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C-BINARY RELATIONS AND PAIRWISE NORMALITY

BY

ANGEL GUTIERREZ and SALVADOR ROMAGUERA

1. Introduction, The known theorems of Grvsohn [UH], Tietze-
Urvsohn [12) and Kate tov-Tong [17, (2} [10] are basic in the
study of normal topological spaces. Bitopological versions of that theorems
are obtained in Kelly [3]and Lanve (4] ; later, Lanc "53] has given
o simplificd proof of Kate tov-Tongs theorem and in [7], theorem
1.5, is proved, by using techniques of €-binary relations that (X, 1) i nor-
mal if and only if given two real-valued functions g<fon X, such that f
is lower semi-continuous (L.s.c.) on X, g is upper semi-continuous {u.s.c.)
on X and f1s continuous on the closed C = X, there is a continuous function
5 on X such that g<h</ and h(x) =f(x) when x =l

The main objective of this paper is to obtain a bitopological extension
of the previous theorem. We obtain as corollaries the results of Kelly
(3 and Lane [4]

In the following, &N will denote the set of positive Integers.

2. Preliminaries. A bitopological space (X, T, T3 is a set endowed
with two topologics. A bitopological space is pairwise normal if [3) given
a T closed set and a 1 -closed set B, being A nB=0, there are a
T, -open set {; containing A and a T;-open sci " containing B with
ol - @ (i 1 T=0 2).

Definition 1 [6]. Let X be a sel, let PA) be the family of parts of
X and let @< P(X) @ family stable for countable wnions. A binary relation
o on (P(X) 15 a @-binary relation if (8]

i) Given fwo finite sels oA, B P(X) such that AgB for every Aescl
and BB, thereisa C =@ cuch that AgC and CoB for every 4 et and B3

i) Givenr D, E F, GePX) such that FeD, DeE and EcG, then
FoG and D< E.

The following lemma will be usefu] later on.

Lemma 1. [81. Let ¢ be a @-binary relation on P(X). Let {4, nelN}
and | B, neN} families 11 (D(X) and 1ot A, BePX) such that Ui A
neNic=., Be i B, neN}, A,eB and ApB, for cach neN. Then there
is C @@ such that A,sC and Co B, for each neN.

3. Results. In the following, when we arc concerned to T and T, we
suppose 1#j and 7, =1, 2. Firstly, we prove a necessary and sufficient
condition of pairwise normality in terms of F, and Gy sets. Given & topolo-
gical space (X, 7T), asct F(G) in X is FolGg) if it is countable union
{intersection) of closed (open) subsets of X.
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i L topological s .
and onlv if given " gical space (X, 1T, 1) ¢
1'.-4.‘1(1-)‘_6h i l;‘;S }‘i‘nf’ (’(’{)-\ .;ucl; !f:m“ F ')r'shllpil}{‘n“&(ﬁ normal if in p.u'ticular, f(x) =0 {or every yae X when nff {2 aeDli=J and
- L '), there I'\' i ar r 15 [‘]__G 5 | 1 - eveTy E \ “'h e 'J.'" U) 8 1;1)}__\. ]
; 1, f(a)-=1tor ¢ ery V. 3 Uy .' A\ G _
’ | )= 01, determined by 1F(2), gD} It is known
el (I() = F(B) when

]'[CA' (i ey Farr ~ .
erifving Fe T -int let f (4\', I .
g . 3.1) that [is Ti-lsc M X if and only if L

(HY and T -l (H) =0,
ye ol -int (F(B)) when 2B

Proof. First we
let I UlF st we prove the necessity. Let (X, [
WEF,, #neN] and 6 ==n{G e SHyC Let (X, 1), 1) pairwise ( L A0 i
(G, neNY, where F, s I T 1s¢ normal, woBand fis Fo-wsc. in X if and only il F{2
. - closed and On the other hand, if g 18 determined by (), 2= D}, then g f il
if and only i (10, i) =8 110, B

(:‘, i.‘-} it - Ope

! j-open, lor cach nelN

on MHNY =B it N, Let @=D{X) ;

DN 1 nd oy ot ) and Jet the binarycelation| - and oy, Flay e G(@) when x<8

Given of ‘{1:;; - ::HEH\‘\( rLnguic:ll' p=1nt (H), dor every, Af when 2< 8, if and onlvif /' (0, 1_:).ng1 (10, @) when 2 <.

}hn__h}'pothcsis of lemma '1 N heicf G, nENY, A =Fand B =G Theorem 2. -i b?'topologicril s puce (X, 1, [,) fs pard ise normal if

[ets,, for ne N, then & . therefore there is an A €€ suc r, they verify apd only if giuen yeal-ealued functions {, g on X, where g<f. f is Ti-lLs.x.
’ cl,-int (H} and 1 - ¢l (H) C-(‘;“]l that F,z/f and on X, g is Tyws.c.on X and [ is ’l'j—ii.stu'. on the T closed subsel CckX,

) calued function p oo ls.c and 1 -use on N such thuat

Now we pr "
- élose t prove the sufficiency. Give 3 :
;- closed set B e such that Linr(-,}-}-_(m en a Feclosed set 1cX : there 1S @ real-
AdnB=g, we have that 1 is 1 e ‘EJ}LI g gga’r*.—'_.f and h{x) =f{x) for coery el
3 Ll A aking functions from X

iS ’r.'(;s ']‘.-(‘l Fi >
H =X such that _l';_)f-_ _\. B oand AdcT;-int (X=8) Proof. For the necessity, 1t 13 enough by t
é—f‘t D=id, 'nﬁ.\;} 'llnflc([f]( and BCTX (Ti-cl (H))' on 10, 1 1. (viven f, &: N 0,11, let Fixy = _f“'('l'), 2"} and

. orollary 1.1. A ,_- s¢ countable subset of  { . . .» s ‘ .

if and only if given ﬁrm;ffff’ Ofa?g”‘” space (X, T4, T.) :: I(;‘. o Gla) =g Q0. 2 Dol yu (X)), for each xe=l.

x& DY of T, —0y subsets of \_{”‘(7});[/151)} of T'i—F, ?-:r}m'ispo/{r‘t:w‘ ;101’?)1(11 Flz) =V oo gy 8<x,
3T ¢ 0oy A osuch thaf ’ R f X and (G{s PP
ii)} I-Lcll ((11((32;)‘_(;(”2 and Fla) < T;-int (G(x)) whe e Gl == (nigt o, B ) Bad) nnlf 0,8 000: Buay U (N —=0)) B3

there 1s a family {H(x) (2) Hf‘( Gla)= 15 - int ((;(,'3)) “';‘I“ =D, and 1,—Gg tor cach 2€D furthermore, T -cl (I (%)) </ (10, 2 =g 0, aly,

(H(x)) = I - cl (H(;)} .-:-1(:( 16{)1' of subsies of X such zc);”,” e then 17l (F{2)) = F(8) =G{2) when $>2, and g (30, B D) ni/ {0, 8Du

(H(Q)} u'/a;u a B =(i(z}) when  xe€D), and 7 -rlﬂ (H['(;;))E ,‘{.J - int U (}_L))(C:}? ;!)',-opcn in A, then G{a) < T -int (G(B)) when f =a and Fla) <
>roof. The sufficiency is simi ' : , - int = T,-int (G(2))-

e For the n::cc;lsiftlf-u {1:\ t]]-nh slllular to theorem 1. } Therefore W¢

=1 -lle?tt (H{A,)) and : Il z;&?B)lcélggr; is I1{d,) « X such that F(d,) < 9‘-‘5?{} ,I:hle;il}f«;l}m
- 115 sUppose ) 1 ridq ). ’ ‘ 1 on b and gslesf-

L) i R e O o s 1Y duction. subset and g2h<f 1y apaceHE) el 0D ) nC, we have k()

o nditions i) and ii). Let sets H(d\), H{d.), ..., f{x) for every xy=C. This complete the proof of the necessity.
F=Fd, o )u O -l (H({d,)) . d Given a T'-closed sct A4 and a T ,-closed set B with A nB=. let us

(3 =Gl U ) tdesdusy, ISy} and take f(g) the characteristic function of X-— (B). By taking C =g, we

wtr) NURT; - int (H{dY)) @ do>dye,, 1€8< obiain the T ohs.c and 1 ,-u.s.C function 4 such that g<h<f. Then

Aty IS3SN

by iheorem | : " S e - . S j
e , there is H . P —, el and I (e, 1on[) are the desired disjoint nmghbourhoods
';} -cl (H(d,+)) <G, [‘iwre(;é”;') <X such that Fc¥)-int (H of 4 and B, respectively.

(H{dy+)) <G(dy+,). Furth e F(di)cT)-int (]f(f (H(dys,)) and Corollary 2.1. (TLane {4 2.5) In order for (X, 1§ Ty to be pair-
R I zz‘l;;r(ld)}+ );m&,hpz“ -« sary aua‘J’snfficieni- that for m!er_;' pair cif yeal-val ued
n+1 s o< A .

“d s, and T apis g
Tla, i-cl (H{d AR wise normal, it 18 neces
induction, we obt i whi)) < 15 -int (H( - . : i . .
, ain the familv B)) when 4 . X such that [ 1s T -ls.c. and g is Trus.c.,
e family {H(a), xeD}. f,.+.<_{3, Then, by | g suéh it

Tet /0 X

N F s (_),]‘I,t.(:-

2y F - . -€ Fx IRy g

) (2) =f " 0,27) for each 'j'le(‘“-),’ﬁ}flf)‘:\'odhri‘\lm]’](j\.- :;}1;1(‘}1 that /7' (10
’ > have |91 that ’ il

Then there s
S {] O]

i T.—F, and

{1 and we obtain a family {H(2).

can apply corollary
e Dl is Tilsc and 7w

1 determined by {H{2),

functions fand g defined on
and g<f, there evist a Tels.c and Tyus.c function hoon A
e<hsf.
Proof. Take ¢ = in theorem e

Corollary 2.2, Let Cbea T -closed and 1 ~closed subset in the pairw{sc
normal space (X, 7, To). Lot ® he an wpper (lower) bownded frnction on C
fols.c and Trusc on C. Then, there is yeal-valued function hoon
N1 ls.c. and Trus.c. on X such that h(x) =®(x) whenever X €C.

'roof. Let us suppose @3 M. We deline the real-valued functions

fand g on X in the following way -
. , o(x), x=C
ofx) =3 for every A eX, and flx) = ’
8(x) aver, f0={3 ex e

/‘ . - i "
. (v) =suplash &)l =inf [xe]): v F(2)
¢ say that fis determi 'D oo
o.-x])an\'i\'p f: e §FF erntined h:" (2 :
by amily {F(2), 2= D} of SRS ((E)'\'Ii' 1}1:1'1(\-0“1\'?501-"' TR
A, we mav define [ X0, 1]
st =) v F | -
; { Up frel v b)), when {asD: véFo)l# @
) )t
. when fa&D): veF(a)l =0
] .
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By theorem 2, there is o 7-Lse. and T)-us.c. function b on X

such that J(x) —f(x) =®(x) for cvery re(.

If we suppose b= M, we apply the previous technique to the T -ls.e

and 7Twsie function -d defined on the T -closed set €.

Corollary 2.3. (Lane [4], 2.0) Gieen a L-closed and T y-closed subset
Cdna pairwise normal space (X, T, L), coery bounded veal-valued T -Ls.c.
and Lrus.e. function on C can be extended to o real-valuwed Ti-ls.c. and

Litesce. function on N

irue,

Fxample. ([9], ex. 3.0y Let V= a, boe,d, Ty ={ gl idcXineldy}
and Ty =V, X, fa, b, e Obviously, Wt is the only T-closed and 7 ,-closed

subset of X Any function ©

3 1di— K can be extended according 1o condi-
7, we deline f(x) = for cach vel), but

tions of corollary 2.3 (il d(d)
X, 7y 1.) is not pairwise normal.

Corollary 2.4. (Kellv [31, 2.7) space (N, T, 1) is pairwise

normal if and onlyif given a T ~closed set 1 and a T iclosed st Bwith A 0l —
=, there exists a real-valued function k on X such that

i} by =0Fwhen xed, h{x) -1 when'x € B and 0<h= 1,

i) Iris Tolse. and T-us.e. on \.

Proof. The sufficiency is obvious. For the necessity, we can apply
the corollary 2.1 to the characteristic function of X — -, f, the characteris-
tic function of B, g, and the subset € — .

Corollary 2.5. A space (X, T, T} is patrwise normal if and only if
given a lower bounded T -Ls.c. real-valied function f: N R which is Tiw.s.c.
on a Ty-closed set C =X, there is a real-valued Sunction i X R Ti-lsc. and
Trus.c.on X such that h<f and h(x) =f(x) for v=C.

Proof. Let M =inf {f(x): x=X}; we define

M, xeX-C
Lfx)xeC

(%)
If (X, 1, 7,) is pairwise normal, the functions [ and g verifv  the
conditions of corollary 2.1, therefore there is a function & T:ls.c. and
Tjus.c. on X such that g< h<f. Obviously, &i(x) =f(x) when xe(.
Let A 7'-closed and let BT -closed subsets of X with 4 nk =7,
Let us take f as the characteristic function of X — A ; this function is lower
bounded, T-ls.c. on X and Ti-usc, on A. Then there ish T-ls.c, and
Tj-us.c. on X such that h<fand I(x) =f(x) when x =.1. The sets /! {]—cc,
fo[) and 271 (], +o0[) are the desired disjoint neighbourhoods of A and
B, therefore (X, T, 1) is pairwise normal.
Remark. The technique of €-binary relations used in this paper also
15 utilized in [6] in order to obtain an alternative proof for the Tong’s theo-

rem on perfect normality (Tong [10], theorem 3) and a bitopological
generalization of this theorem.

—— C—DBINARY RELATIO

The next example shows that the reciprocal of corollary 2.3 is not
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