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3. Proofs of Theorems 1 and 2. For any x, ¥ €@ and h=CH{Q) the
following identity holds

-

n &,
(4) May—=h(y) = % 'n—; B(¥1, oes Yo L Xitr, e, Xa) Gt
=173, Uiy
Writling (4) for the functions [ and ¢ and then by multiplving the results B S SR o S
and using the clementary inequalities ab< (1/2) {a*--0%), (u,%h— O A 1 A LAGRANGIAN THEORY OF RELATIVITY
<n{ai+ ... “a¥), {a, b, ¢, are reals) and Schwarz incquality (sce, [3]) we BY
obtain

f(,‘t) g(t) _l_f(_'\‘) g(_\-’) f(\) g(_\,) _-f(.\') g(f\:) Jo the memory of Professer G. Yranceann, on [he eccasion of
<(nf2)a X A[{a ’

—r= the annivessary of fifl) years sénce the first Komoman nan-holo-
- 5 f L\'p .y .‘,";_1; ti, Kid1, ooes ‘Tn) N e aitary (hor) R A )

J E
s {5!_1 & (_.\'1. N i) Xit1ye -os .1‘,,)} ]dt;.

Integrating both sides of (5) with respect 10 %y, .o, %o, My
22t g;f(ﬂ.) g(x) dx—2 {2} Sflx) dx) (}5 glx) dx)<g
<(nf2) a4 £ 19 S) 11 Vg 1
The desired inequality (2) follows from the incquality (6). This completes
the proof of Theorem 1.
By virtue of Schwarz’ incquality, Poincaré’s inequality (1) and the
clemeniary inequality ¢1f* 61/2< (1/2) {a--b), (4, bz 0 reals) we observe that

F LG 11V glx) +1ga) 119 f(2) 11dx <
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The geomelry based on the notiou.of lagrangian has bccn, Sll‘.ldfle.d .111_\,:
many mathematicians, in order io obL:}}n an adcqunt‘c f{amc\\f{r”\l or 1} 1
v;u-iﬁlion:\l calculus. Particulariy, the Fineler geometry 1s founded on this
v e B e The term of Lagrange space was introduced by J. Kern [23].

It means a pair L” =(:'l{’, £), where IMoisa diffcn-n_tiablc n}(:lunfoldf{nél .l%oa
seneral lagrangian which provides a non-degenerate f.un' \a_m‘m.?a tc?;u(r;
Tield, A Finsler space 15 @ Lagrange space, but the‘ converse 1s no e
pecause  the lagrangian £ docs not catisfyv any nomoge_nit_\"pl?pﬁfﬁ.
‘ The dependence of a lagrangian L(x, ¥y on hoth th«‘:.pomtl,x and (J.‘l-.(:(_,—
tion v offers the possibilitv to use 1t to describe the anisotropic propertics
: ~s1cal space. o )
! tmI‘ill)Lll]s;\t:"::t iixg}cxamples are the l-’in‘.i(‘rirxn _mqoﬂdoli. o’f‘th(‘ rc]atnw‘:_‘\;)g%'&n
“py R Ingarten [19], J. L Hervatn, 13], % . | 1:1 ka no 39, ?1’i'
. Matsumoto {31, G.S. Asano \’_-%!, il. 1s hi kawa (20,211
g Tkeda [H7, 18], H. Rund [49, 30, 31 and others.

(6)

) .
ST f(3) ) +0/2) o2 § 59/ 1 ATV 8l 12 T

i ~ 3 ane 1T ' S o 113 'tﬂnt:
- AN SYEN? : il . Nifre For ihese models the {ollowing problenis are 1npor
[0 e ‘é g(x)dx) -E—(n/z)xeg | ¥ glx) ¥ dx] [é} | V f(x) |* dx]? ‘§ An anitary description of the clementary particles.

i A o . o erainte
. Toremove the difficultics created by the divergence 1o Einstein's
equatinis. L L =
3 The madification of the structure of lie space-tim2 by dependence
of the metric on the dircetion. . - .
Some of these problems were not satisfactory solved. - .
N . . . - - b 2
In the Finslerian Lheory of relativity the cq'm‘-.mnla 0}£ Einsten
i ‘ i s are 1 ge curva-
which have been proposed putill now are hased upon one oii1 the thr v N;qt
ture tensors of the space. An open problem is to know which 15 .e11 o
convenient curvature tensor to he used in Binstein’s cquations. }10 solve it,
an unitary principle in eetablishing the equations of Einstein in these spaces
must be adopted. .
= 1 SN E] 7 Al e T ‘(. e » e
But all these problems are also Interestingg In llhu general case of th
Lagrange spaces, a ficld which was not vet sindicd, . ‘
In this work we are dealing with the following }n? it :ln;; e pace
o T H M H 3 1 ST Fal I ! " ( ‘a i) S
Inrqualities, Springer-Verlag-Berlin, New York, 1970, d i lhclmttjoductf]on of zil:{ ):?gt;(:: t;lg;?é,tfggc:;oi?]cuzmmcgn c\ B{ R
£ 5 N 3 K ) i
Department of Mathematics and Statistic and the clucidation of some 1mj
Marathwada University paces.

Awrangabad 431004
( Maharashtra India

< (1f2a)il§ /) dx)“.-(g; g(x) dx)*341/2 (nf2)e+1) 1 Vf(x) |* %

i
Q

+ Vg(x) *] dx.
This is the desired inequality in (3) and the proof of Theorem 2 is complete.
Remark 2. We note that in [2] the author has used a slightly different
version of Poincaré’s inequality in two and three dimensions to obtain
Sobolev type integral ineqgualitics. However the integral incquality esta-
blished in Theorem 2 by emploving the Poincaré’s inequality is different
from the inequalitics cstablished in [2].
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2°. A correct formulation of Einstein's equations in generalized La.
grange spaces and, in particular, in Lagrange spaces and Finsler spaces,

3°. The establishing of the invariant form of Einstein's equations

with respect to the canonical form of the metric of the generalized Lagrange
space.

(the notation belongs to M. Hashiguchi [9], and 5. Watanabe
[68]) — where 3 is an n-dimensional differentiable manifold and gy (%, ¥)
are the locally components of a distinguished symmetric and non-degencrate,
tensor ficld [34]. Important results in this field were obtained by the author
(34, 35, 36], M. Hashiguchi [9},S. Watanabe [68],S. Wataf
nabe F. Ikeda, S. Tkeda [69,70}, andMiron-Bejancu {38].
The advantage to solve the above problems for the spaces M is obvious,
These arc very general and the signature of the fundamental tensor field
gi; (x,_ #) is at our disposal. Morcover, the Lagrange spaces L* =(M, Lix, v},
the Finsler spaces F* ==(M, £(x, y)) and the Ricmann spaces V" =(M, gy(x))

?rﬁ particular M spaccs. The inclusion relation among these spaces is as
oliows -

We define a gencralized Lagrange spacc asa paiv M?=(M, giy (x, ¥)) —

As we shall point out in the following, an
Mn-space can be lifted to the tangent bundle
TAM endowed with an almost Hermitian strue-
ture H®® which is called the almost Hermitian
model of the space M", There arc two important
results proved by M. Matsumoto [30]
and V. Oproiu (private communication}:
the almost Hermitian model H** of a Finsler
space F" or a Lagrange space L is an almost
Kihlerian space. This is a reason to use H*" in
order to establish correctly Einstein's equa-
tions in M". But the same idea could be used to.
study, for example, the generalized Lagrange spaces of constant curvature.

The work is divided in three chapters, corresponding to the above
mentioned problems.

In the first chapter we develop the geometry of the generalized
Lagrange spaces M", pointing out the fundamental geometric objects. There
arc proved geometric characterizations of the subordinate spaces : Lagrange:
spaces, Finsler spaces, local Minkowskispaces, Riemann spaces, M*-spaces,
with weakly regular metric, and M*" spaces with regular metric.

In the second chapter the almost Hermitian model H*" is constructed.
Einstein’s cquations of the /" arc introduced as Einstein’s equations of the
model H?". These equations, written for Finsler spaces, are totally different
from that obtained by the above mentioned authors. Also, the conservas

tion law and the divergence of the energy-momentum tensor field are very
different from those known until now.

The last chapter contains the invariant theory of Einstein’s equationsi
generalized Lagrange spaces and their canonical form. For this purpos
the method of the non-holonomic coordinates of G. Vrinceanu [66)
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1 uclidi istematically used.
-as adapted and his psnudo—}:,uc_hdlan tensor €ap was sis :
\l\[crc théj difficulty was to establish the invariant algorithms of h- and v
-ariant derivations. ‘ - )

o In the opinion of the author the most copvcmpnt way to tackle this
subject is by using the tensorial method cven it an invariant formulation
of the Lagrangian theory of relativity is given.

Some aspects of this theory, m_thc 13 mslcrlarg case,
v the author in a lecturc at the I&agosh}‘ma University '
UN® Symposium on Finsler Geometry” organized by
Hashiguchi. .

gi'his work is an hommage paid to the memory of Acad. Pfof. D;. lG._
\ranceanu for the creation, fifty years ago, of the first unitary Ir{mn- ol on
nomic theory and for tircless work in the developping of the Romania
.chool of geometry, [65]. ) )
o L ngeralizgd E.a.grange Spaces, The gener’qhzcd Lagrange sp‘accs1
have as support manifold the tangent bundle TM of an r_a-d:m;:ng}otr}a
differentiable manifold A. Conscquently, we define the no“i}on gd 1:5 11(;1-
cuished geometrical objects tensors, connections etc. — on TAf and develop
© me aspects of the geometry of these spaccs. _ ) )
o § 11) d-Connecti(;)’ns. Lot M be a real Co-manifold of dimension #

wil! be exposed
(Japan) at the
prof. Masao

] i 7, x) is - chart on A, then
and = @ TAI—A its tangent bundle. If (I7, x¥) is a locally ¢ .
?:(’ (L), a7, vy is a locgally chart on TM. A coordinate transformation on
the tangent bundle T3 is given by
F=xi{x", ..., 8",
=i ]

. 22 gerll22 [ 2o,

T0ar axt|

The indices #, 7, &, ... run over the set {1, ..., %} and the Einstein con-
-enti mming is adopted. ' L
\Cl‘ltlo‘{l r?cfmﬁlinear gonnectiopn N on TM is a system of functions Ni(#, ),
gi\'cn‘on every = Y U) which, with respect to (1.1}, has the transformation
law :

(1.2)

. oxaxt ., 0x' 0%
Ni= = = Nj+4 — ——
dxr9x! Dxdx'0x
When the base manifold A is paracompact,
connections on TH.
One finds that:

(1.3)

K.

therc exist non-linear

. d

— = —a—.—:\'i(x, ¥ —
st oxt dy
. AT ely

o5 a locally base of a distribution N on 7°M, uniquel tern L
il(‘)‘:-slirllegiacgnncction N, which is supplcmcntarylto_thc vertical dlétrﬂtmd
tion 7" on TM. The vertical distribution 7 has {8/dy'}asa locally 1a afpt‘ﬁ
basis. In this way {8/3x', 8/0y'}is a locally basts for the mgdu ¢ 1o | e
vector fields @ (’I‘M),' adapted to the distributions N and V. N is called an
horizontal distribution.

determined by the
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The fields of 1-forms (dx*, 33') .
(1.4) Svl =dy 4+ Ni(x, y)dx!
give the dual basis of the locally basis {8/8xf, 8/8y'}:

5 3
<= dxt > =3}, <6‘_ dx' > =0,

(1.5) E: 3
8 ?
<8_A;" Sy > =0, <07,,-- 3yt > =8
Denoting

(1.6) R, =31 _ 8N _ON)_ 0N
Sx"' ij ! oAl ayk a_yj’

we remark that :
. ANt @

(1.7) [ﬁ_,i]ZJe*,ﬁﬁ, 2 3l
Sxt &at Ty 3},:" St 3y P

Then, N is an integrable distribution i i
A ibution if and ' L= i
R iji.dl}a.\"e a geometrical character. el l) Dbviotsy
istinguished geometrical object ficld —shortly d-obj
) i _ = ¢ d-object -

rr?}?pléolq_.ﬂf is a sct of the functions Q4%(x, y) given On} ever\-'jn'l(U)(C)_i_thﬂ}}e
which, with respect to (1.1), has the transformation law : ) ’

= = - R -

QMx, 3} =FMQ=(x, »), o, &, ;¥ ..., 8, ... 0,,%),
where\{}“‘ satisfies the known group properties.
form—;ti(fnrlcﬂag(t}tqhat ingt \\1;(3 have not explicitely y* or y'. This trans-

rmation law is the same as t e similar law of transformati f
trical object field on the base L. F o o e e S ar
al of (O s . From this point of view th -li
connection N(¥j) is not a d-object, but ANidy" is . Also R:'3 not’n hfnear
(1.6) arc two d-objects. ' S
o \1‘{? ca%l a idistinguished connection, d-connection — on M a triplet
d‘otge(été’ ;T,ij,(, ) fé}}med by a nen-linear connection Ni(x, y) and by the
. Llx, v Py v vhoce ancfor i B
e L(x, v), Ch(x, v whose transformations laws with respect to
i _ORaxtoxt O 8T
=3 F e -8 i fp—
o awowt " 0xrawort’
EX gt ot -,

Cj =—""==C
oy oxiave

(1.8)

Remark. In his LOoT ; :
T8 is  monograph  [Foundat o
AT A[ate ; S ions of Finsler
M. Matsumoto called the triplet LT =(N}, Li €f) ) Finele oo
on A, d S LTS neler connection
TFor ccamunle BU==(N\Y GNidaF 2
ample BU==(N\%, GNjjoy', () is a d-connecti ;
wald conmection. i HURSRY nection. It is celled the Ber-
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If LT =(N5, Ly, Ciy)isa d-connection, we can define A and -7 cova-
riante derivatives with respect to LT Namely, for a d-tensor field Kj(v, v)
we put:

SKE -
r_: KL — KL,

i
I\ i =

(1.9 Ak
of N S ,

Kijn= TLh +R5Cm— Ko

and this rule is a gereral one. :

[t is easv to scc that iy, Kil, are two d-tensor ficlds for which the

qnmber of covariance indices arc greater with one unityv.
The Ricci formulas cortain the curvafures and torsions of L1

Kj-“ ”,—Kj i Ii.=K}R,‘,‘.,,uKiRJ'”,—Kj- T in K4 e R,
{1.10) K=K e =K Ky a— KO- K
]';’ I n"“[\.; [ 2 I‘-:Srfm_‘h’ig.rm— K; UTY
where
oN;

(L Tla =Ly =Ly ST =Ci— Ca Flan =_a:—:- Ly, Cixe R
¥

are the torsion tensor fields of LT and

R M = §£—I—“ + Lo L L+ Cir R,

LAY R
t aLi I i T r
(1.12) I,f‘“;ﬁ J‘hw.‘r'(-jrp ih
. ack, aCk .
Si'in = '{?)'\-;;' - a—\lf +CHCn— alir

arc the curvatire tensor fields of LT.

Using a well known method, we can
identities for LY.

I C(xf{f), v, t=(a, by, is a curve on the tangent bundle TMM, a
d-vector field X'i(x, v) 18 called parallel along €, with respect to LT if
Xi(x(r), »()) is a solution of the svstem of diffcrential equations

obtain from (1.10) the Bianchi

T i Rl
(1.13) dA7 _ ,\"'“‘.{L Lx 4 <o
dl df di

The d-vector field X'(x, v) 1s absolutely paraliel if
.\ri“-:(), -YI 1 _0.

When the last svstem is completely integrable, it is said that LT has

absolute parallelism.
i Then the d-connec
if RJ"“‘ =!)ji[h =S,li”l ={).

tion LI'is with absolute parallclismus if and only
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We call
(114) D'y =y*L;,— N,

the deflection tensor ficld of the d-connection LT
The d-connection LT is called of Carian type if

(1.15) =0, Ch=0,

where the contraction by vf is denoted with the index zero.
The d-connection LT is of Cartan tvpe if and only if

{1.16) V=0, ¥ =8,
Also, when LT has this property we have
(1.17) [‘)i_lk—l‘)n'jl. [njkﬁpnfjh ~S.ijk-=soijx--

This result is an immediate consequence of (1.10) applied to (1.16).

The LT for which the non-lincar connection is fixed, will be denoted
by LT (V) =(Ljk Cir). _

The transformations LI'{(N)—LI'(N) are given by

i i G - 8 .
.Lj,k-—L;l ;ﬂ".] (’}A'zc;k—_l);k,

where Bi(x, v) and Di(x, v} arc d-tensor ficlds. It is very casy to find
the relations between the torsions and curvatures of the two d-connections
LT{N) and LT(N).

§ 2. Generalized Lagrange spaces. The main idea of this paper is
based on the following :

Definition 2.1. A svmmelric and non-degenerate d-tensor field gif{x, ¥)
of type (0,2), 1s called a generalized Lagrange melric on the manifold M. The
pair (M, gi(x, V) =M" is called a gencralized Lagrange space.

We do not request that g;(x, v) behomogeneous with respect to 3

and we do not imposc any conditions with respect to the signature of =

the fundamental tensor g, (x, v) of A"
Let g%(x, ) be the d-tensor field given by

(2.1) gulx, ¥)gH(x, ) =8
Then, we consider the Obata operators :
(2.2) Qif ==(1)2) (885 —gn "), Qi =(1/2)(818{+zug")-

They are the supplementary projectors on the module of d-tensor fields of |
the type (p.4), (p=1, g2 1).

Definition 2.2. The d-connection LU(NYy=(L}. CL) is called metrical
with respect to the generalized Lagrange metric giy(x, v) if |
(2.3) Ly =0, &ijlx =0. .

There is a simple geometrical interpretation of the metrical d-connee-
tions. Theyv preserve the function g, (x, v) X'X7 when X' is transported by

parallelism along cvery curve C(x'(f), 3(2)) and X'(x, y) 1s an arbitrary
d-vector field.

7 A LAGRANGIAN THEORY OF RELATIVITY

- paper [34] we have proved : _ » e
IT%;::HI::%&I.[TIL:M’- cxisls an unigue metrical d-connection CI(N)

(L}, C4) having the property T'y _§',=0. This connectron 1§ given 03
Jhe "Christoffel symbols™:

o L nf38n %’__8__)
L“:—ic Sx* Y §ah

2.4) L[ O 06n),

The uniqueness of CT'(N) allows to call it the N-canonical metrical d-con-

nection.

Theorem 2.2. There cyists an unrique »

: 0 s i
ﬂ(I‘,‘vk Cl;ﬁ) for which the torston tensor fields Ty,

This conncclion is giucn by

1
vetvical d-comnection LT{N)=

Siy are given @ priori.

Il,,‘f,, =L+ ! ot (g T —En T Lgn Tty

20
(lzh =Clat %g”(grhS",-;.—g,hS",k+gk,.5",r),
where CT(NY =(Ljx, Ch) is the N-canonical d-compcction.

Theorem 2.3. The set of all metyical d-connections LT(N) =(
is given by :

i, G
(2 5) Ej'lk =L§'A-+Q:§X;h E;a :C§k+Q:§ T

’ - -y .
where LT(V) =(L Ci.) is a fixed metrical d-connection and Xix, Y, are d
whe = ' :

' ' elds. . .
arbm%ﬁetﬁi%u{gs[ (2.5) give also the transformations of the metrical

d-connections. Lct be the set of these transformations and denote

) 1sformations. . .
& NOT]::::i‘e?r:O;iaT?;’fe tjgzz'r (T, o) is an abelian group isomorphic to the

additive group of the pairs of d-tensor ficlds Qi N5, BFY 5
Denoting by
d=det [| gy (% 3) [, Runn =g Rine oo .

1 2 -
(2.6) Ry =R{jr 5.5 —S{ Pu=Pfm p‘_j=pi .
R=g"Ry, Si '—gijS,‘j,

We o can pl’O\'C:

Theorem 2.5. The N_canonical d-conmiection CT(N) has the properties :

1°. R.'_irr}‘R:,nk-_O, S;_.an‘}'ssjnk—_zo.
R Rr,in;'| Rjiih_"op Pan‘Pm\n '—0. Smn‘f‘sjim :O:



i RADU MIRON

3 ]‘)i{kb — r’iikh = S.iikh =0

4° Sy =5t ”‘”M =0=R, =K;},
dg

;¢ Sg 2ol Rl PO
R £Lix, o1t eCiy,

1 1 7 n
6° {1“ 20:{[—”” =])l”‘ pf}_"]ji :p”_P”} .
1
h I
7. /)“' =I"‘ riT l”lf - Prh erJ En Prmck r

2
Py =Cy = Crpr+Cia I, r [_)k“.
Also, we have:

~ Theorem 2.6. /f CINN) is of the Cartan tvpe and 'y =0, Py =0,
Chipon—Clnpn e =0 then CU(N) has the propertics - '

: h .
o 'i‘_llinu' —-th.'llo;

1 2
2°, Py=1y==S8:u
Proof. The hypothesis, Theorem 2.5 and the Bianchi identities imply
Stpe =2 (PP =Pl = (PPp—PM) Then 1° s verified. The con-
traction h=# in 1° gives 2°
1 2
Remark. The last Theorem shows that [;,# P;; for some spaces M.
§ 3. Particular generalized Lagrange spaces: Lagrange spaces),
Finsler spaces, locally Minkowski spaces and Riemann spaces.
Some important classes of generalized Lagrange spaces M* deserve
a special attention ; namely the Lagrange spaces, the Finsler spaces, cte.
Definition 3.1. A pair L"=(M, 6 L2) where M is an n-dimensional
manifold, L(x, v) is a real differentiable function on the tangent bundle TM,
with property that the d-tensor field

1 9L
2007
ts non-degenerale 1s called a Lagrange space.

All our considerations of the previous paragraphs can be applied to
the study of the Lagrange spaces L". But, in this case we can determine a
non-linear conncction which depends on the fundamental function L{x, v)
only.

Theorem 3.1. (J. Kern). The functions Ni{x, v)
char! domain = W(I7) in TM, by

(3-0) gix, )

, defined on cvery

(3.2) P PR =lgu'( S ‘);9)
Jr! 4 Dyl x* dx?

are the cocfficients of @ non-linear connection on T, determined by the fun-
damental [function L{x, v) of the Lagrange space L"=(}M, L) onlv.
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yoof. l\ ng 11O acc un 1 N (\Ilbf‘.l 1 O O n urs bd.‘llb
T (Itl n f lht at J].

I f [.d 1 S 111 a Q tllt 1w t1 J

]f’)/a.\ A ‘1 d\ } W lth IG:-[)C(J t() (ll .

JF iR 1 G5 9
g adtoxt axiax 83" avi ox oy

i Ay ansformation (1.2). ‘

» a r Nifrom (3.2) the transt tion : ) P
we Ob,tf\’lpl::mf:)ic_ The non-linear connection N given ‘113.”_(3.Zzgu(l‘?b)bcdzldt)) o
by applying the variational principle to the Lagrangian £ (x{f),

N A o -

i .
. marametrizated curves a{f)- ‘ N tion
e p‘llmntll(t“tqwor\' of the spaces L' we shall use the nonlinear conne
n the ; spaco

(3.2). Thus we have (4, =0, Put now:
AT A
' ange C M =M, gy (v, ) iS4
32, 4 gencralized Lagrange space .\ ; e
Icrrfra’ilz‘l::(:;ec:?c if and only if the d-tensor field Coy (¥, 1) from (3.3) 1s totali;
“Ho (=0 u & - . |
R ~ (14 0a.L/3vin k. Conversely,
' holds, then Cyu {4 019 7ay". Converse
!);O({{éillli g(lzx.lr)\ 1:?' the system of cquations with partial derivatives
o {x, NV g LA nt o]
:'(;nj 1(; we obta?n 4 solution L(x, v} il and only if

(3.3) CUA- =gjhc?i =

Bgy 08 _ g

PRI I

., from (3.3) being {otally symmetric, these u')ndltlfon.\s';ri(les 1(‘;;;::)(.111
o 'Hm follox.ving, result communicated dtc; Lrlsthléy p};z«; » . congidered:
i ‘hen the ; itian model 0 space M" 1: s
s u'\l:cﬁ;({:;f;:lh;%th{a\rz.llng)s;)t :{oczmu; If Lr=(M, £y is a Lagrange space,

then d-forms . '
f w,_-_[. .(2:’—2- d,\.", Uzgua\"/\d;\'j
(3-9) 20y

are clobally defined on TM and 0O is the exterior differential of o
& g o
{3 ﬁ; 0 =dew

Proof. Evidently o and 6 arc globally defined on the tangent bundle
TM Comp'uting the exterior differential de we get

L L[[0- - (012) ]d.\"/\d.\"’—l—g,ké}_\"/ dxt.
do)———':l'[(a},k)“ 2]
But from (3.2) it [ollows (6,13/3_\”"),,-—(8,.2/6"\")”.:-‘()‘.‘ll?en dm_B;L i
Corollary 3.1. The :\'-cauo:lzmtl connection  CI(N) of the Lagrang
spuce L =(.-1[: Ly has the properties
[ Rhugu‘kthr,gin"'lehugjn =0,

2% Prougn— Progn=0
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Indeed, from 40 =0 and d(8v) =(1/2) R ,dx* Adxf+ (ON]/21F)8v* / da?
it follows 1° and 2°

Definition 3.2, A Finsler space is a pair F* =(M, L(x, y)) formed by a
manifold M and a real function L(x, v) on TM, which is positive 1-homogeneons
with respect to v* and the d-tensor field

(3.6) gulx, ¥) =

is non-degencrate.

L{x, v) is called the fundamental function of F".

Clearly, every Finsler space F*is a Lagrange space L”, but the converse
is not true. For example L* (M, £), with

190
20yi0y!

4]

.E:.E. {(}.1)2_’_ _|_(-\,n)2}_U(x1' o xn)

is a Lagrange space, but it is not a Finsler space. This Lagrangian is known
in the analytical mechanics in the form £=(m/2) v*— U {x).

Theorem 3.4. The functions Ni(x, v) defined on every domuin of the
chart = YU) of TM by

CGl= oy ==
9y 2You Y3k =

dx*  ox! ax?
determine a non-linear connection on 1M, which depends only on the funda-
mental function L(x, v).

Indeed, taking in (3.2) £ =[L(x, y}}*, we get (3.7).

Then the canonical connection CT(N), where NV is given by (3.7) is
just the well-known Cartan connection CT of the Finsler space F*, [28].

Theorem 3.5. A generalized Lagrange space M" =—=(M, g,(x, y)), whose
fundamental tensor field gy(x, v) is positive defined, is u Finsler space Fr=
=(M, L(x, ¥)) if and only if the d-tensor field Cy (x, 3) in (3.3) 1s fotally
symmetric and Coy (%, v) =0.

Proof. Supposing M"=[F"  from (3.6), we have C =
= (1/4) 89L2}dy* 8y?81* . Then C,;; is totally symmetric and €y =»'Cip =0.
Conversely, C,; being totally symmetric, it follows Cy b C e =0g,[05".
From C,j; =0 we have 3/0g,/83" =0 1'9g,[0y' =0. Therefore g;; is 0-homo-
geneous. We define [Z(x, v)]?=gi(x, ») »')’ and obtain gy(x, ») =(1/2)
d2L20y'0 v

The Cartan connection CT' of a Finsler space F* has a lot of interesting
properties. Some of them are given here :

1°. ¥, =0, Ci=0.
28, Py, =0, Pyl =0, =0,
P R =R, Pla=DPd Sitw=0,
45 Shl‘}i‘ =C5A-Crf;"cﬁ;crfa—.
50 Ryt Ry Ry =0,
6°. PIJt=CUE|m j)h(jk=CIJi]h_Ch}L|€+Cherrn|0_C’;,Cl‘M§0'

% B Py R ! (fZ__ 082 0o
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iti o M (M, gyl X)) 1S

finition 3.3. A generalized Lagrange spuace =2, ‘

cullc’cl'l;:'iclm;o-Riemamzftu? if the fundamental tensor gulx, v) does not depend
't. . 3 .

o Theorem 3.6. A generalized Lagrange space MH; is pseudo-Riemannian

if the ] iE 3.3) vauishes.

' 7 only if the d-tensor field C i from (3. ishes. )

/ tm(lndc?:d,fag,-}/ay" =0 implies C;=0. Converscely, Cyp—=0 shows that
L igvk =0. . . . ) ‘

s ‘Ila'\\\'e remark thatin this case the non-linear C(EI‘llnl‘Cthn (3.7} is reducible

N ==ad VF - have for CU(N), Fly=vis. Cix- 0. ‘ ‘

© Nj’i‘—hﬂgkgpa‘égjl\'}: L*, F* and (V")are in tl:e inclusion relation described
: . introduction of this paper. o L

e mDta-fini'tia:)n 3.4, A generalized Lagrange spuce M _(,}[,"b”(x', }Be;:

called a generalized locally Minkowsk: space - shortly }1[:;11‘3 —_—1]& dloet;‘

exists a local chart around every potnl (x, ¥) E(l Mi sug‘: that g.(x, ) L
. i1d on the coordinates x* of the point m{x, Y} =% N

! dgggrttainly we can speck about lagrange spaces L' or Finsler spaces

R ’ Y . ., k._ ' '

e h’;“ﬂ:ajr?nlogay}(gmk\({’“as tla nabe) If the N cmmmg‘al condection
CUINY of the generalized Lagrange space M" has the properties:

WL ST
(38) D‘j=0; Ri‘,k:O, I{J‘jh =‘O, I)‘ji‘—op C“‘l‘h 0-

n MP i Mink"-space. ‘ ) '
then »‘{Jrot)}.a’[h; equajlbities (3.8) and the expression of Py 111:11-)13.1){4‘..“:5_
1 Py =0. Thus this equation together with Pint Praa =0 g1ve Lym =2

 Then we have 9Ljifdy" =0 and SLI,/8x% =BL*[0x". But R, =0 means

i
L'y L' o gt — L1, Lb=0.
dx ox*
i i i rstem such
i i ian case, we can find a locally coordinate sys uch
ﬁfa;n }}}f—l.q(;en’}e;xré?lm})‘j=0, L}y =0 imply N =0. Consequently g =
NN
-] Uy _e,d_ ) . .
_ aw{lao';ollfl:yq?u.2. 1f the N-canowical conneclion CT (fi\) of !heigeffgal:iji
Lagrange space M* is of Cartan type and Rjinw=0, I"u=0, Chin=0 th
. fSTC;l;’:i.Tgﬁ —;};acg Finsler space F" 15 a locally ;}Iinkolw‘ski spacgiif a_n(;i
onlv if its Cartan connection CT' has thet ?rop.i:ttg: :i n{{pj J:t:n(i‘form\';s_té
, 4. The spaces M* with regular metric. is i ant | ;
detcm§1ine the g(l:)neralized Lagrangc spaces A" for which tihe AN Cajnocrulrlx(ial
connection CT'(N) depends on the fundamental tensor -1-1{31‘ g%, V) y
To this aim we consider the function defined on TM

(+1) &lx, ¥) =gu(x, 3)y'Y =uw

We say that &(x, ¥) is the absolute energy of M".
We sec easely that o

(4.2) g%, v) =553-;0—\,

isa covariant symmetric d-tensor field on TM. i rank [ig5,ll =7, then (M, &)
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. . . 4.6) rank [ gi; || =1, Cioo =0.
is a Lagrange spacc associated to the generalized lagrange space AM* (4. . hav

Definition 4.1, [¢ is said that M7 is a space with weakly regulay metric Then for the spaces Af* with regular metric, we nave
if (M, &) is a Lagrange space. B,

Theorem 4.1. 7f the generalized Lagrange space M* is with weakly (4.7) g =gyt -2-‘[ v,
regudar metrie, then Ni(x, v) given by ' dy

o*if
&

(43 S

ae
—_ T Lol lk — —
avi’ 4 Dk S .r’}

ts a non-linear connection, which depends on the fundamental lensor field
gis(x, v) onlv.
Indeed, theorem 3.1 is working herce.

Therefore CU(R) =(LE,, €L} given by (2.4) and (4.3) is the canonical
comnection of the space A"

Corollary 4.1. (M. Hashiguchi, 5. Watanabe, F. I keda),
If the generalized Lagrange space M" with weakly regular metric 1s given,
then N¥x, v) from the formulas :

(4.4) N

i ’ r aC
g ((gf. YooV h@)

dxt

15 a non-linear connection on TM | which depends only on g, {x, v).

Theorem 4.2, A generalized Lagrange space M" with weakly regular
metric is @ Mink"-spuace with weakly regulayr metric if and only if its canonical
connection CI has the properties :

(4.5) ])‘j =O, ]\)lﬂ' O, ]{}’_“‘ 20, [)ljl- O, C}..M m(_}_

Proof. If in the coordinate system (=7(U), xf, v} we have gi(x, y) =
=g;;(v), then the absolute energy ¢ is a function on y* only and (4.3) shows
that .V} =0. Using the expression (2.4) for CT it follows L}, =0, which im-
plies Rf,, =0, R}, =0. Also, it results /*';, =0. Clearly, we get C}H,, ={,
Consequently (4.5) are verified. The converse follows from (4.3) and W a t a-
nabe's theorem 3.7.

Definition 4.2. The generalized Lagrange space M" is called with the
regular metric if

1°. The pair (M, &) is a Lagrange space.

This notion was introduced by the author in [34].

M. Hashiguchi [9] gave a simple and eclegant geometrical
interpretation of the conditions of regularity 1° and 2°. He proved that a
generalized Lagrange space M" is with regular metric if and only if the
variational problem for the absolute energy &{x, v) is a regular one and
the transversality coincides with the orthogonality.

The condition of 0-homogeneity for the fundamental tensor field
gu(x, v) with respect to ! is a consequence of 17 and 2°. Indeed, these con-
ditions are equivalent with

Bv means of (4.6) we get

(4.8) gipty =gyt =<y, )
Therefore :

T 9 ae(x, ).

(4. Dy

. i1 SO | o
'}\hit‘))rl;tr;u:l.l (R. Miron) The generalized Lagrange space M*® with

yeoular metric has the fundamental tensor field gi(x, y) 0-homogeneous with
o
vespect to v und
CaGt L
Ni=— 6 G'=
dy? 2
ve the coefficients of a non-linear connection depending by g,,(.xf_.\') ouly.
’ Theorem 4.4, A Finsler space F* has the following properties
1°. It is a generalized Lagrange space M7 with regular metric,
- Py ) ) . i — L(‘t ‘I) Iz.
25 The absolute energy is &{x, ¥) = L&, ' . ]
37, The non-linear connection (4.10) s the same as the non-linedr connec
ion of Cartan. o
e {" CT(N), with N given by (4.10) coincides with the C
' ; : e seneralized Lagrange spe
Herc is the scheme of the g ralized Lagrange space
on the mentioned spaces:

wir ]
g " gn Yoo

(4.10)

arlan coniection.
s M™ prejections

Generalized Lagrange \

spaces M" -
) i Lagrange spaces L
Kk — spaces '
ik =P Mrl spaces with
)
weakly regular
Mink™- spaces L1 metric _ n
with weakly T e Finsler spaces
regula: metri Mn-spaces with
regular mefric N
Mink'- spaces - Riemann spces V
with regutar
metric

1 ~ Matematici 204
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I1. Lagrangian theory of relativity, The geometry of o generalized
Lagrange space M" =(3], g;){x, v}) can be identified with the geometry of an
almost Hermitian space /" on tangent bundle 73, The canonical connec-
tion CI(NV) of the space M is identificd with the unique almost Hermitian

¥

conncction Voin A2 which is b= and c-svinnetric, Consequently, we can
define the Einstein equations of the space M* as Einstein equations of the
N v

space H=" for the connection V. But this conncection V has non vanishing
torsion, This means ihat the conservation law, gencrally, is not verilied,
This is the reason to define the Einstein equations for an almost Hermi-
tian connection of M with general torsion. In {his way we get the Einstein
equations for a wmeirical distinguished connection with - and @+ non vani-
shing torsion in M*, and so we find the most general Lagrangian model of
the relativity. But, even in the particular case of Finsler spaces, we obtain
the system of Einstein's equations which was not established up to now ;
it is very different from the known sysiem. This fact is veryv well seen on
the example of the Jocally Minkowski spaces.

§ 1. N-connections of Lagrange type on 7M. ILct A/ be an s-dimen-
sional differentiable manifold, 773 its tangent bundle and =: 7MW —M the
natural projection. If I/ is a domain of a coordinate chart, then = ({') isa
domain of a chart on 7°M and the transformations of the locally coordina-
tes on T are given bv (1.1), . We¢ consider o non-lincar connection
N on TM and let 17 be the vertical distribution on TAl. Then

{-i e -.'\""—(Z , 0} (i=1,.. n

it - e
axt Oat d_\'j Ot

is a local busis on & (T'M) adapted to the distributions N and 7. Asin the
first chapter we denote the dual basis by (daf, 3v9), Sy =dy - Ndx.
Let [ A{TMY—®(T M) be the ({7 Af)-lincar map given by :

3 3] d 3 .
[(3_1) _0_._ J((’)T‘] == (i =1, ..., n)n

Proposition 1.1. 17, ] is a tensor field of tvpe (1,1) on 1M,
2°. Jof =—1I

Proof. Evidently, J is a globally defined tensor field on T/, since
we have

(L.1)

SXL O 0F Sy 9T ARP Oy
From ([.1}, it resulis JoJ=—1.
J is called the NV-almost complex siructure on A1,
Theorem 1.1. The N-almost complex structure | is integrable if and
Onl_y 'l:f R‘jk =i’"“.20.
Proof. The Nijenhuis tensor field of the structure J

@X,Y)=[X, YI+JUJX, YI--J[&, JY]=[JX, JY] VX, Yed(TM)

1)

5 0478 D dalo
Lo
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05
3 1 i)
v £ =1 and 0((1_, = ) ={}
Sat oy ot

3 5 ‘
leads 1o Q0 o : 0, (/{(
di 0 8
i R =t =0 for ihe non lineat (:nmu-t‘li'on N
Definition L1, .1 {owear conneetion N o the folal space TM of the

fangent bidle of AL os ealled o N-counection of Lagrange {vpe if :
s

U The Neaiwost com ple structure ] is absolute pisallel by ¥,
N . . . . »
2.V prescries by paradlelisn the vertical distribulion V.
We have .
\ '-" .

Theorem 1.2, A lincar conncction N on the tengent bromdle T flrf is @
\oconnection of Lagrange type if and enly if in the adapted basts {8)8x%,
afov!y il has the form

\ 8 5 v i o
Vg h - ]; _"\_ Vs s I.!;[ ==

A St TEo S

p z . -

e T N N A .
o Vo o — =l

}57,, Al oy gﬁr}_\" Ay

¥

welich (B3 (x, vy, Ch (v, ¥)) are Ui cocfficients of a d-connection LT{NY on
the wanifeld M. y | .
Procf. Supposing ¥ a N-connection of Lagrange type :fnc‘i takmgF {?to
acermt (1.1), it follows (1.2) When a coordinate transformation ;m i3
performed, L, Clyarce fransformed as i.l'l (1.8), I. Conversely, l‘et v L)e ’E’“LII}[
by (1.1), where (L},‘\: i) arc the coefficients of a d-connection on .M.

is ensy to see that ¥ is a \-conncction of the Lagrange type ou 1 _U.I y

‘ Corollary 1.1, There cxists @ bijective correspondeice between the s:,

of d-conneciions {LT(NY} on M and the set of N-connections of Lagrange
N

fype 1V on T

X -
For this reason V corresponding to LT(N)
is called the 1ift of LT{N). .

Corollary 1.2. A fransformation V—V has as offect the {ransformation
of their coefficients (L, Choy— (L5, Ch) snta’q{ying the law (1.18), L
Now, we are looking for the {orsion of V.

Theorem 1.3. I/";’/ is the lift of the d-connection LY(N), then ils lor-

in ihe previous bijection

N . . e i
sion 1" on ihe adapted basis {3[8%°, D10y} takes the values :

N3 b by B Y
o 2 =T e~ R
| g (3,\:"’ ) S.\"") Fay " vt
(1.3)

N g 5 5 o Nfa J 4
1( 4 i) =(i, u _|-1“',;..L , 1 [ —) =S —,

Ak ' - LT
¥ vk 3 3t 93! 2yt 8
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where Ty, Sty D'p, Ch R'yx are the torsion te ' . —SM ot 9Ch 4+ ChCiy =0
Proof. Writing’ AT ton tensor fields of LI'(N). SYNT Iy 2y riles ,
N N N (1-5) __pnl S'“-i—shjk +dl .{P" cr I _ i —i—P" } =0
¥ RV - - r 1 K Tk FLE T 1klj Jk '
T(X,Y)=VaY =VpX—[X, Y], VX, YV eB(TM) ph St S PECl—S Py Pre— Plulit =0
in thc ad pt d b . d i ;rS J'k+ iJH+ f.l‘{ i rivik iir tk i “’lj} [
: apted basis and using (1.2) : ;
ties (13) g ( ) and [(l:6)a (1-10), 1] we get the equali- ﬁ_l{sjhi_i_S?ljrS"“_Sh“l!} =0,
Analogously, the formula (1.5)" .
af N N N ﬁl{sihﬂ'll’{'sl Sy =0
RIX,Y)Z =[Vy, Vy]Z=Vi5y - .
| 2=V, VelZ=Vis,viZ, VX, ¥, ZSB(TH) where 8 means the cydlic summation and oty the_ alternate summahon.
These identities are complicated and very numerous. In the next paragraph

- ‘v 4
gives the components of the curvaturelR of %:

Theorem 1.4. The curvalure }C of the lift VA; )
_ . of the d- =
—(L%, CL), in the adapted basis {3[3x', alf{v‘} 1{ gzai)‘enc%'\z"z:emon LN g

Xy 5} s
23 Y3 _p. 8 3 8\ o
(Sx‘ Sx") sv et R(SJ‘-'l ;.S:t ay! =R}i“‘9—}"'

we try to simplify them.

§ 2. The components of various geometrical objects in the adaptated
frames. The non-linear connection N being fixed, thc_adaptatcd basis
(873", 8/81'} to the horizontat N and vertical ¥ distributions arc well
determined on a domain of chart = (U) in TM. This basis determines a

local frame in @ (T3}, denoted by

N(9 o 3Y 3 5w ' 30y yomld x,=2
RI L =8 22r d 3) @8 . X, = =V, Xi=—, Xoy=77,
(1‘1) By' f Sxk) " - pj‘“é;‘ P R a_»yl ) 8_;;11) a?j =});i“a£‘ , (2 l) 1 } {Sx' 6}” Sy [} 6):!
' - ’ y . N
E 4 48y 8 3 Nrog o 8y o with =, 8.7, =1, ... 2n; 1 bo=1, .., 1 (1), (7). (k),...=n—i—1,..,2n.
a;a : 5:;;; S_x’ =S'n 0 R(a——' X -—k) — =S, _Q_ The dual frame is given by
2 ' g ’ ,
iy 6_‘v 3_’)’ 6y‘ (2‘) {Sta} '—{d-\“; 8_:\"} . Szi '—d.‘i{, 8;\:‘(" :S}J‘

where Ry, Py, St are the curvature tensor fields of LT(N}
v .

A N . . .
The Bianchi identities of V : The lift V of the d-connection LT(N}=(Lhx, Ci,) has, in the frame
{X,} the components :

N N N
(2.2) Vi, Xg =T Xa.

xiz{vxT(Y' Z)—-T{X,Y], Z)—R(X,Y) Z} =0,
Then, we have . .
2.2y VxYSC“ ——-I‘ﬁ.fSCS.

A vector field Y =Y*X, has the covariant derivative:

8 (Vg R(Y, Z)—R(Y, 2) V,—R(IX, Y], Z)} =o.

Xv.Z
give:
fouow;l'!leorem 1.5. The Bianchi identities for a d-connection LT'(N) are as
’ N N N N
' - Ty — By Y, B\ YR YaTR
;fl{RJhH_T"JFT'H"T";:I;—C?,-R'“} =0, (2.3) Viyd (VY )Xa Vi ACY Y Iey
A duff tial I-form o =0 3%* has the covariant derivative:
ﬁ;{Rn”“-'_Rh"Tr’i+PthI€’s:} =0, e N N ’ CN N
: 2.3 Vo (V)3 V.0 =X g —w.Ey
‘i‘;R‘hJill+RthrTrii+P:";rR’“} =0, (2.3] Xy (V) Y8 g Wat By
N - LY
Now, it is clear how V operates on an arbitrary tensor fietd K on TAlL.

—h Tr . . 0 B
CuT T+t p{ T Cli+-Clyy +CF e P — PP} =0, For cxample K =K3X.®3¢ has the covariante derivative:

— r r ]
(1.5)' r ”T ”'+Sh"'R Jir+RhH. l—]‘)lhjx+0£jx-{ffh;rci:l+Pnjrpfuphk;”}=0;

N N
> b T . Vx K =(Vy K8 X, @37,
—PraT SR+ RA i+ AR Cut+ PP+ Pl =0 v m
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with

hy . . i N N
(2.4) VK3 =N,K§-+ KTy, K33,

But {X,} gives rise to a non-helonomic svstem of coordinates in the
sense of G. Vrdnceanu [66]. The non holonomy cocfficients of this
system @, arc given by

(2.5) (N, X =ug, N,
and the Vrinccanu identitics arc:
(2.6) Sapr N iegy — wfyud } 0.

N
In the gocal frames {X,} the tersion T and the curvature R of the

connection V have the components :

I ol

(2.7) 18, =5 — 1%+,

N N ; .1’ N N NN N
(2.8) Riys =X I8y — X N+ T8 T — T8 '+ [ 03,
which are obtained {from :

LA e o ¥
(2.7) (X, Xg)=T3X,, R(X, X)X =RisX,.

N

Consequently the Bianchi identitics of the connection V in this frames
{X,} are written as:

NN ¥ N
(2.9) Jaay{Vastu?'FR&Q’angv} =0,

NN N

N N
(2.9 SayfVa T8¢+ 1% T3, — R} =0.

In these formulas we separate the components with respect to X, =§/8x!
and those to Xy =0d/dy" '

Proposition 2.1, The N-almost complex structure ] has in the local
Srames {X,} the components J§ as follows :

(2.10) Jiy=0, J©; =8, Ji,=—38, J%5 =0

N
Proposition 2.2, The lift V of the d-connection LT(NY=(L},, Ci,) has
in the frames {X,} the components I'%,: LS ere

N. P Nt N N
i __ o " i
=L, Ty =0, T}, =Ci, T4 =0,

(2.11) .

v N N
{4y T Seih i
e =0, TG =Lis, I'5h =0, TiHm =Chi.

- . . . ‘\'
_ Weremark the simplicity of these components of V if we compare them
with the components of a linear connection V on TM expressed in the
natural local basis [28, 63].
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1
iti e e fcients W of non-holonomy are given Dy
Proposition 2.3, Tho coefficients Wy of )
i i wd () spb. d
whe =0, wyn =0, T =0, wiym =0,
] ]
] al\‘ 5 (’)1\1 th 0
(212 i ; L2 Ty e L) ey, =0,
V& wipy =R Whe = » Wi FIC it

ity

alities hold by vertue of (2.5) und\,(l.'f), L. ‘
'he torsion tensor ficld T of the Hfi‘r v of the d-connec-

the componcnts T%, as follows

f liese cqu

Proposition 2.4,

. T

jost LYUNY Jras, in the Tocal frantes {Ngl

N N

T'g“_ ‘f er Jl lu_)k —
AY N )

b N i

Pl T =T,

N ) J\'_
(;;'u- T’Jm =Cix, l'tsuk.-"o

. .
e y T =S

.[.'i':i- = [\)i”, —]-“ gy =
R 1V of the d-con-
Proposition 2.5. 1 he curzature tensor fuld R oof the hf{’-vV of

o AU o - g ax -
wecdron LN has, tn the locul frames § N, L coefficicnts Riys

; N hY
AY N Vi) MY R 1
: = it
""J'u = R0, 1\):5;;: =1, [‘J ki 0, 1‘(.1]“ IR Y
. N N
i ;T Uiy }1) i
i2.141 Kivg, =P Ripa =0, R, =0, K ) el

5 N N Tt ¢
Ri'wm =Si Roma =0, R =0, RBwm =Siw
' 5 “veriue and (2.8)".
e formulas hold by vertue Qf {1.4) anc o
\l\l'le:tcu;,ark in (2.14) the simplicity of ihe coelficients of the curvature

E( in the adaptated frames | Nqh This mcans that Einstein's cquations will
appear in a simplified form. . ‘
|H Putting N, =R cteoas an (2.0), I, “S- liavy

Proposition 2.6. 1he Ricci tensor ficld I8 45 of the lift of the d-connec-
tion LU(NY, tn the francs (X} is given by
AN 2 h\

N | N B
1478 x"u)m =3y

¥ 3 o

RU =Rij, f\'{,-,, "‘i’i_h I iy o .

F==RE N B e meor ficld on the tangent bundie T3,

Let K ==K§ X,®38%* be a tensor f_]idcl e gent bundle 4 1l
We remark that every component K, K, . I 1”1) B t‘hc Aeuntes
of tvpe (1,1). Then, for the covar we have press :

{2.15)

jant derivative,
s s "3 d i - (i) ‘\\I./I""' — K
AN —1\'}],, v, Ky, =Ky v, K =K, Vidsgy =845

: ' .
2.16) » N N R N
B NES N N B =K =K.
Vo i =R, Vo Kb =Rk VK =R [,V Kig =Hl
['his rule is a general one.

Consequently, the Bianchi identities (2.9) give the Bianchi identities

ey
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§ 3. Almost Hermitian N-model H2" of the space M". Let us con-
sider a generalized Tagrange space M*=(, g,(x, v)) and a fixed non-
lincar conncction & on TAL. The fundamental tensor ficld g, (x, v) deter-
mines a unique Ricmannian metric on the tangent bundle TM:

(3-1) Glx, ) =gu{x, Vdx'@dx +-gi(x, V)3 @817,

In the Finsler spaces this metric has been constdered by M. M a t-
sumoto [30].

The metric G(x, y) will be called the N-lift to TM of the metric gi;(x, 1.

Proposition 3.1. T/ec horizontal N and vertical 'V distributions are
orthogonal with respect to the melric Gix, v).

Proposition 3.2. In the local frames {X,} the metric G(x, v) has the
contponents .

(3.2) Gy =g Gup=0, Gy =0, Gy =g

The following important result holds:

Theorem 3.1, The pair (G, ]), formed by the lift G of the metric g,
and the N-almost complex structure J, is an abmost Hermitian siructure on
the tangent bundle TM.

Proof. It is casy to sce that

£5, Gap 2 J2=Goa

Conversely, we have :

Theorem 3.2, Letf G(x, y) be a Riemannian metric on TM, N the com-
plementary orthogonal distribution to the vertical distribution 17 with respect
to G and | the almost complex structure determinied by N. If (G, J) is an almost
Hermitian structure on TM, then there is an unigue generalized Lagrange
metric g{x, vy on M such that its N-lift is G(x, »).

Proof. Let N} be the functions given by the equations G(8/0x'—
Njdjay!, 8/9y*) =0. Then on THM it is uniquely determined a non-linear
connection N for which §/8x'=a/0x" — N} d/dy7 is a local adapted frame.
Considering the frames {X,}=={8/8x', @/dy'}, G has the coefficients G,z =
=G(X,, Xa) of the form

Giymhi(x, ¥), Gin =0, Gy =0, G =gu,

where A(x, v) and gy{x, ¥) are symmetric non-degenerate covariant d-
tensor ficlds on 1/, In the frames {X,} the N-almost complex structure j

has the cocfficients (2.10). But (G, /) being an almost Hermitian structure, |

it results 2;(x, v) =g, (x, ). It is easy to sce that G is the N-1ift of g;;. q.e.d.

It follows that we have a bijective mapping between the set of the
almost Hermitian structure {G, /) on T and the sct of the pair (N, gy(x, ¥))
formed by a non-lincar connection .\ on 7'M and a generalized Lagrange
metric on M.

The space H®=(M, (G, N) will be called the N-almost Hermitian
model of generalized Lazranue spaces M"=(3], g,,(x, v)) endowed with a
fixed non-lincar connection N. Shortly we say ,H?" is the N-model of 3"".

Proposition 3.3. The N-moi:l H™* of M" is an Hermitian space if |

and only if the &-fensors Ry and t'; vanish.

57
A LAGRANGIAN THEORY OF RELATIVITY

21
To the almost Hermitian space H is associated the 2-form
L . 8 G 1%,
-_'—0 8{“/‘.8c, 63 Ty 4
(3.4) 0 5 3 “ ¥
The exterior differential of this 2-form is given by
— P va o ST A JIY
(35) d() - 3’] [\13'[8'9 ABST A0S,

whose coefficients arc:

N N
{3.6) Kagy =;§Y{V: Oay - T3a Byt

hY . - s d : Lr(-\') =( QJ' C;;)
the lift of the d-connection (L; ‘
! bclr(l)gbvicousl\’, the last equalities are obtained from :

Co(Y Y Vi 20 VX, Y, Ze®(TM
d8(X, Y, Z) _\_{;{.\a(y,Z)--ﬁ(_‘\, Yi, Z)} VX, Y (TM)

i es TXLY
ssed in the adaptated frames (4
ChpmPropasition 3.4. The coefficients By
{X,} are given bY
(3.7 0 =0, By =&isr Ouen =—&un Boon =0.
: 1 the coefficients Kgay of the
-tensor fields :

of the 2 form 0 in the frames

- e fX
Proposition 3.5. In the local frames (g
extertor dg’fen’nh?ut 40 arc given by the following d

Ksu-='"‘{th-gin-' R"ygn.+f\”'ng;n} .
K:‘ftr‘)‘:“{gun" Erii ™t gl —ng"u-— T*8m)
-—{gu x—bu!,+chué’m—chugm +5"ngm}.

chs)m =0,

2% Kr‘(mn:

i 2cti M.

i LT(N) is a d-connection on .k.
“hereThe(EreZn 3.3, The N-almost Hermi
rian space on the tangent bundle TM if an
CI(N) has the propertics

Jm-{Rhugu.}=0, ng"u-—gnI""u- =0,
) R tric. S _
fo 15}’):32;11}"1‘}153 ml’;.ft proposition shows. thatf t{f”:;Krg;: =Ky

=K - : ivalent to the conditions of the tReOTCId: o

—-R[ﬁgg%llaroya?:tleq;} He s an almost Kéhlerian space on TM then tt ts
the N-model of a Lagrange space (S e

! Hermitian connections. I‘t is interesting IS
conncgtizlc;n?]::lotslie tangent bundle TM which are the lifts of the metrical

d-connections LT(R). N

| _ o . t
Definition 4.1. A [liicar connection ¥V oon TM s called an N-almos

Hermitian connection 1f -

tian model H™ is an almost Kcih}e—
d only if the canonical connectron
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N

I Vs a N-connection of Lagrange fvpe on I,
o

2. Nis a mddvical comnection with respect to the N-Iift (r( v) of the fin-
damental fensor of the veneralized Lagrange s/mu VA<M, g ( Vi
Theorem 4.1, !Iun cxisls o bijective corresponde Hu h(/utl” e sel

‘\‘H of N-almost Hermtivn connedions and the set {LV(N)Y of the d-metrical
conucctions with respect 1o the generalized metvic o, {x, v).
N

Proof. 11V is a lincar connection of Lagrange type and has in adapted

frames { X, the cocilicients (13, i) ynn by (1.2}, \’ is u metrical one
with respect to (Gl and only if the d- (onm_(lton LNy =(Li,. Ci) is metri-

cal with respect 1o g, (x, vy ; 1 ¢ the mapping VHI () 1s « bijection.

Coroliary 4.1, T'he lift V of the N-canonical conncetion CU(N) characte-
rizes this connection.,

Corollary 4.2. There exists v wuigne N u!mosf Hermitian comnection
V Jor which the h- and - fompmmr/s of its torsion T are the given d-anti-

s_\mm:!m fensor fields 17, S'y. \7 is the Iift of the d-metrical conncetion
(N from the Theorem 2.2, 1.

An interesting result is given by the following :

Theorem 4.2. (V. Oproiun). The almost Hermitian wodel H" of
a Lagrange space I 0s an almost Kdillcrian s pace.

l;oof In a Lagrange space 1" =(, £2) the non-lincar connection N
ts given by (3.2), I. From the Corollary 3.1, I the canonical connection CT
of the space 1" has the propertics imposcd I)\ the Theorem 3.3, Therefore
H* is an almost Kahlerian space on 773/,

Remark. This result was personally  communicate to me by prof.
Vasile Oproiu,

Also, we lhave

Theorem 4.3, (Makoto Matsumoto) The almost Hermitian
modc’l H= of a Finsler space F* ts an almost Kdihlerian space.

§ 5. Einstein’s equations of generatized Lagrange spaces. Now we de-
termine the Einstein equations of the generalized Lagrange spaces M" =

{3, gi;{x, ) using the almost Hermitian models /. To maintain the

generality of the exposition, we consider in H*" those N-almost Hermitian
connections which are lifts of the d-metrical connections LI (N} ={Li. C}i)
with preseribed £ and e-torsion 77, S7,. In this case LT(N) is the d-con-
nection in Theorem 4.2, 1.

Consequently, we suppose given :

1", the non-lincar connection N on TAf,

2%, the generalized Lagrange metric gy; (v, v)

3% the d-tensor fiekds 77, (v
b’_.. Siu.

the d-metrical connection LI(N) with the cocfficients :

H

Cv) (v, v) such that T =—T1,,

- = = o
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H l'-" ——-SL, i Aur = 4 Son l'j‘ll- Lin A"J:q - [‘ff} B
AR S I T SR A
j.l) 11} der ., .
( g l”fr r)&"-r r}‘i_' d_""_‘ _‘__:;,,hb’!t L’.hbt-' m.S? } .
% 1o A !
1t follows : | ) |
(2 N’ L7l =T, Chis—Gli =S
There are, at all: |
{1 nin—1) o i)
n:k —-'—--~-2 ----- it 5
: N civen in 17 : his number 18 greater
functions © NE g, T, Sy given in 174 ind g
o 4nt for nz 4. . A _
e I; 16, =St =0, from (3.1) it results that L1(N) coincides with the
R
N (dll()HlL.ll mnnuuon ¢ lS‘\) P

Again, we depote by T, Ry the components n thc local frames
4

s l_‘r? ()1 i the torsion and curvature of the lift ‘7 of the d-
1832 av'| .

connection LU(N). From Vg, =0 we get
N

N
(:‘Z: NaSrS - ]\'SIYS =() —U

]\

23y

ressed
In the frames {X;} the Ricel tensor I\ﬂ has the components €xp

in (2.15), (2.16) :

N N 1 Ay 2 N e
(5 ‘*) R,._HR;}-, [\’(;)J=I')”, ]\)f(;":_!)f" R(,—)(” —nS'j-
Evidenthv : )
(3.1) " _;_'l"j. Gun -0, Gl'.ng.‘

N\

N B i
i ‘ ; » scalar curvature K-
lhen ihc fensor ficld Rf =G* R,y and the scal

=, "*‘1\ .3 have the components
Y i R, =S, R=RiS

(53) i\“ =I\”.J, ].\)“} =l‘”j, ]\”(n == ]'“j; 1\"" o =;S I ]\: A g

' K., 5=g$ _ _ _ o
e ]l;\cfll“;hmi 5.1 HuU Einstein cquations of the N-almost Hermdran
conncelion V which 1s the Tift of the d- metrical connection 1,,}‘(‘.'\;)‘”11‘;?([?;{1&
are called the Einstein cquations of the connection LE(N) af the generales
Lan ge Spat ‘I" Y T .
“”lr hboni5 l,rluqt(:&l] s t(]lldllOIH of the model H# are given by

N N . .

(5- ()) ]\)‘xs'— E [\)(raa =7 113,
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whereﬁlgf cmonsstimt_. and T3 is the cnergy-momentum tensor field
M em 1. ‘I‘he Einstein cquations of the generalized Lagra'n es

M, gi,(x, v)), corresponding to the d-coonection (5.1) are: casten
Ri— A RsS)gy =%Tey  PrimnT |

(5.7) 2 ’ v e

1 N . 2
Sl 5 (S+B)giy=2Tiyp, Piy=—=nTyp,

H 5.4

u?}’u!fg ] Froeee are d Leisoy flafldS‘ f’ tlg’mé’ﬂl's Yo ’1 CHEYTV-RIOMERIUM
23 0 t

f H ¥ i o o !}Ig a(ia— tLt] IOGCHI Yanies s al

Indeed, the equality (5 i :
lent to (5.7). quality (3.6), in the local adapted frames {X,} are equiva-

Corollary 5 1 I” f]“’ cdse 0 vacim, the l‘ ] f
! . sde S & fhc ; ] ] 1

2

(5.7’ Riy=0, §,;=0, Py, =0, P, —0.

We remark that the d-tensor ficlds R,;, §;,, }-’,, ?’,,- are not generall
] ’ y

symmetric. Then (5.7) or (5.7)' contains 4n* equations. But_the number of

the giv . - SR -
e given functions N}, g, T, STy is n?+ n{nt1) 2 4n* for nz 4
=4

Theorem 5.2. The conservatio ]
L 2. Y1 n law, with respect i ]
LE(NY} in (5.1), for the gesneralized Lagrange spac:eﬂ};fc istogi:)?f;dl;f'o'mwdwn

1 1
Ri R S\ R . _ i 'I i
[ s 2(R+5)85J|r‘{ Pl =0, [5,- 'E(S+R)8;] I‘“;)‘JI‘ =0.

N N S
Proof. From V, R“——l Rsg| =
] 8] =0 and (5.3), (5.4), and (5.5) the
statement results.
Now, we define 7§ =G*¥T,; and in the adapted frame {X,} we have
(5.9) Ti} ---gikTUr 'F(f)j __gfk s - a
Theorem 5.3. The di e
gioen b e divergence of the energy-momentum tensor ficld is
(5.00)  TlATO =~ U,=0, T Yl =
E] —I— 1 ij——o, T‘U)|‘+T( )U):‘=;U(.’)=0'
where U, and Uy, are the d-covartant vector fields

R (G
Uy—me o™ T R — T r
1=38 (TR — T RSy — Ry Py e+ Ry P o4+ C Pl i —

. 1 2
S Pdd——{RT 4+ PR Pl
1) | Py 2{ AT+ PR+ PLCT+ S P
U = oG RLPE r r
(=58 {—CLRS i+ PPy — T P+ 50 S — RS Ty —

— \i AR 4 { W i - 2
5 irsk U}+ {S‘zslu ‘.‘Rll(li} PIIPIU}'

[V
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Indeed, from the Bianchi identities (2.9}, (2.9} we gel

AY 1 1 N N N _.\ N D:'
V1=~ Uy Up=3 (G Rytoa Ty — G RyTog 1o+ BT},
.4

The last identities, in the adapted frames {Xu} Jead to"(5.10) and (5.11).
Finally we remark an interesting aspect
Theorem 5.4. The anti-symmetric part of the cHerg v-momentum 1ensor

field Typ, i1 the adapted frames {Xo}, is given by

{(T7 e+ Py (T’”—}-1"”),,-{—Y",;(l"“h,—l’”,h)—{-
£ R Tohr— PP} T e E K SE
—l{(S",,—C;,) — (ST Ci)ly+ S8t

" SulChe S
T“,,-—T},,‘si—c{(S’,,—C;,)”——('I'rn-i— PP+ Copet Pralet

; - )
I”_ I}I_-
¥

(5.12) Twn—Tow=

—}"C‘r}(lr!;r—" })I "l)+ IJru(Cir‘*‘S.!]r)}.

¥ Proof. These equations are obtained from ]

| N ¥ N N N N NN
Tya— Taa =;{Vu ﬁﬂ? VQTTGT+VTTY=B+ T%a I‘Yw}'

taking into account (2.13) and (2.17}.

Remarks. Prof. Y. Takano [39, 60}, made a good remark concer-
ning the previous theory: _The covector U, acts as a source of the energy-
momentum tensor 7,s, Or acts as a force density. Namely, then energy-
momentum inflows or outflows the internal space and the torsion (the
dislocation, to speak) of the external space”.

— Qur theory can be particularized for the Lagrange spaces L7 or
for the Finsler spaces F5. In the last casc Y. Takano (59, 60), H.
1shi kawa [20, 21]and S. Tke da [17, 18] have obtained remarka-
ble results.

§ 6. Einstein equations of the generalized locally Minkowski spaces.
Now, our purpose 1§ to apply the previous theory to the case of the genera-
lized locally Minkowski spaces, Mink? =(M,gq) with the weakly regular me-
tric. The case when g, is the fundamental tensor of a Finsler space hasleen
studicd very well by G. S. Asanov [2]. Generally, Mink® =(M, golx, ¥))
with the weakly regular metric it is not a Lagrange or a Finsler space.

Let CT(N) be the canonical connection of the fundamental tensor
gy, Where N is the non-lincar connection given by the equations (4.3}, L.
Using the Theorem 42, I the space Mink” with the weakly regular metric

is characterized by
DY, =0, R =0, Rfun=0, P'u=0, Cirp =0-

It follows N$=0, Lii=0, Pty =0, T'u=0 St,=01in a special
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((JOI'(“H‘II(' VST T 1 J

€ & ."t 1. I h{.‘ conneclio ) ) l\ 1 ' i ‘

) : . 11 ( i (\ f [

COIn P” £ . i . s - ) 154 1]](. l”['rn 1} Y T

I nt:’ fJI l]]( Ie“.(.] f.('”hl‘)]' are ( ‘ ”" j‘l.( ) . |I!.
&

1
Ri=0, Py=0, I'j=0, S, =5,
i T ALY . e ) ‘ ‘ N
The scalar curvature of the space Mink” is

R0, §=8(y)=g¥ x5,

Then, a i

. applving the results establi .
W el e G : 3 established in 'S ST

Coget s the previous pittagraphs

Theﬂrelll 6 1 ]‘ ] i 7 of | 1 f
L :iHS[r’Hl N “fl”l‘(?l‘ 3
g1 li' g . : = LAt ] .
fth” oy ?Jit’f “" co )’(’5[)()”((’1‘”!_" f(.l [,,“' ‘_{“H””_(-lf” }'.. _\_/)”; l R ,1| ”U‘u"e, Tt H’}Ii Wi t'[ N
[4 SORNBSCTon (,‘lﬁlrnll iy Y
Y 14 ¥ A Ire __;'l'.".'H !)\:

(6.1 S S =l

.. .
ESL’;: =1y

o —

Theorem 6.2. 1/ curoy

v bl v s -Ria et IO E
’ir-(-:t]nl'_\ reeuliar wmetric dre o fensors “f the .\‘/)(;:-,- Vink* with

(6.2) L ! !
4 ° “'{f . f = — e (L g B
o Eue Lo Z{S.; E,\gu}, Fear="Tzy=0.

Theorem 6.3. /-

3. far the Qf)([-'-'l, V4 | -

connection CINMO o el ink" with weak . :

on CLU(0), the conservation law 1s expressed h‘x!-'\fhng”h”; A
: v e equations

Fl
(5 ; 2—-*8})f 0;

which ds identicaly i
i oy el . .
Tl =0. fied, and th
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INDEFINITE QUATERNION SPACK FORMS. 11
ny

JUAN DE DIOS IPEREZ

1. Introduction. In the first part of this series, (3], I Go Santoxs
and the author began the studv of indefinite quaternion Kachlerian mani
folds obtaining that if the real dimension of snch a manifold is =8, then
i is an Einstein manifold.

Lot (M, g 1) be an indefinite quaternion Kachlerinn manifold.
For any vector N & M, peM, the 4-plane Q(N) =1\, 1N, JN RN
), K being a local Lasis of 17 at pis called a quaternionic 4-plane at

CIT N, Y] is 4 non degenerale section of T,M, p=M, such that O(Y)

O(Y), the ceetional curvature for such a section is called- quaternionic
sectional curvature. If O(X), - Q(Y), the corresponding scetion TN, YL s
calied totally real and its seetional eurvature is called totally real sectional
curvature. Il the quaternionic sectional curvature of M does depend neither
on the section nor on the point, M is called an indefinite quaternion-space-
form. In (3] we proved that an indefinite quaternion Kachlerian manifold
of real dimension> 8 1s an indefinite quatcrnion-spn:_‘(:-form of quaternionic
sectional curvature ¢ if and only if
p

RN, V) Z=2 {0V 2) N—glX, 7) Ybg(IY, 2) IV —gI N, Z) IV

2g(X, IY) TZ4g Y, ) JN—glIX. Z) JY 2N, JY) JZA

Le(KY, 7) KX —g(KN, 2) KY +2¢(N, KT} K43

for anv vector ficlds X, ¥, Z on AL

In [5] we also obtain some characterizations concerning the behaviour
of the sectional curvature for certain types of sections and the behaviour
of the curvature tensor for null vectors i1 order to have that an indefinite
quaternion Kaechlerian manifold is an indefinite quaternion-space-form.
The purpose of the present paper is to obtain further characteriza-
tions in that wav. In the {ollowing, if no other thing is mentioned we shall
suppose that M is an indefinite quaternion Kachlerian manifold of real
dimension 4m> 12 and index (signaturc) 4s «uch that 1<s<m—2. We refer to
[5] for notations and further references, Among all results of [5] we mention
the following one that will be used later.

Lemma 1.1, Let M be an indefinite guaternion. Kaehleriun manifold
of real dimension 4m=8. Thew we have



