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. F ot .. .. .
uylx) = - 2 Ko (iB)— 2 aifa) ;
2r o} X,
(7.3) o
. gF % . .
Paf x) =— i, L [(a,K (ia, r)—a, K {(1a.7)]
2n ai—ual

where a2, at are the roots of the equation :
(52— Bie) (5478 — i) —s¢5 =0.

Substituting (7.3) in (7.1) we obtain the final expressions for the
displacements and rotation ficld.

8. Final conclusions. In the case of impulsive body force we observe
from (5.6) that the displacements #, an i have discontinuities at the
moments { =r/c,, £ =rfc,. At the moment t =rfc,, the displacements
u, arc continuous functions. The rotation component o, has no discontinui-
ties at ! =7/c, and t =rfc,. When the body force is applied suddenly we notice
from (6.4) that the displacements and rotation are continuous functions.

The same thing is observed in the case of periodic body force.
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POLYNOMIAL SOLUTIONS IN THE AXIAL COORDINATE FOR
BEAMS WITH MICROSTRUCTURE HAVING A SYMMETRIC
STRESS TENSOR
BY

¢ 1 BORS

Let us consider a beam limited by two planes x; =0, x, =k (k >0} and
by a cylindrical surface &, the unit vector along the outer normal to (7
being nsmn,, . 0}

We will denote by @ the doumain occupied by the beam ; by S we
will denote the domain of a cross-section of the beam and by 88 its boundary.

We will take the axes of x,, r,, x; such that

fx,de =0, fx,x,de =0.
5 A

The material of the beam has the following constitutive equations

t.'.i _)‘Emmsﬂ-‘}‘25151}_}'(‘)Kmm8|j+7:(7-lj+V-Ji)-

(1 My _O)E",m85;+27?5”"*-'12"”,,8”-1— By'ij'%'.!'xji;
1

l 1
&y = E (“1.;‘1’";.1)-, ¥i =20

where ¢,, are the components of the stress tensor, m;; the components of the
couple-stress tensor, w, the displacements, g, the rotation vecter compo-
nents, 3,, — Kronecker’s delta; 7, u, @, 7, 2 B y are constants which
characterize the properties of the material.

The constitutive ejuations (1) are given in 11; the, «an be o'.tai-
ned also from [4].

We shall use the summation convention over repeated indices. The
index j after a comma indicates partial diffrrentintion with respect to x.

‘The Latin indices take the values 1,2, 3 and the Greek indices take the

values |, 2.
The model defined by the constitutive equations (1) has a symmetric
stress tensor ({; =1,
_In this model a neutral metion (without stresses and couple-stresses)
Is given by
U, =¥y — WXy @y, Uy =X, — @, X @y, iy =Xy — X+ aa §y=by

Where ;, «,, b; are the same at all points of the body.
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1. Formulation of the problem. The lateral surface of the beam iy
{rec from tractions and from surface couples. The body forces and the body
couples are absent. The beam is loaded only on the ends in such a- way that
it is in equilibrium, the displacements and the rotations being of the torm.

n L)
(2) =S U (x,, k)8, 3, =Z0OM(x,, xahad,
kol k=1 .

where the functions U%® (), ®¥(. .} and the integer 2 must be determined
Then, the cquilibrium equations and the lateral boundary condition

are
{3) fo =0, g, ,=0 in @,
{4) Lo, =0, my, =0 on (F,

Our purpose, for such a beam, is to look for the most general solution
1;, o7 of (1), (3}, (4) which is polynomial in x, and to determine the end
tractions and couple-stress compatible with it

2. General equations. In order to solve our problem, we will use
up the same technics of calculus as in {2]. From (1) and {2} we obtain

lp =S(W AL TR(WUP L o®P) ™ (not summed),

ta =SB gL SR L 2u) UM+ (4 2m) D 1057,

) 1o =EH5 A, .
bo =L (U +=0E) a5+ Eh(x UP 4+ =OF)
ani
Mgy =Em ad 4 Sh(@UP 4 obP) ¥4 (not summed),
Wy =Em A+ Lh(w+27) P + (a0 +y)DMxd,
(6) 1 g, =Xmak (a#v),
s =E(m Uy @) a5+ Zh(xT a4 BN aE, '
oy =E(=GRA-ROL) ¥ ZR U 0)7

Jp

where £, i and m), mif are the components of the stress and the coms
ponents of the couple-stress of the plane strain problem defined by the

displacement (U, U, 0) and the rotation (DR, DM, 0). =
The cquilibrinm equations (3) and the boundary conditions (4). wil

be satisfied if and onlv if, for arbitrary £, e
(8 (- D[40 U (0 2)08 1 ]+ T

[ Ao (kA 1 (B 2) (US4 2D ) =20, '

0 mE o {0+ m) VY + @ p0s+
(e 1) (h-F2) (FUSDA4@E) =0 -in S ;

{1k — 2 SRR ik
(5) { fev ity = {/‘ ! l)("-( Hi )'I'(')(’)isﬂj)"’p.

mB = (b D (@ UF a0, on 05
.|[1Lf

(ay — =) XCP (b 1) (ay — =) ORIV by = )DICY o A0 g B4
) (e V) (2) 1 20— (oF27) 21U+ [0t 2m)y—
— (g8 )= BN =0 in S,
(10) (wy == UE e (k- 1) (=) CE oy — B) MY, ] on 8S,

(o — = AGEV (A 1) (B — =) OET g BN T

(H) e
(D 2 (o rm) UF A (et 8 ) u—(0-R22)=]df+ 1 =0 in S,
(12) (uy — =) DO = — (k-4 D){Ep—=3)d® 0, on 0S5,
where
gr. gl () )
=t e ( " Dzﬂg,‘i" L}_”:(_
dvi  dal i, Ay,

Ihe problem delined by (7), (8) 1s a plane problem with body forces
and body couples for the displacements U, P and the rotations OE | P,

The necessary and sufficient conditions for the existence of the solu
tion for this problem requiré that

(13 a) JIn U 4t 4 (R 2) (p U+ 4 ) 1do =0,
T U + m0f V) v, — (UG - =P+
(13 h,' 3 i
P (R 2)[(w U8 4 QD) ¢ oo (0 UPD b2 ¢ T} o =0,
(13¢) SERUEED 4 BOLY 4 (k4 2) (UL - 0+) Jdo =0,

The problem for U and @§%  are of the Neumann type and the exts-
tence of solutions require that

s — o (- 2) [ Ok 2y — (- 2m) =] U9
(14.4) ’
k2D [{o+27)y— (2B 4+-y)=1d ¢ ide =0,

THom@ — =t - (h4-2) (e —2m) UF 4
(14 1) N
A (k=2 [ (2B -Eru - (o-F2r)w]d #72 1de =0.

3. The solution of the problem. Now, let us to solve the above
problem for A=n, n—1, 1—2,

In the following A, B C,, =, (k=1,2,...) denote arbitrary con-
stants o o, 0™ == P - Ay u'®

The case k=n: The corresponding equations are given by

— S g 5 — t . -
o, =0, m¥, =0 in §; #n, =0, mpn, =0 on G5,



100 CONSTANTIN 1. BORS

and
AU =0, AQP =0 in S ; DU{M =0, DOP =0 on 8S.
It results
(15) UM =A® +(— 1P, U =C,, & =B" (85p).
The case k=n—1: The equations (7)—(12} are
(o =0, m3 P =0 in §,
o=ty =—n(Cph+ B w)n,, m~tn, =—n(Cao-+- BfPa)n, on 45 ;
AUPY =0, ADF P =0 in 5,
th—1) — W __ - n)_| - ( B) (n)
DUP™ =—n[(A§ R I O L S P e B,
ay —7t
DO =—p By — =* B""n
py—w?
For the corresponding solution we have:
| UV =n(C,a+ BPA)x,+ A0V +(— 1Prans,
OV = (C,b+ B B) x5~ BF 7Y,
(16) U —nfreo—APx~ =B oy pe,
l.!._T
o ——n BT B 4 B (345),

wy — %
where ¢ is the function of torsion defined by
Ap==0 in §, Do=xt,—xn, on 45
and a, A, b, B arc constants given by
2004p) a+2(wdr) b=—2, 2(w+7) at(2a+B+Y) b=—0,
200+2) 4 +2(w+7) B=—w, 2{o+r) A+(2a+B+y) B=—a.
The case k=n—2: Because the rigidity of torsion

D =J{(xd4+23+x, 9,0—%:9,,)da>0,
Y

the conditions {13), (14} will be fulfilled if we take

(17) =, =B ==(C, =0.

Taking into account (17), the equations (7)—(12) become
D —p(n—1) AP =0, m P —n(n—1) 4w =0 in S,

1B, =(n—1)[(n 1AMy, ~Cu1t2— BP Ma)n,
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i, = (1 — D(nwdM e, —C,yo— B Pa)n, on 45
and
AUP2 =0, ADP =0 in S,
[)['gn—m=—~(n—l)[(‘1‘"‘““ Tao )i A (A )i+ mly=P) B-n n,],
py — 7t
DOP-5 ——(n—1) “=Z Bip-bu, on 0S.
py —=*
The solutions of thesc problems are given by
i [.‘[n—‘.‘] =(n— 1)[nA‘"’u‘“*+(C,._1a—|—Bg"—”A).r,,]~|—A',-,"—=’+(— 1)Pn_s5,
P =(n— ) AP 9" +{(Cas b+ BF VB x, 1+ By,
as) | Ot ) s g —Ap = T i) c

:J_T_-Z

y—2 .
| 0= ) B pu-ny, 4 By,
py—=*

where M, 9% and #f®, o arc the solutions of two auxiliary plane pro-
blems defined by

{ ~p\,v'—7\85-—-—0 P-,,;,v (083-—-0 in S:

5 T ¥n,=hzgit,, wn, =coxgn, on 05.

We have
(20) _L‘r;‘;-’,’da:(), j;p‘s‘?,’do=0, 3_’75:‘,‘952(10 j;_ By, de
and
= —n(n— 1AM +2{(n — H[(ra+wb)Cp s+ (A4 +oB)BE™],
(22) {m‘ag‘z’—n(n 1}4 i"é‘ug‘g‘+2(u—1)[(ma+oc.b)C,,_l—|—mA—!—ocB)Bg"‘”].
The case k=n—3 From 13 (a)—(14 b) we have
(23) Tpy =BV =C,_ =0,
and the equations (7)—(12) arc
1= — (5 — Y (n—2) AP =0, mGR» — (n—1)(n—2)A7 Y@ =0 in 5,
103, =(n—2)[(n—1)rATVx, —Cu_oh— BY P 0]n,,
min=3n, =(n—2)[(n—1)wA 40Ny —Cy_s— B 2], on 39S ;
(e — =) AU — 1) — APy =l wlr—B)o
Sy — mu® — [ 2my— (0 2m)m)5} =0 In S,
DUP= — —(n—1)n— 2) AP [ =B —1)3 I — (n —2) AT —
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Ty a X)) (AP o, Ly w{y—
woaXa) i+ (AP TV i —-—-E-) By, on 84S 130 A =0, 7,..=0 {nz4).
wy—nt ‘ B . _ .
(v — =)ADPY |l — | 2y I'aking into account all the above results we find that the displace-
: J(n—2) AP [(pB ) pfl - up ) — = — ments and the rotations, up to a rigid motion, are given by

(po—rm) 5] =0 in § 1
- ¥ S, .
W4 (g gae--bael) X AN G - d X A g,
: -2 6

i, = PP gy i

a
_'1.".' —
P

'J.\:' —_—

(n—3 Bu=—vt
DO = — e (= 2) [ — 1}V P+ BYTP ], om 23S |30 a) =(y—p5) |
’ \ iy =T TR g vy — (i, )N = Aex %,

oo A {aib-+ b, B) x4+ NGRS 20 '

The above problems have the solutions
?;—{T.,
(30 1) fy==

f Uéﬂ--il) ={n 2)[(”—" HA i,""”:f‘(,”’ -+ (Cn_qfl_l_Bgn—z)A) v, ]+
— - : p
F ATV (= 1Prsx, (B#¢), g = A — 2T by bars,
QP =(n—2)[{(n— 1) AL VM 1 (Co_ob+ B~ B) x, ]+ B2 T
-] ]

where
“p —"—-2.4[;3), .‘1;-"0-";31, b .le]] ‘I:‘=C1. T="T

(24) UPp= =g (n—1){n~2)AM,+4 (1 —2) [7,,,2:9 — APy, —

_m{y—8)

are arbitrary constants
e stresses and the couple stresses,
(30 b}, are given by

Bi,“‘z’.ru] + Cas, corresponding 1o (30 a) and

py—n?
\q)g;-a) =n{n—1)(n—2)A"Y¥,—(n—2) Bu—nt BUDy, 4 BP9, i -(u.,J-.»l\,_\'n)(-.‘i_‘;‘-—').\'\,‘,- (not summed over 2},
py—=* 0 =ty cAyta) (58 — (- 2u) (224 b 20h 4 7ok 2u)da+
The functions and ¥ o ) an dy-riedatL~a ) Ny e : wids;
27(9 . are defined by the following value problems (31 a) (20 C2wBA-o+27)s,
(py == Ayt (py — =)+ =y — B)oil )z (dy+ Au¥a)7ia
rr a == =+ Slydalb2e
Ayl — @ — [ 2y — 0 ' R : :
(25) : [(( bIr=(o-h2m) 7l2p =0 in 5. = Tuize (= Pral B Ce © ) 4= (et 767
Dy =— [11\'."’ -+ ;,’,_Tﬂz) @&”]nv on 45 ; “,1”=(a‘,+;}\,xa)(g§,‘,‘ —wy,)  {not summed over p), : -
i — . Mgn —{ity = AuXadl "‘f‘— w2wyyy | H(2ud L 2ot 2Rt 2w+
(wy—m) A+ (uB—) - O+ —7:§ —(wo—Im)x,=0 in § et IR Rl r e
(26) § g _ BE—R ‘ ° ' 429+ 2 B4y)0s
LI o a . “p) v on 4§, | [
gt (311 mys =={dtyt Axduld {s#9).
1 : ' i T 1 u) l w1
_}i?e functions y, 'nd ¥, =xit t. We call them the bending functions T :—.::yp.p-{—(—I)".\‘ﬁ]—‘i—:l\,Ln(y_\,,p—l—zrb )+ v,p+,@:p§,’_1,
(27 he cise B=n—4 From the conditions (l3 a) we get mnpZT“[?.pJ‘(‘“l)o-\"s]'i‘"lv[f('/_v,p‘l’”:;"'.' :'Bll‘v,p'{‘"(:?gnl"'_
) ALy, =0, (=B i@ =270,
where A e
\ Wy
(28) Ly =ITuf 70+ i) =Ty +~5") 1do. In order to prove (29) let us consider in (30 a), (30 1) and (31 a)
B it (31 1), a0 and o, =< w=h, =ity =0. In this case the deformation cncrgy
GRS of the beam is given by
(29) L, L..—1I3% =L,L,,—L330 Wiy, a.) = Bl a2 Lt gt L aad),
where

and the rigidity of torsion D=0, from (27) and (13 b), we obtain Iy ={ (58 — (n-F 20} Yol 5o Loy =Too
s
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It is a itiv . . .
we havs positive definite quadratic form in 4, and a,.

Consequently,
Il —13,#0.

On the other hand, from the equilibrium cquations, we obtain
ftorda=[[(t:s%).14 (tasxp).z-l-(fssfl'p),s]d0=sﬂaa,nxpdcr= A8~ (A 2u)n ]y o,
and at last, using (31), we get

ALg=A,T L=l

viupr
In this way (29) is proved.

The arbitrary constants a,, A
by the end conditions

vp*
er i, @3, v can be uniquely determined
R, —gtasdﬁ. M, =(—1)#[ts3%5 do (3% ),

s

iwa —g(tlaxg' tzaxl) dO’, ..’\’,- —_g?ﬂ-ai dd’ on x, =0,

R, M, N, being given.

Then, the relaxed Saint-Venan i
. len, h - t probl 1 1
cides with' the Sepation omon [3]1. em has a unique solution. It coin-
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RECENZAN

AT MONNA @ Afethods, Concepts and tdeas in Mathematizs . Aspect of an
Erolution, CW1 Tract, no. 23, AMathematizal Centrum, Amsterdam, 1985 @ 1V 170 p.,
{1 26,40.

Cartea prezintd uneie aspecte ae ovolujiel matematicii considerind tencinta
de a.gebrizare ca fundamentala. De acvea, prima parte & caryii usle consacratd
cudiului acestei tendinte, pontru ca abia in celelalie doud partl sd se studieze
istoria unor probleme de existentdd 51 s se caracierizeze perioada modernd de dez-
voltare a matlematicn. Comentariile sint intercsante, argumentatia este hipe con-
Ausi de-a luagul celor 170 de pagini

Mirela Stefanescu

JEAN-PERRE SERRE : Qeuvrcs-Collected Papers, Springer-Veriag, Berlin, Hei-
drlberg, New York, Tokya, 1986, vol. 1, NVITI 4596 p., vol. 1T, IV4T740 p., vol. 111,
IV-+728 p., DM 3U8.

Aparitia acestor trei volume continind opera matematica a cunoscutulur ma-
tematician franrez J. P Serre. membru al Arademici Franceze din 1977, sc inca-
dreaza in linia promovatd in ultimii ani de cunoscuti editura vestgermand Sprin-
ger de a eolecta in volume articoleie st memortle publicate 1n diverse reviste
de specialitate de citre matematicieni cu contributii notabile la dezvoltarea mate-
mati-ii contemporane. Cele trei voume de fald, realizate in ceaditit grafize exce-
lente, contin aproape In intregime notele, articole'e, memortile i unele seminarii
ale autorului. Din metive evidente nu sint incluse in acoste volume cartile sorise
de catre autor. Primul velum contine rezuitatele autorului publicate intre 1949—
1850. Aici trebuie si mentiondm teza de doctorat intitulata ,Omolegia singulard
a spatitlor fibrate. Aplicatn®, prezentatd »i publizatd in 1951 In continuare preocu-
parile autorului sc axeaza tot po probleme de topologie algebricd, teoria categoriilor,
geometric algebricd. O mentiune speciald valabila pentru toate cele trei volume
consiii in prezentarea rezumatelor cursurilor tinute de autor la College de France
de-a 'ungul aniler. In volumul al doilea, continind tucréirile publicate Intre
1960—1971 sint zontinuate preocupdrile antevioare dar observim si1 o deplasare a
interesului autorului cédtre functiile de mai muite variabile complexe <i geometria
algebricia p-adicd. In sfirsit, in al treilea volum sint adunate articolele publicate
intre 1072—1984. Mentiondm cit intre materialele neincluse in acestc voiume sint
cele 11 carti publicate sau aparute sub forma multiplicatd, fearte putine note si
artizole {unele au fost deja publicate in vo.ume asemdandtoare ale lui A Borel si
S. 8. Chern), textele conferintelor in seminariile Bourbaki, 1. Cartan, C. Cheval-
ley, Delange-Pisot-Poitou, Grothendieck, S. Lie, inmuliirea complexi

V. Oproiu

S SHELAH @ Around Classification Theory of Models. Lecture Notes in Ma-
thematics, vol. 1182 ; Springer-Verlag, Berlia, Heidelberg, New York, Tokyo, 1986
VII4279 p.; DM 42,50

. Cartea entinde teoria clasificarii in diferite directil, de exemplu pentru cuan-
tificatorii generalizati, pentru predicate, Se studiaza apoi diverse alte probleme le-
gate de clasificare, cum ar h existenia algebrelor Boole endorigide, multimilor de



