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SOME REMARKS ON NONLINEAR A—COT\'TRACTIONS

BY

M. KWAPISZ

1. In the numerically oriented literature. constructive guncra‘lizations
of the well known Banach contraction mapping principle were formulated
se 31 51, {93, 1 1 — [14], (17}, (201 - 122}). These gvneralizations
were phiained by the use of vector-s alued or abstract valued distances
instead of roal valued metrics as woll as by the change of the lincar Lipschitz
conditions DY ponlinear ones.

On the other pand in the literature devoled to the existence and uni-
peness problems for different kinds of funclional cquations, the tesults
mentioned above were and ase still used (see [1]. [6]. (107, r12j—[uel,
'L1S_'~[19]). In this case the following question arises o is it necessary 10
use more sophisticatcd contraction type theorems than the classical Banach
contraction principlc? As Bessaga's result |27 shows, the answer 1o this
question i3 no (at least in (he most cases). peeause of the nonconstructive
character of Bessaga's theorem, {his answer cannot he considered as satis-
factory.
The purpost ol the present paptl is to exhibit the cases where, by a
suitable (constructive) metrization (of the space in which the fixed point
problem 15 being considered) the Banach contraction principle of its Boyd-
Wonegs [4] gcncm‘li?,utinn ecan be applied (cf. also 2 further generali-
gation in [8])}. For the simplicity of our considerations We will confine 1o
the fixed point prohlemsin the so-called Jom_metric spaces 1. An ahstract

version of these 18 10 be derived according to the general ideas included
on (3] or [18].
2. Let R™ be the subset of all nonnegative cloments of k™ L™ is the

real m-dimensional coordinale spacc with the usual topology and the com-
ponent—wif,u pnrtiul order, 1o (\',,)C!\"", g = R iff yp— ¥ =t
| .| is any norm in R™, for x, yeER?, ¥= (¥t e R A =y, 3
L oxg v iff '€ V=12, .00 vy iff ¥l vl Here o denates the transpose
of ¢.

A sot X is called an Roouetric space (201, {215 22 if there is a

- mapping ¢ ¢ X —» RT having the properties
d(fiy) == dix, vpedix, 2} -d(v, )

for anv v, v, 7 =N, (the symmetiy property is implicd by these assumptions).
| For (v,) &, xpeN, weput v, ilt d{x,, X)—0. i—aon. The R™-me-
tric space N 13 called d-complete iff any J-Cauchy sequence in X converges
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to some y&€X. (A sequence (4, <X is d-C g
there exists ¥ €8 ={0, 1, ...}(éil)ch A Iy d-Cauchy il for any <= K7

. d(‘:n‘p- 1:»)5-5
for any nz N, pal,

We say that a mapping /: X-X is an A-contraction iff there exists
xists ;

nondecreasing ing 4R
1 sing mﬁgpmg A R%-+ BT such that
i) (1) = RY, = Alng) S A )

i any y :xists i
(i) for any ¢ = R% there cxists the maximal solution m(g) € R? ¢
h

the equation

(iii) m(0) =0 w=A()+gq,

{iv) for any ¥, yeX d(f{x), f()<Ad(x, ).

Theorem 1. If (X, d) is «

3 1. AT s a d-complete R™-melric space ak XX

'.}l:s Ear)\a < -{:;)qlm}&clh.ou, ihc::_ there exists tn X a wnique fia.’e:i?)o-z’tniﬂg’fi Oﬁa}r T}:
I i s e fo f¥, Jr==f. This fixed point is the limit of the sucw;s{w'

approximations (x,)CX, x,="(x), n €&, for any xeX

Proof. The proof of the assertion of the theorem for £=1 can b
: 4

found in [13]. Clearly a fix i
: a fixed point x* of fis a fix i :

w ’ ¥ P : /is a fixed point of f*, &=

Sofn:ezd_?n}} to prove that f* has no other fixed pI:)ints. S{:lppf;se lt’he?t' for
: =1, 2, ... there is another fixed point of f* say y*. Then we gg
* A, ) =d(f(x), )< ANa(, 57).

Let m* be the maximal solution of ihe cquation

- a0 =A(a)-f-d (", v}

learly m*zd(x’, v*). Put uj =40}, 1S9 ug=m" i

13N 0 for i— 4o, By induciiit)ln \t'e(gg{ FES ug=a’. Tt is casyto sec g
. d{x, )€ upy<ng, 18,

and t}jl_\}%”:m[;‘hgs tlimt ff(x*, 3"} =0 what we nced to prove.
emark 7. Put A(u) ==Pu for some m X m matrix P with nonnegative

entrics ; then the conditions (if) and (iii) hold iff the spectral radius o(P)

Of ﬂlC airl Bl ]C 55 T . aky -

Remark 2. If X=X, xX,% Y

) N =X, 2% . XX, where (X,

metric spaces, then (X, d) is a complete R"’-metrig s(p:gc .
d(x, 3) =(d"(x, ¥), ..., d™ (x, ¥)}', d'(x, v) =d (3, )

vy AT ==, L AT '

Fixed point equations i
in such spaces fre ise in investigati
svstems of functional equations [P;], {6], q:l()C'nt?;Qa}nse Iinscssiestignsicy

It 15 Cl(“'d h p o ) ’
d ric space X { S MK ll lh:ll)le 11 many LLasS

o Tt t()n j !llCt B 1 f IST ‘
L.g. wWe Can lal\C fol a Inetll(- mn A (

for x=(a1,

L]
d"'(x, ) =T d'(x, ¥},
=l -
and j 3e .
e ;Onzga Unfo}itunatcl.\., under such a metrization of A, the -contrac-
Boyd -\\'onn’zt Mc a clz}smal contraction or a nonlinear céntraction in thé
g’s [4] sense. However, there exists a metric on (the R™_metric

d'{x, 3} = max [d'{x, )],

15i€<m

—

e

o
-

are complete §
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Spice) X with respect 10 which f beeomes {classical) contraction. This
15 implied by the following. 7 o

Theorem 2. (Buvssagd iy I fe YoXN, XN ois o« sonemply set,
od any fleration fF k=12, of f hus wigie fixed point, then for eaclh
z (U, -I) there cXists complele wetric dg in N such that [ s a contraction 1
\ qeith respect 10 da _ o _

fn view of Bessagu's theerem the result contained in Theovem 1 i
cquivalent the Banach contraction principle the following sensc:
f the assumptions of the Banach contraction p{'m(‘lpl(; arc satisiicd then
jor m=—1 and Ay ==u, 2 e(0,1), the assumptions ol {heorem 1 hqlc_l.
Conversely, if the assumptions of Theorem § hold, then {here exists & meiric
on .\ swith respect 10 which fisa contraction and the assertion of the Banach
principle holds. . . _ _ .
Unfortunately in the general case we cannot find dg 11 2 constructive
manner. But there are cases where it can be done. The equivalence mentioned
far the case of [rcontractions was established by Boh 1 (37

3. In this scction, under some assumptions, we reduce
the following result: ) )

Theorem 3. (oY d-W o ng [4]). Suppose that (X, ¢)
metric space wid the mapping [ N X safisfies

S(f(), fO)) < plelx D). B Y =X,

where 0 Ra— He ds @ wpper semicontinucus from the 1"55;’111 function zm'tif
(1), (=0 Then [ has a wnigue fixed point o and fHx)—x for cach reX
‘ Vow we can formulate . o

Theorem 4. Sitpposc that the assumplions (iv) s satisfied, and there
exist be R2, b>0, as soell as an wpper semiconiiuens from the right function

L R Ry with
’ A<y b, 2=l >0

Lhen there exists a yeal-valued metric 9 in X such

Theorem 3 hold. .
t)'-’rog)f. According to the general idea formulated in (18 (sce also

"31) we deline 2 by taking
. (v V) = max [-—-——-—it(x )
. cigm U8

where d(x, y) =(d'(x, V), -, 7R Wy, h={, ...,.b'")’. )
It is clear that pisa fetric in X and that (X,g)yisa complete metric space.

By the definition of ¢, we have
dix, <y b, x, yeEX.
Now, by of the monotonicity of A and condition (iv), we get

d(f(x), fon< Az )< Aplx. ) B <ole(x. 30 - &
2(f(x), f)<ap(x ). ©¥ X,

what we need to prove.
Remark 3. The assumptions of Theorem 4 arc saticfied if there exists
beR™ b>0, such that

Theorem 1 1o

is o complete

that all asswmptions of

3

hence
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0] Ay <b,  A{b)y<tAd), 1>0.
Indeed, if we put
4
o == max -(igﬂ-)—n<1,
1<i<m bt

where A(6) ={(A(8)Y, ..., (A{E)™)! we have
ADy<al, A@by<t . Ad)<atd,
which means that in this case o{f)=at
Remark 4. 1 we assume that the condition (iv) is satisfied and there

exist v € RT, >0 o : Ry-> Ky and an upper semicontinnous from the right,
function such that

VA< ob'y), )<t 1 >0,

then there is a real valued metric 5, on X such that all the assump-
tions of Theorem 3 hold. In fact, if we put (see [6], [10])

pe Ry,

pu(x, v) =bd(x, v) = Z b'd'{x, ¥),
fe 1
one has

e (f(x), f(w)) =b'd(f(x), [(a))<b'd (d(x, M))<o(b'd(x, ) =2(p.(x, 1))
what we have to prove.

In the case A{u)=Pn, if o) <1 then therc exists $€RY, >0,
such that P'ugwb, a<(0,1), and we get

b Pu=(Pu)'b=u'Pban'b=ab'u, usRY,

Le., o) =af.

It secms that the result of Remark 4 is more natural than that of the
paper [10], where the concavity assumption appeared. On the other hand
the result of Theorem 4 scems to be more convenient in applications than
that of Remark 4.

4. Now the question is how to find an clement dsRY, 6>0, for
which (") holds. There is no problem in the case A(w) =Pu (sec Remark I}
and the mairix [7 has positive entries. In this case according to Perron’s
theorem [7]) there exisis a positive cigenvalue » of P such that o(F)=r
and the corresponding eigenvector v has positive coordinates. Now if r=
=a(/’) =1 then we can take & =v and we get.

A{w)=Pv=rv<v, A(lv)=P(tv)=i{DPv,
that is, o(f) —a(l’) . t <.

{Note that, asa consequence of the continuous dependence of the spec-
trum of the matrix on its entries, the case of a nonnegative matrix /I’ can
be reduced to the mentioned above case). Moreover, the converse is valid
too, that is, the clement &= K%, 4 =0, fulfiling (%), exists if and only if o) <1
(see [3] and [7]).

In the nonlincar case the vector & fulfiling the condition (*) can be
taken as the maximal solution #, = R? of the equation

a=A{u)+te

i>0,

r 21
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. . : iats and has the pmpmt) i
. s k™ ¢0, if this solution ex1 ! gt s Bl
for S()T?Af(?(;dfgr t>+0 Because it is rather hard to find the clement .
i e ) : H e
iilq(:::;%ing e continuity of A we producc the sequene

tpe =A(u:) ke

and 1t =d (") +e
o and so wc can

wy=c, 1E at.

Conscquently # = A{u™)

It is clear that w S, el

and therc exists an index 1, such that i, = (1t,),
if A (tm.)ét,li(uio)_ for ¢ >0. -
In the special case A{u)y=Pu weg

tl~=§‘a Pte, (I-—P) “-,-=(I—P'“)8,
' s=0

it 1 that 17 o <! and
(here I is the identity matrix) and it is clear that Prey<tu if s{I")
the index 7 is sufficiently large.
5. \We sav that the mapping
£17] if there exists a monotonically

h that:
" (i) for cach

equation

(ii') m(0) =0, .

(iii") for any %, ¥« o b .

A(f(x), N Ad(x, 3), d(x, f(x)), o 0 d(x, f(), dlx, fx0)

' - 1177 it is proved that @ . . .

o Ial’l iizeal’;_lzgm[r}lc]tc’ ]wt_l:llctl'ic space an’d fis a gf:ncu}}l?g;l ;C;ott; 1{ .

1f, A ‘1 ?n fhasa unique fixed point o in X m}df‘(l)}? .x) B Th.{‘owm

o tI}L ing the same metrization of the spasc Nasint de pr S
41t 1s (Sasxg to sée that : if therc cxists beR® b>0, andac e

1 casy :

decrcasing function 2 R% - R+ such that

A(td, £, tab, 1, 1)<l o

e lized A-coniraction
fiN=& 8 A BN Ry — R

continuous mapping

1sts ' ion m(q) of the
g€ R% there oxists the maximal solut (q)

w=An, 1, u, 21, 1)y +q,

fa, fh tb) b

o oft, 1,1, @i, auy<t, (>0

for anv 4, t€ R+, i=1,2,3,45 a, c'tge{.l, 2} with a,ta,=2,
mnapping f is a generalized »-contraction, 1.¢. I o
o(f(x), FN<wlp(x ), o(x, f(x)), oy, S, r'(xi' I{‘d,forai,nst;mcc .
and the cxistence and uniquenes results can be establishe 3
the result of [8].
If we suppose that .
A( 1y, e ty) = 'EsP{ TN

1=

then the

. -
i i ere exis: b=RY
gative matrices such that th e

where #, arc s X nonnc 7 propcrtv Dbt e e

b0, and nonnegative constants o having

5
olty, ooy Is) = B it
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and a suitable existence and uniquencss result can be established.
Note that if we use the metrization introduced in the proof of Remak
4 then we need to assume that A, & and 9 are such that

b Ay, 1y, s, Ha, ) <oy, Olis, Dlitg Ilay, b'uy)

4 m
for any u, <R
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TAYLOR AND COMMUTANT SPECIRA

BY

TDENTITA OF HARTE.

RAM U. VERMA

ting system of
. ot A=(dy .'l,!) be a -‘commu S e
" mtr?dugtlgﬁ;m‘rs on a ccgmplcx Hilbert spaLLTIII .nLeﬁ] i,(C{) 1)11mutant
bounded hnul; {)1 pounded lincar operators on H. 1e LU i
{he algebra ot ai | Kklv closed subalgebra of the algebra & D e
(A o 48 Sy midtl[: idvr-;tit\f 7. and the double commullm; ) T
cubalgebra (1) n{g 'ﬁcli’ll{ subalgebra contalning (.1 l\“(-'lt;nd (:1)“_ =
S e 'ld' A (c.u'mi"ebra of E(H). Note that ( )’ N
s e now de "'? the various notwons of the ]0 .1‘1 iy
A L commuting system A=(d; ) a
i be defined by

15 :
where | 4

mutative. : ol
rm:; the joint essential speetra for o
acnl (H). Let s (1), the Harte spectrum ot 2.

of(A) =gt (AYUo (A |
ctively, the left spectrum aI}d the !rlﬁl)l)t
I:urfﬁcrmorc, let ot(d) (.1cstp: 1;1,§pec:
p T, denote the commutant {resp- commutant essentid

D _‘I 05 ])E .],. S .n.ll,.‘] 5 ECt!. im 1]_': ]C]\'UO]‘]] 1',31 (resp

ash [' 5 1880 U ) [ : 1 .

(dl.) ’ CLtI’Uln th.(.— ld\h)i (iL- !I- I d.\‘l(.)[ s .EClltlal) ‘-pCC'
~ 1

denote, Tespe

1y and ¢'(A) denote, Teoy
)frl.'l (sec T11], (73, 130

1
where o' (-
spectrutn 0
for 1 =1,
trum, the .
polvnomml gssentl
trum of 1.

Note that o',
ting system.

o« p (& o3 1) [)f
1 14 Jl[lillul \1“. ape tl um (- - )
i .. -:(EC ( 'h[l(. C 15 th.C ﬂ—dll'ﬂ(ll:"\lﬁnal COHl[)lC
( 1 [ )

i 1 being A commu-
o and of can be defined even without g

of all z=
such that
(4Y.

L Ea) B

1 is defined as the set
x space) f

ontained in a proper {two sided) 1~di‘zi 0

»(Ayof Ais defined as the set of allz ={71, -

A,

(.1 i :i) # I.

t_h..C sct {"11‘—31'}1&"&" is ¢
The Dash spectruint 6.
eCn iff, for all By, -0 B, in (

W
ey B2

. . ) .
' ; 4 is defined as the se
ate point speetrum ax(d) of s defined 55 Neetors

The xim )
B C" such that for some sequenc
]

of all z+={%1, -+ ) E
in H,

.

—0 (k—wc), 1==1, ..\, . .
itt OEo"(E(Ai—-zi)
1

(‘.1‘——21) Xy 5 o

Remark 1.1 Note that

(Ag=-z))-

25(21, ey



