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DYNAMIC PLANE PROBLEM OF INFINITE MICROPOLAR
ELASTIC SOLID

BY

VITALI GHEORGHITA

1. Introduction. In a recent paper [1], the author obtained the
fundamental solution of dynamic micropolar threc dimensional equations
{or an infinitc body under the action of impulsive concentrated body
force.

The present paper is concerned with the dynamic planc strain pro-
blem of an infinite micropolar clastic solid. By using Fourier-Laplace trans-
forms, we obtain the fundamental solutions of dynamic two dimensional
equations for the infinite micropolar solid undcer the action of an impulsive,
suddenly applied, and periodic body force acting at a point.

In the thermoclastic case the dynamic plane strain problem of infinite
micropolar bodies were studied by Shankecr and Dha liwal [4).

2. Basic equations. For a homogcncons isotropic centrosymmetric
micropolar solid, the linearized cquations of motion are [2]:

(2.1) (el Vi 404 p - ) (15, 5), o+ 2ale 25 )+ Fo=pti
Hy+e) Ve—da) 2+ (B+y—2) (2,0, i 22 (e ty, )+ =T 30,

where we have used the following notations : u; — displacement field com-
ponents, 2, rotation field components, F, — body force components,
M, — body couple components, ¢ — density, J — rotational inertia, &y —
Ricci’s permutation syvmbol, and the dots denotc the time derivatives.

The svmbols x, B, v, € . 5 denote the elastic constants of the micro-
polar material.

3. Dynamic plane problem. In the case of the plane state of strain,
the bodv force Fy, the body couple A, and the corresponding cffects depend
on two variables x,, ¥, and { only.

We shall consider an infinite micropolar solid —oc -2 X, Xa, ¥a<< 90,
t>0. The system of equations (2.1) which govern the state of the body can
be decomposed in two independent svstems.

In the first svstem there appear the vectors u =(1ty, 1, 0), 2=(0,0, 3a),
while in the sccond one the vectors 1 =(0,0,13), 2 =(9,, 72, 0)-

The systems take the form.

(w2 Ve, + (4w —2) (41, 11T e 1)+ 2094, A F ==ptty ;
(3.1) (uta) Ve, 4 (b p—x) (20 et o) —209a, 1 -HFa=pts
[+ e) Vi—4a] 9,22 (1, 1 — U, e)+*‘Ua =J;~‘.5a,
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and
(o) Vi =22 (2,0 — 21, o) TFa=gus,
(3.2) { (r+e) Vi de mre (B —2)
(re) Vi dx ot (BEr—e)
where Vi =02f0ai+ o3 v i
Let us suppose the initial conditions have the form

(3.3) 1, (x, 0y ={x, 0) =0 (i =1,2), 34(x.0) =.(x, 0) =0.

. “)—E—th‘,;, ::\]'.51

Here we turn our attention on the first system of equations (3.1) under
the initial conditions (3.3). In order to integrate the system (3.1) it is con-
venient to apply the Fourier-Laplace transforms method. Let us  introduce,
the Laplace transform [0 (x, x., p) of a function flxy 2., t) as

{3.4) iU (xq, xq, p) = f(xy, %g, 0) o7 dt

Po_ g

and the Fourier-Laplace transform f® (%, 2., P) of f(x,, xp, t) as

(3.3) T (B 20, p) = — JAUCTRE SN ) At dx,

1
27

|
| o s b
e

whete dy =dxdx. Lpay =58+ L0

Taking the Fourier-Laplace transform of equations {3.1) we obtain
the following algebraic system of equations in terms of #® (i=1,2)
and o

[R5 B4 SRR AW T YAt
{ A A T e

21
(36) L

Zattf B =P
o o

T L igE (T B o =M

where
ve htu—=z 23 1 2 1
seE== B EE oo : g == ="
42 w2 T r] v+e Ve
. AT V£
=L (i1=2,9); g=2T% =TI

e ¢ J
4. The effect of a concentrated body force. Let us consider the case
of point body force of magnitude F applied at the origin in the 0% -direc-
tion. In this case we have
(4.1) Fy=0, Fy=F3(x,) 3x) fif), Ma=0,
where 8(x) is the Dirac delta function.
The Fourier-Laplace transform of (4.1) is given by

(4.2) [y, =0, FPE P =(F27) 1, Mildy, =0-
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Substituting (4.2) into {3.0), we obtain the following algebraie equa-
tions :
(L B Py Dk ST =0

mi
T wogd | T RN ) el el e
;,-.-”(12)+("' tez-t- 22--B3) ‘”“J)_m‘-ii‘a = = »

-
~

{4.3) "
gt iy E g (2R B 2 =0
The solution of (4.3). 1%

Fosgh i 8

iy = — ali: (U)}
H] (‘QJ P) 2“ A ’
v T e e ., ] o
4 WP (g Py =—" cr ez b e
: 1 £
Jt N =— q—l— : T !
AR ey N
where L RO IS

N (g BY (2B (PR Rl —sgE], vl AT

5. The effect of impulsive body forces. Let us assume now Flmt .thv
body force is applied impulsively at the origin, and acts in the Ox,-direction.
Such a body force may. be written as (4.1) where f(t) =8(1). ' .

The Laplace transform of f(f) —8(f) is [ (p) =1, Substituting (P
into (4.4) we get

F SQ -+ .I"’.’ E,z-‘i_?:'!_ A) vy
T
o bg 1 . Sq+‘{:(5_2+72+:3%) ve];
2m LvrEr R
gl i L iE,

2i{ e =_— - - s
Pz ( P) 2= (Eg_!_ﬂ%) (;:_}, a.{.-‘,!af)—*sr];_

By inverting the Fourier transform with respect to £y, 2. We obtain:
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R R
S 1
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(E--BY) (B2 472 BY —sqE?
R
If we estimale the integrals I,, I,, /, by adopting the same procedure
like in [4], and replace them in (5.2), we obtain
B 2 . waind | Pr_.
! (x, p) - I lez[S(]-FY (Bit7~ )
2z f v L O(BEAY) (BIAE
g+ '+ y .
.sq-:f ‘(264‘!": +2 3) . )\-;Ag(t;\g'r)] :
(Bi+23) (W —23)

(5.3)

LA dg.

PGB ) —

sg+y(BI+7 D)

(BF+21) (12._ 22) MK (i, )+

(5.4) . c._, '
W x, p) = K, (B )‘“— it (%, p)
27' 5y Xz
ol (x, p) =— i,z‘lf.i?_l_)\ TR r) — 1K (1ha7) ]

where K, K, K, are the modificd Bessel functions of the third kind,
r = x¥4+1Z and 22, 2} arc the roots of the cquation :

(248 (22471481 ~sq5* =0.

It is a difficult task to obtain the inverse Laplace transforms of the
above functions and thisis the rcason for which we shall confine only to the
case of small time approximations. If we calculate the roots A,, %, by approxi-
mation with respect to p, we obtain

7\1;—{]—5. Ao —it
Ca €

Expanding the right hand terms of (5.4) into inverse powers of p, and
retaining only the terms up to the order of p*p'2, we obtain

?
——r *n LTy
ul”-lx}‘?)_" Vr G, Xty e ,([______'Y ——-] -—-1 —— 15Y :
2 o rVr

( 5q+“{*27 H

o 105 y*¥ ¢, ) ! +15(sq—|—-y=r‘3)_ 1 }+
a*{a*—b?) ch1 128 »*(a*— b3} P

'.lpllz’ 8a*(as—b?) VEI,. }"“P”’_

2
- "sq+ Y-t 15¢, | ] . e 1
&= 5 ! P _|_
+e @l bzc‘yﬁ [ zpu'z F 87 Paﬁllz T [ tl __bz ch Plf
+ 152 R ( 105y L sgekyE L
8(az—b2) Veor ppt  \128 (a3—0%) Vet b2ar—0Y) e, Va)p=pﬂ,
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15 (sg-Hy'2r7%) 1 ]} O( |

" gbe(ar—b) Fear PP pepe

= —-' I 9c} 1 ]_

(x p) = —i C;VC T [pu': 7 PP]I 128 »? : pepll:
1
3] —_—

(5.3) xz '“1 (x, )+ (P'P"")

Fyf=1[ | ~3r Lde 1L 3G __1__.)_.
‘P?’(xlﬁ)':q VZ b’[ (P?‘H i , Pzp:fe—r 1281’2?3}5”2

£ : 1 1
1 —“_"f 1 35. . —L— _i‘.‘..— . —__)]+ O[_———-) .
o rc:‘e (ppn!a + r Paf,n'z + 1282 Pa?lf% ?¢P112
where a* '—1/61-—1/ br=1fc2—1]c. Cent
The empresswn of the right hand side of (3.3) are now conve

for the calculation of Laplace inversion ; using special tables of integral
iransforms [6], we obtain the displacements and rotation field:

Fir & xdf_ " _l,th__EL_.__H()-I—
wlx ) =2-V7" ,zy,{ ar—brefe, E sar—b¥) Ve

sgtys 1105yt o ] (,H__(E_Y_%_) PO+
ar(a2—b%) oY,  128(a*—b%) vt o

2 A -\(*i }_Sl ;
+§L+_Y_L[m 0+ ”]*yrr_z’)[“L O+ 2L M 0+

th2e
13(sg+ 7" p iy ]} :
80

(5.6) + (105-{'2 - sg+Y ’r--)l’Vg(t) —

128 »* by

= H 8¢ 9t . % )
walx, 1) = Flr. _4a [Ll(t) -2 ML B+ ‘ .'\l(()] a(x,t)

21 2 C‘[Vc_]r

fa 3, A 3ca ’ .
mie d =3, Vz b=Vr{Vc.[M’(t I+ AT 1Lz(t)]

. V;[M (:)+ NLJ(f) + 1—2?; P.t) H

where by Li{f), M),

N(t), P‘-(t) we have denoted

r
r 0, 0<f<<—
0, 0<f<— : - ,
' . oz [ =1 2' 4
L‘(t) — Cy ('; ==1 2) N .‘4((1‘) s 9 pe (1 ’ )

f 1j2
7 -12 r _,?_‘_) ‘[>__
(R A

]
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¥
' 0, 0l 0, 0t
Nilt) = S (1=1,2,4); Pty = €

¥ e a2
ek L Uy Cy

6. The effectof a suddenly applied body force. Let us consider the
case when the body force is suddenly applied at the origin, and acts in the
Ox. - direction. Such a type of body foree has the form (’-1 1) where ity =

=H(t) (H{1) Heaviside unit function}. The Laplace transform of fit) =
—H(1) is fO(p) = 1fp. Substituting [ () into (4.4) we get I

(1=1,2,4).

|~

u(E, p) =— L iy 5‘1'%“.'-"(521—;”4'@) 5 f,
2‘...;, A -
(6.1) uB (5, P) _—_I:_ 1. [ ! 4 ‘_:F:_ﬁ(i'”:‘_l’ f)—'r_siq 2
2 p oI5 A 3
- I
TN S L E
mp (EH83) (PP —seZ

Performing the inverse Fourier 3 :
. 8 se Fourier transforms with res .
obtain spect 1o 5, 5, We
N N LY | 3
Y Ik ik
=) pdx,da K
P 2 oxt

0, ) = wwméa%-%n
(62) o
. _ gf __lt’u’q
8% p) ‘—"(2:)2 3%, '

where I, /o and [, are given by the relations (3.3).
Using the results obtained in the section 3 and in 4], we find

) . F '5‘ . 4 w2 y: —
ey = e LT B g,
Sa e ol EenEe

(6.3) < o

e eEh X
uiHx, p) -;—I o3, 1) — e uit(x, P)
T ('l/) Xa
. e I
S ) 1y - L e -
Ml p Ty (1) — 1N (They)

Tere M - £ =3 - :

uh(u“{\ w N 1 K. »E 22 have the same meaning as in section 3.

. e ;.o?llm? to the case of small time approximations ; adopting the
¢ method as in section 3! we obtain the following displacement and

)
f

rolation
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distribufions :

A 1 wt
e e “[ (!) [ -\,' | s
i bresf o Y S{a* __b-.-)v'cl, (4)

lofif-ﬁyi"d]- Py 4+ — Lo

-1—-2:9—-(({‘——1')") = (tdf—-be)Vﬁ,

( F V;c?, X v
e gy =— L=
1 i =12 i)y {

+[_wif”‘ _
a‘-‘(a'~'—h*)r,VFl

3ot L1057 sgertir
.[l__ M)+ qu Ny(f) _[“_1,1 — «(’——_—L) P-z(t?] :

Ca b 128 #* bec,
(6.4) e
LTy p‘(z}};
2 e e,

FV:: c2 861 o, 9¢% X,
wlx, h=—V -—7— M ry——2N -+ —- P\ ] 2, 1)
5.0 i Zc;lfr,r[ ) ¥ () 28 ) AR '

I

X :).:—. ‘Ff_ Vz?—.:b'll—\ﬁ{i.-'lf?_[\'?m+ i‘; Pty ] 1—-;:[_\"({) L 3_'_: l'.(t)]} :

where M) (1=1.2}, N, ) i=h 2,4) have the expressions from the
section 3.

7. The effect of periodic body force. In this ¢
acts at the origin along the positive Ox,- direction and
callv with the time. Such a body force has the form (4.1)
(0 = frequency). Since the perturbation force 1S of harmonic tvpe,
body reply is also harmonically ie.

ase the body force
varies harmoni-
where f(t) — et
the

(7.1 (1) =) e (=1,2),  mslx f) =malne
Substituting (7.1) into (3.1} we get
(=) Vz”'ﬁ‘(}"{“:-l_'l) {i3,01+ Ham) - 22%3e = RO
(1.2) §(ut) Ve (hu—2) (1611 Waym) — 22530 T F2 =~ peatity |

[(yte) VE—dal oyt 21t — M1 0) =0

where Fo=F8(x)) 3{(x2):
\We notice that the systems {7.2) and the Laplace iransform of (3.1)
reason, the solutions for displacement and rolation

are similar. For this
oft by 25 p by

can he derived from (3.4} directly by replacing T ST
fa, 8% by —8F= —wtfc} (1 =12 4) Thus

. Fetxx, [V L A R .
“1(-":):'_—2 l -.{l ('I! Jaail: . £ B1R (B, 1)
2zcd (8y:—ad) (a2 — 817)

gyt — B} s T

j__(“‘_lj;.;__iz.*_)__'g_l. adK.{ia.r) +
(ai— By ) (af—az

gt aFTr— yo / T

, (f;rr.2 Es)'{;s‘f ) ,:%Kg(mgr}]
(a3 —27) (a}—ad)

(1.3} -
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. F 3. . X, .
wylx) = — =* Ko{iBir}— = ui(x) ;
2 o} e
(7.3} .
. iqF x . R
palx) =— o L ! - [a K (10, r)—a, Ki(ia.r)]
2n al—aj

where a?, a2 arc the roots of the equation:
(52— B3) (3147 —Bit) —sE =0,

Substituting (7.3) in (7.1) we obtain the final expressions for the
displacements and rotation field. .

8. Final conclusions. In the case of impulsive body force we observe
from (5.6) that the displacements u, an u. have discontinuities at the
moments { =7/c,, { =rfc,. At the moment ¢=vfc,, the displacements u,,
u, are continuous functions. The rotation component ¢4 has no discontinui-
ties at # =7/c, and ¢ ==r[c,. When the body force is applied suddenly we notice
from (6.4) that the displacements and rotation are continuous functions.
The same thing is observed in the case of periodic body force.
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POLYNOMIAL SOLUTIONS IN THE AXIAL COORDINATE FOR
BEAMS WITH MICROSTRUCTURE HAVING A SYMMETRIC
STRESS TENSOR
BY

C. I. BORS

Let us consider a beam limited by two planes ¥, =0, x, =k (A =0) and
by a cvlindrical surface (F, the unit vector along the outer normal to G
hweing nin,, 1, 0).

We will denote by @ the doumain occupied by the beam ; by S we
will denote the domain of a cross-section of the beam and by 9 its boundary.

We will take the axes of x,, x,, x, such that

{x,da =0, [xx,da=0.
5 s

The material of the beam has the following constitutive equations

£ ""7~Emmsu+2,u 55}"{'C0Kmm81;+ﬁ(xrj+ ‘/-n),
LT zwsmmsu“f‘zﬁeu+1’4mmsi1+ By dymas,

1 1
€4 :E (’“a.;'r “J.f)-, i) =201,

where ¢;; are the components of the stress tensor, m,; the components of the
couple-stress tensor, #, the displacements, @, the rotation vector compo-
nents, §,, — Kronecker’s delta; 7, u, @, =, % 8 y are constants which
characterize the properties of the material.

The constitutive ejuations (1} are given in 17;
ned also from [4].

We shall use the summation convention over repeited indices. The
index j after a comma indicates partial differentintion with respect o x.
The Latin indices take the values 1,2, 3 and the Greek indices take the
values 1, 2.

The modet defined by the constitutive equations (1) has a symmetric
stress tensor (f;;={,).

' In this model a neutral mctisn {without stresses and couple-stresses)
15 given by

the. ran be o’ tai-

Uy =Xy — WX+ Gy, Uy =WyN | — 0 X+ Ay, Uy =0, X, — X, dy, 9; =by

Where w;, a,, b, are the same at all points of the body.
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