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and a suitable existence and uniqueness result can be established.
Note that if we use the metrization introduced in the proof of Remak
4 then we need to assume that A, & and o are such that
O Aty Uy, ny, g, )00y, bluts, by, bluy, buy)

for any #,=R".
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1 commuting system o
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The mutant
srators on [J. Then the commuta
t:ll)'r‘a of the algebra I_.(H)(c;;lllft::}nznlg)
ble commutant (s) 0L
o (h:lkiln)uc((.‘-l) and the identity 7,

A =(eLys o )

|, Introduction, L a complex Hilbert space

inear operators on a
bl::ﬁof aFl bounded linear op
is a weakly closed subalge
and the identity I, an o
- weakly closed abehan subalgebra ((}Hldl g (4) an ad ()" are
a weakly he closed subalgebra of I’.(”)' Note ¢ J R
o (-'l)'l?'t{(\.’- n~0\.\' describe the varous .HOHOI.lﬁ 0 o o T
c011{n1n!lllait(1);1; vs:&\li'\l speetra {or a commuting system A=y
and Lac ] al ¢

1 by
L{H). Let s¥(d) the Harte spectrum of .1, be defined b
C AT ) - £ 4 g
a¥ (1) —=g' (YU (A)
ight
: ively ft spectrum and the rig
e, Ies cctively, the le ! e ey
where o' (1) anld q"(fi)_ Id;’,_ﬂo_f]' ' 5P) Furthermore, let o (‘tl)cgile";ftri)ul;‘gpc)g_
?PCC_'u-ullﬂDOfp" 1’,(5?1(;116%-1]{(‘ 'corhmutm;)t (respig'Ct(;;nntll?(:m;oly‘ﬁomial e
OV 1 =0, 20 37 ol (resp. Dash cssential) specti he polynormial (0P
trulm’ 12‘:1:11 ?::(}:1ti(-lif)br;pcctrum, the Tavlor {resp Tavler ess
pO }'ﬂ.() i <
trum of 1.
Note that o', @ and &
ting svstem.

) u dll‘ Q[l(',cll“n [+ "1) 0[

: 5 b 5 5

-ll"\" ‘.(In]]lt . o
I y n g c-l 18 tl ¢ d A1 S l C

-nl E(J (\\h(‘lt 3 1 n 1M Ens i0na 111

i i - (two sided)
1 35 is contained in a propet { eat of
B “‘;11{1) _sia',s[;‘jtnr;n a? {A)of A1s defined as the set of all =(z,,
e Dhas : f
e iff, for all By, . B, in (A)",
(=) # L

bouu(_lcd
the alge
(,l}' of ({)
qubalzebra ()
is

i ; 1 being 4 commu-
H can be defined even W ithout g

. tofined as the set of all =
As d;fuu,:ﬂﬁ?x space) such that
: ideal of (4).

AL

Ryt
~—1

| is defined as the set
point spectrum sa(A) of A H‘_\:,_} e

The approxumate L ol wence |

of all +=(7,, ..., 7} €C" such that for
in H, :

.

4] 1, 10 (k—m), t=1, ) ‘
(‘h VEE T i{f OEGI{(Z(Ai—zi)
1

4 % |
Remark 1.1. Note that z={%n =) S0x(d)

Ld—x)).
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The point spe
e(C suchlthat ff)(}))('(:tmm o,{1) of A is defined as the se
PR erSE)m‘c non-zero vector x in ff (.iLt (if allz=(z,, ... ) &
2. is easy to sce that ('~ ‘ r"_.,:)) ¥ ({)4 =1, .. 4
B A 0abg E Eo'p y ) ]ff :

0 €, (E0(,— ) (A —2).

A p lnt —'(a]_ < £ pp « l pades .1 ]['|
O z ey EC 151t a I 1t COMPression sNeg tIu
( . ﬂ) 13 t]](. X1 C 1
L q ienee 1 "’.‘.} Of ur ”. Vel 10 S 11 I{ sU (]’ h t
g 41’ Of ‘I 1{{ ”1816 e lS[‘S a& SCau 1 E ch t d
| (Ai"“zf) 3’1 |—>() (A"‘“"CO) 1—] 1t

) aery

Remark 1.3. Tt |
Furthermore, we is well-known that o'(.d) =o,( .
The Porlvr\:oemicle that cr"(‘l)U‘;'(A)CO'D((:‘?) a?;d(A) ‘-lmd ol oA
N — T spectrun 071} of L is detined 2o fallons s
Ay ={z=(z,, ... Z‘)Ecﬂ-p()e 5 10ltows .
T  P(z) So(P(d)) for all .
The Tav polvnomials P C"—
:(illor spectrum, a7{.A) of A is defined as follows : ™
g = S
y={z=(z1, ... z) €C": E(H, A—z) is not cxact}

where E(H, 4—z2) d -
(see [13]). ) denotes the Koszul complex on H associated with
) Remark 1.4. T . ] “ A
sion relation he above notions of the joint spectra lead to the incl
‘ > the inclu-

)
)

sHA)CeT(A)Co' (YU (A)Ca™(A1).

All these r 1
se notions of the joi
Opel‘ati)r as well as in t]ujlfz'{géntfs})ectm do coincide in the casc of a sl
R . ht of operat L 8 C a singl
Next, we define the B perators on finite-dimensi gle
relation the Harte essential spectrum 61}1(114&)1151?:1;‘;1 spaces.
e |4 of 4 bv the

of(d) ==al(A) C o3(4),

where a;(4) and o}(
. lenote g
the 1'101:1; -,G"({) ¢ ¢, respectivelv, the left ¢ .
1 _(Ahl : CSjC;lf}dl spectruin of A. For 2'1;*ta]i(l- 1<;£tp Lssentla} spectrum and
nO!‘I—em‘ t", “n 15 cssentially commuiing 1'11,,' ) (6], [9]. Aloreover, if
RE]?I}(I ;OTgac\t subscts of C" . then ge(A), oi{d) and ¢)(A) "clrc
vk 1.5. Note that (z, .. ‘
ani (r : r ; at {5y, o, mayeal{A) 1 -
(Fe' - ~fn}l€°e(A) iff 0ea£’1(2’;(,-1’) ..jf‘-(“l) i ?‘Ef’f(li'(fl,———:,-)* (A2
emark 1.6, We als LAg=2zi) (Ai=34)"). '
e Cl:\ac ::]1:3 note that of(/l)coi.r_{))COP(A)CGP( )
spectrum did coincide witl Tla kaguchi [3] proved g
of normal onerators o ,“'t.l the Dash spectram for a ¢ that .thc Taylor
a connection bet\\f;:;wlil lll E:I!lbcrt space, whereas C u r t«oco?_:mutmg system
Equivalently, we - 1"f I-‘Im't" and Taylor spectra for ) has established
space, that - . rite, Ior a commuting pair . _(A.: 1 I(.c;mmutmlg pair.
’ ’ 3 2l;) on a Hilbert

a®(d) =s"(d (.
Y =s"{A)UU{C : Cisa hounded componant of €N\ «"() and
. AN () an
CAsT{1#D).

A similar expression for its essentiz
s essential analogue holds

_____.....-—-——____,__——-—
IDENTITY OF HARTE. TAYLOR AND COMMUTANT SPECTRA
o —— 2

3______—_- e

|
\\

he Harte speotrum s"(.1)

in to prove that i
(Ay, o A

T(4) of 4 when A
¢ on a Hilbert space H. And,
ides with the commutant speettim 5'(4), and
which teads to the identity s (A)=aT(-1) =), Furthermore, we remark
that the essentinl analogue ol the spectral identity seems to be a reasonable

conjecturc. The obtained reselts complement the spectral identity of Cho
sucehi [37 for the Tavior and Pash spectra of @ commuling

and Takay

avstem A =(Ad. - .-l")CL(H) of normal operators.

' \We recall and prove some supporting results for oufr main results.
Lemma 1.1. (D& sl [7Y. Let -l =(A 4 AL be a svstent of

o perators. T hen

[a) at() =al (AU ),

and lence

()

aper
Tavlor spectrunt &
normal operator

The aim of this p
of .1 coincides with the
{5 a commuting svetem of
the Taylor spectvun colne

(ll) 0'-(."]) :Gz(l)uap(l w)«]

(1) =of(:1)Urs,,(.‘l)UG,,{A*)*.
(Cho and Takaguc hi [3)). Let A ={d,, ... 4 C
ngudar, then

Lemma 1.2.
c L{H) he a commling svslent. f A =(A, Ay is non-si
M I M and AT - A A5 dare inwertible.
(Cho and Takaguch i 3. L A =(dy, 1l C

Lemma 1.3
C L(H) be u conumlt

ting svslem. Then

s (AyUm(A) CoT ()

2. Main {ormulac
conumuinng normal ope-

Theorem 2.1. L A==(dy A, C LU bea

ralor systent. Then
o1 (1) =an().
e that o' (d)Coxf{d)- 1 (0, ...0) €a.(4),
ident that for each 4, k=1 ...

A (S ) A

Proof. l.ct us first prov

then Stdid s invertible. 1t is ey
(0 ApA)! A=

i1

e Ay e for gach j=1,.... 1 and

It follows from this that ((E’{.i;.-if

satisfies
L (A Andn=1.
0, .., 0)&a ().

suppose that = ={z1, oo Zn) eg.{d).
l'.’l'(.-ll-—:,-)*(:l‘-——:,-)) (by Remark 1.1 and
(D, 000 0) 56‘(2’1‘(:1 5'—71)* (."1 i—‘:{)
This completes the proof.
we arrive

(End; At Ak

implies that {

Therefore, this in tury,
erse inclusion,

To prove the couv
This implies that {0, ... 0) e’ {
Remark 1.3). This, further, implics that
(by Remark {.4). Therefore, (o ) €5t (e)

Consequently, in view of Lemma 1.3 and Theorem 2.1,

at the following result.
Theorem 2.2. Let ,.4,,}(:1,(1{) be
normal operalors. Then

A=(d,, - commuting system of
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a7 (A) =a'(d) —aal.l
Corollar\' 2.3, 1 =(.1 o
iwertible on H. o

Theorem 2.4. [
. 4. Lt
normal gperalors. '['lz:w

atf(d) =o. ().

Proof. To pr

H : prove the theotem, it w

sH(A)Con(A). theorem, it would be sufficient to establish th
stablish that

; It (0 0 ]
if (0,...,0)=g"(:1) L 0y €6P(d), then PR,
r ey 5 -, 1] N . ":l‘ i1 15 1ot 1 o111 .
that there cxists(n )ﬁ.c:]l::‘::p(.or’ A O)E?”(L?"ii-l,—'). Thus itl }'gl\lut.l_hk' Hence
0 as k—x. But ¢ {x;:}of unit veetorsin H su.(:h that O‘(‘\h»ﬂ f!rp;n) this
' k3 ‘_,1{ ‘.Ad ; ,“

I N 4

. ‘-["'\‘}.‘ 2__<“:II'11'» ‘11.\.‘
Ajdx, x '

e "-"l"".l'v ’-I”'tk A% o

T o "ln‘lra\x, AP : (!!:"{l Lo
< (A3 : et i) v
Ao e ‘.4”‘.{”) O
Le., & / "
st S0 T 5 -
=1 (Rl = (i.—]."lj‘-l') _1;

L

From this, 1t follows that X

A >0 as h—o ) <
as k—o for cach 1, Ig =) s 0 as k—x. lTherefore, T vy -0
ool , Igiga. Henee, (0, ... ) €a.id). Tl R
. =), This completes the

theorem.

Theorem 2.5, L
normal  operafors. ."I:c;z bt

\O'I T © i dtlo Q) ] 5 1 ‘! v > \ [
L \ 1 (1111})111' 4
n h(.[ rems 2-2 Ak 2 ki tl’
[ I 5 5 1 1 I

w, 2l '
YCL{H) be a comumuding sysfem of

GH('l) =11 (|) =5t ().

Remark 2.6, 1

B 2.6, I we ¢ : 5

T i ¢ combine T .

52(A) (3, Theorem 2. we can \\l'r}ilig?n-m 2.3 and the identity o7 (d} =

(A} =t (A)

ok .1) o (."l '-
0 Oll ¥ ! R P -
c ) ar 2,7. L 1t} !)’.’-\. ASSH I PEIONS f_?f Iht,(”l.”f 2 il f d

conv (gl () =conv (67 (A4)) =conv (1)) =T (A

'LE']M?’!Z © joi 7 4
the _JOI—H[ snmericdl raiae ”.-1- Vool A i1
L LY R T

by the ¢x presst
¢ P?‘mbwu . '.l")CI‘([{) s ff(jﬁ!?cd

7 {"r v, .
L o 1.';._
t 4 \.'I' Ry {-'-{;;-1', X ::' S s }}

"r"In)C]-(IH s ’ .
) non-singular off Epdid, 1s (3_1)

('-’l?"-.-l,-;)cl H - .
(H) be a commuting system of (for the pol}‘nomial spuctrum aP(A)) holds i= still open.

jogue of the spectral identity of Remark 2.6 seems
1ccturc.
(3.2) ali( A}y =ai () =pl(A) =0l () -

and for a sel 1

JUE he n-dimcn :

denote, respective ¥ the n-dvmensional unitdry )

, respectivel v, the convex hull and rloi‘:;i-fég;"{’l_c’, conv (I} and W

Proof. Since . (=B
from Remerk 2.(;,. conv {aP{A)y =1 {A) (bv Dash [10]), the proof foll
1), the proot 1ollows

ENTITY OF HARTE. TAYLOR AND COM.\IUT:\.\'T SPECTRA
____________._____P______— —_

3. Concluding remarks. The uestion whether the identity

aft(d) =g7 (1) =g'{1) ==g?(A) aP(A)

Under the assumptions of Theorem 2.3, the following essential ana-
o bea reasonable con

viewof Curto 57, that
¢ special normal operator
Tavlor

At least what we ¢an see clearly now is, in
af(A)Cof(.fHCc}(.-l)C_af(zl). \loreover, for som
cvetems, the equality betweenl the Harte pssential spectrum and the
cssential spectrum can be attained ({53, Example 4.1}
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