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A NOTE ON POINCARE'S INTEGRAL INEQUALITY
BY

B. G. PACHPATTE

1. Introduction. One of the many fundamental mathematical dis-
coveries of . Poincaré is the following interesting integral incquality.
Lemma 1. (Poincaré (1, p. 284]). Lt O ={x={(xy .o A, ER":

o< xisat and let u be a real-valucd function belonging 1o C1(Q)- Then

(1) éu?(r) dx< I/oc“(igu(.\') dx?)y4-(nf2) o (lJ | Va{x) 1*dx,
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This result of Poincaré has received considerable attention in the lite-
rature, because of its fundamental role in cstablishing a priori bounds for
solutions of varions problems in the theory of partial differential equations
(sce, [1,2])- In the present note we cstablish an interesting generalization
of the inequality (1) and also make use of the inequality (1) to establish
a new integral incquality involving functions and their derivatives.

2. Statement of Results. In this section we stafe our main results
on integral inequalitics involving two functions and their first order deriva-

tives.

where

Theorem 1. Let Q be as defined in Lemma 1 and let f, g be real-valued
functions belonging to CHQ). Then

| {2 ) A< 0] S0 80 (g 805
% o) o £ 119 S0 11 9 8301 )

where V is as defined in Lemma 1.
Theorem 2. Let Q, f, g be as defined in Theorem 1. Then

o § AR 9 gl elx) | | ¥ f(x) 1] dx< 1/(2“")[(% flxydxy+
-l-[(J; g(x) dx)14-(1/2) (2 @+ 1) g [V f(x) 1+ 1 Vel 1P 1dx,

where V is as defined in Lemma 1.
Remark 1. We note that in the special case when g(x) =f(x), the ine-

uality'establishcd in Theorem 1 reduces to the well known Poincaré’s
nequality given in Lemma l.
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3. Proofs of Theorems 1 and 2. For any x, ¥<¢ and 1 =CY(Q) the
following identity holds

(4) |

Writing (4) for the functions f and g and then by multiplying the results
and using the clementary inequalitics ab< {1/2) (@2 409, (et - + )<

o 2 . X 3 . .
éiu(a‘l’—!— e ha}), (a, b, o are reals) and Schwarz inequality (see, [31} we
obtain

h)—hy) = %

i-

= 2 AR

Vil ff, Nity, eees :\‘,,) dtg.

F() () F7(x) g(y) —(x) () —A(v) &) <
L WY, 2
) < (nf2) aiz. tl» [{5t—if(_\'l, Vil b X x,,)} -}
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Integrating bLoth sides of (5) with respect to %y, .., ¥p, Vi ooy Yo WC get

22" gf(’t) g(x) dx—2 (g} flx) dx) (L g{x) dx)<
<(nf2) 2™ J} [V fx) 4 V() 2] dx,

The desired inequality (2) follows from the inequality {6). This completes
the proof of Theorem I.

By virtue of Schwarz’ incquality, Poincaré's inequality (1) and the
clemeniary inequality «f* 04*< (1/2) {a--0), (a, bz 0 reals) we observe that

UL/ 11V gl 1) [ 9(3) 11 dx <
<1 flx) Ao (4/2) o2 I /)

(0)

) dx]”z[g V g(x) |* dx]ep

\% g(x) i d-\']”:” Vf(x) 2 dx]lfz,gr
@
“‘(lfsz'")[(g () d-\')"'-i-(g s(x) dx)2)4 12 (nf2) 1) (|] [ Vf(x) 1+

;
4| Ve(x)[?] dx.

This is the desired inequality in (3) and the proof of Theorem 2 is complete.

Remark 2. We note {hat in [2] the author has used a slightly different
version of Poincaré’s inequality in two and three dimensions to obtain
Sobolev type integral inequalities. However the integral inequality esta-
blished in Theorem 2 by employing the Poincaré’s incquality is different
from the inequalitics established in [2].
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A LAGRANGIAN TH FORY OF RELATIVITY"
BY
RADU MIROXN
To the memory of I'rofessor G. Vrancearn, on fhe oceasion ef

Hie anpiversary of fifty years snce the first Kopoman nen-holo-
nomiy wnitary theory has been pealised.

The geomelry based on the notion of lagrangian has been studied by
mathematicians, in order 1o obtain an adequate framework for the
variational calculus. Particulariy, the Finsler geometry 18 founded on this

idea.

The term of Lagrange space was iun"oduced. by J. Kern [23].
It means a pair L" =(M, L), where A 15 a differentiable manifold and £ a
g(\ncral fagrangian which provides a non-degenerate fundamcptal i_c1llsor
ficld. A Finsler space is a Lagrange space, but the converse 15 n_ot trlu?
pecause  the Ingrangian £ docs not satisfy any homogenity pl?ﬁ?‘ibf
The dependence of a lagrangian L(x, y) on both the point x and direc-
tion v offers the possibility to use it 1o doscribe the anisotropic properties
¢ physical space. o '
% ﬂlLI}II)L}llsft:atinglcxamplcs are the Finslerian mor_dol.:. of the rclatnw’c_}z gn'c]n
by B, Ingarten (o, J. L Hervath [13], Y. Takano 39, 207,
. Matsumoto i31],G.S. Asano vo[2], . 1shikawal20, 21}
g Tkeda [H7, 18], H. Rund [49, 30, 51/ :m(_l others.
For these models the following sroblems are important:
An unitary description of the clementary particles. . .
_ Toremove the difficulties created by the divergence to Einstein's
equatinns.
' The madification el the
of the metric on the dircction. .
Some of these problems were not satisfactory solved. - .
In the Finslerian theory of relativity the cquations of Einsten
which have been proposed vutill now are hased upon one of the three curva-
An open problem 1s 1o know which 13 the most
cquations. o zolve 1f,
in these spaces

structure of {he spacc-time by dependence

convenient curvature tensor to be used in Einstein's ¢ :
an unitarv principle in ostablishing the equations of Einstein
‘must be adopted. . o .
But all these problems are also interesting In the general case ol 1he
Lagrange spacces, a ficld which was not vet & }dlcd.

In this work we are dealing with 1he following problems .

17, The introduction of the notion of the generalized Lagrang? space
and the clucidation of some important aspects of the geometiy 0 these
Spaces.

* The second part will appear in the follgwing number.



