (0, ) is a group. Conversely,
if (Q, +)} is a group and the binary operation on (Q defined by xy=x—J, then
(0, ) is a W-quasigroup (cf. T13))-

In this paper we shall show that the axioms (W.1) and (W.2) in the

definition of a [V-quasigroup could be replaced by onc axiom, i.e. by the
law of right transitivity, [4]:

(W) ac-bc—ab, for all a, b, ce(.

Since the law of right transitivity is the (13)-conjugate of the associati-
vity (sce [4]). it follows that (Q, ') 1s 2 W-quasigroup iff its {13)-conjugate
is a group.

Similar result holds for the quasigroup which satisfics the left transi-
tivity law (briefly W'-quasigroup)

(w) ca-ch—ab for all a b ceQ,
(cf. {4}, [12]).

Moreover, we shall prove that in the definition of ¥ -quasigroup as a
right transitive quasigroup, the condition of being quasigroup could be
weakened (Propositions 2 and 4).

Proposition 1. A guasigroup (0. "}y is a W-quasigronp tff the law 0

right transitivity (W) holds in (Q. °)-
) Proof. 1f (Q, ") s 2 IV.quasigroup, then 00=0 and 00-¢=0-{c*00)
is valid for all ¢ €0, which implies ¢=¢0, ic. 0 is the right unit. Using that
fact and the axioms (W.1), (W.2), we show that {Q, +) satisfies the law of
right transitivity. Indeed

ac-be=ac- {bc-0)=ac* [b'(O-Oc)]=(ac'Oc)-b=[a' (Oc-Oc)]'b=a0-b=ab.
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Furthermore, since the equation yz=b is equivalent to ay=05 it
follows that ya=é has exactly one solution y=(0-08)-0a=b-0a, i.e. (@)
is a quasigroup.

I?l)hLet (Q, +) be a right transitive groupoid in which 2° holds.
en
ab-c=(ab-bb} (c-bb)—=ab- (c- bb)
and 2° implies c==c-bb, which gives c¢-bb=c-aa and therefore bb=aa for all
a, b=(Q. Hence, (Q, *) is unipotent and let he aa=0 for all as(.

_Smcc c=c bb=¢0, it follows that 0 is the right unit. Obviously, the
equations (1), (2), (3) are valid and x=06-0a is the solution of ax=b,
since

a:(06-0a)==(00a) (0b-0a)=0"0b=5,
Le. 1° holds which proves the proposition.

. Evidently, W-quasigroup could be defined as a unipotent quasigroup
which satisfies the identity xy-z==x-[z-(yy 3], (cf. [10]). The purpose of
the following proposition is to give a characterization of W-quasigroups
51 tl:ﬁ case oflutnitl))otentdrighht transitive groupoids (cf. {5], [14], [13]).

y the way, let be said that such groupoids wer 1
by j.PV. Whittaker in [15)] sronp e

roposition 4. If a unipotent right transitive groupoid . sf1
one of the following fc{ur condgzb'tious ¢ S e

1° b-aa=b for all a, b ;

2° ab=>bb implies a=b for all a, be( :

3% aa-a=>bb-b implies a=b for all a, b= ;

1° For any a<Q, there are %, y<Q such that a=zxy

then (Q, +) is a W-quasigroup.

Proof. Let be aa=0 for all a=(Q and obviously the equalities (1
the proof of the previous proposition are valid.

_.a) If 1° holds, then 0 is the right unit and therefore (2) and (3) hold
which implies that y=056-0a is the solution of the equation ax=b, i.e. (@, )
is right solvable. Hence, (Q, ') is a I¥-quasigroup by Proposition 3. '

b) If 2° holds, then ab=0 implies a=b, for all a, beQ.

) from

Since
2 20=x0+(x0-0)=x0-(x0-00)=x0- x0=0,
it follows x0==x for all x =, i.e. 1°is valid.

¢ If 3° holds, then Oa=05 implies a=4 for all q, beg.
Since

0-x0=00-x0=0x,
the element 0 is the right unit, i.e. 1° is satisfied,

d) If 4° holds, then for any a ( there are x, Yy <Q such that a=xy
and we have

al=xy 0=xy - yy=xy=agq,
which proves the proposition.
Now, we remind of the special type of W-quasigroup, i.c. of the sub-

tractive groupoid (cf. [1--3], [8—~11]). It is defined as a groupoid :
in which the following two conditions are satisfied : e
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(S.1) abc—c-ba for all a. b ce,
(S. 2} a-bb=a for all a, bEQ.

; ' B 47) or
The condition (S.1) is called Abel-Grassmann's law  {sce 47
i jaw (cf. [6], [T _ N .
. Rnno;hsl}?brtr:ctiv(e groupoid is_s (ggam)gi%zps,vé?ieg%cfi ‘1“(\)1“5\[(;) r])g ?5,2)
i that for any groupoiwd (¢, - vste axioms (5. 1). 520
2T06\:1€‘g\1:;1533n]t tatl) the system (W), (S) where (S) 18 the Sade’s le ey
i

law {(cf. [4)). ie
(5 b-ba—a for all a, b=(.

is the (13)-conjugate of commutativity, [4], and now

Itis caey b0 ooe ) as hecause of the propositions

the following two propositions are obvious,

l;md12’.1'01)osition 5. A W-quastgroup Q. ) s a subtractive quasigroup

& (S)Pfgiﬁsiitjitog?’ﬁ:)iet (Q, -) be a quasigroup and (ij_—.”) ;ismr-‘f;)"?O”J“g“f‘"
N ractive quasigroup iff (Q, +) is an abehdit LOUP: 4

& )I;Se;;:;zl.mlﬁ ;v;gbtrafti\'e guasigroup (Q, -} it holds ab=—cb-{cb ab)

—ch-ca, Le. it satisfies Schweitzer’s law
(S W) ch-ca=ab for all a, beQ.

i isfi dition (S'V)
/ f, ou , -} satisfies the con
i [43)-. I(J: gnb\éjer;gl.il}tfag fg\:&::lllg;' bpeé)(,?i.e‘ there is such an element 0 eQ
tfgx?nw";icﬁ x_x='0 and +0=x hold for all'x (). Hence

b ba=b0-ba=ald=a, ab —ac-{ac- ab)=ac bc,

. bt
v i fore, one could define a sub
i.e. (Q, ) is a subtractive qua51gr0u(;5 T)h‘iarl;e\:?hich ne could define & )

tractive quasigroup as a quasigroup
holds {cf. [3]. [14])
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CERTAINS PROBLVEMES OUVERTS DE 1.A THLORIE DES
TREILLIS NON-COMMUTATIF S
AR

GH. FARUAS

Comme on con ait bien, la notion de treilis peut-etre introduite
ar deux voles distinctes, mais logiquement équivalentes soit a Paide d'un
epsemble dot¢ de deux opérations bhi aires qui <atisfont certaines condi-
tions concrétisées sous forme 'axiomes, soit 4 Paide d'un cnsemble doté
J'une relation d’ordre, (i est soumise a la condition gue tous sous-¢nsem-
bles constitués de deux éléments posséde une marge inféricure ¢t une
marge supéricurc par rapport a cotte relation.

Les treillis non-commutatifs ont été introduits pour la premicre fors
par P. Jor dan [3]. Ensuite, en (1], [3] et [4] ont ét& introduites d'autres
classes de treillis non-commutatifs, celles-ci définies dans le langage des
opérations binaires. On a constaté que les propriétés de ces classes de treillis
non-commutatifs sont cemblabes A cclles rencontrées dans la théoric des
treillis. En ces conditions-la on peut se poser la question si les treillis non-
commutatifs ne puissent étre définis aussi dans lc lgngage des relations
binaires. La réponse a cettc question constitue un probléme ouvert pres-
que pour toutces les classes de treillis non-commutatifs connues jusqu’a
présent. 1l existe, pourtant, deux exceptions @ la premiere cst due a M. D,
Gerhardts (4] ct la deuxieme est présentée pour la premiere fols en ce
travail.

Considérons donc un ensemble M doté de deux opérations binaires
A rt\/, qui pour tout 4, b, e M vérilic les axiomes :

(@ "By Ac=an(b ) ¢},
{ (@ bVe=av(bV )

aA b y=anle A D),

tl/\(ﬂ JB)y=u, N
(B) { () | avibve)=avi(c b).

av (@ Ab)=u,

Le triplet (W, A, V), ol M estun ensemble non-vide, et A etV sont
deux opérations binaires deéfinics en M qui vérifient les axiomes (A}, (B)
et {S) s'appelera un treilbts jon-comm wtatifs de {ype superplal. Nous nous,
proposons d'étudier les propriétés des treillis non-commutatifs de type
superplat et de démontrer que ceux-ci peuvent étre caractérisés aussi dans
le langage des relations binaires.



