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tion. In the first part of this serie
study of indefinite quate
f such a manifo

1. Introduc
and the author began the
folds obtaining that if the real dimension o
it is an Einstein manifold.

for (3, # 1) be an indefinite quaternion
For any vector NeLM, pEM, the 4-plane (Y}
if, J, K| being a local basis of 7 at pis called a quaternionic 4-plane at

CHIX, Ylisa non-degenerate section of T, p=i, such that O(X)

O(Y), the cectional curvature for such a section is called quaternionic
sectional curvature. It O 0(Y), the corresponding scction AW EIRE
called totally real and its sectional curvature is called totally real sectional
curvature. I1 the quaternionic sectional curvature of M does depend neither
on the section noron the point, M is called an indefinite quaternion-space-
form. In 31 we proved that an indefinile quaternion Kachlerian manifold
of real dimension 8 1s an indefinite qua'tvrnion—sp:u'v—fm'm of quaternionic

sectional curvature ¢ if and onlv il

Iachlerian nmanifold.
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for unv veclor fields X, ¥, £ on M.

37 we also obtain some characteri

of the sectional curvature for certain types ol sections

of ihe curvature tensor for null vectors in order to have that an indefinite

quaternion Kachlerian manifold is an indefinite quaternion-space-form.
ain further characteriza-

The purpose of the present
tions in that way. In the {ollowing, if no other thing i» mentioned we shall
suppose that M is an indefinite quaternion Kachlerian manifold of real
dimension 4> 12 and index (signature) 4s such that 1< s<m—2. We refer to
[5] for notations and further references. Among all results of [3] we mention
the following one that will be uscd later. :

Lemma 1.1. Let M be an indefimite
of real dimension 4m=8. Then we hav

saiions concerning the beha viour
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and the behaviour
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quaternion Kachlerian manifold
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[R(X,Y), Il=—[p/(m+2)}] (&KX, Y} J—¢(JX, ¥) K},
[R(X,Y), J]=—[pf(m-+2)] {—g(KX, Y)I+g(IX, V) K},
[R(X,Y), Kl =—[p/(m+2)] {g(JX, YN —g(IX, Y) [},
for any vector fields X and Y on M, 4mp being the scalar curvature of M.
2. First results. To use in the rest of the paper, we shall prove the
following

Lemma 2.1. Let {X, Y} be a totally real plane of T, M, p&ll, and
{I, J. K} a local basis of V at p. Then

RIX,Y, Y, )4+ R(X, IV, IY, X)+R(X, JY, JY, X))+ R(X, KY KY, X} =
[of(m+2)] g(X, X) g(¥, V).
Proof. From Lemma 1.1 and the first identity of Bianchi we have
(2.1) R(X,IX, JY,KY)=R(X,KY, X, KY)4-R(X, JY, X, JY)
and
{2.2) RX,IX, Y, IY)=R(X IY X IY)+R(X Y, Y, X).
But again from Lemma 1.,
(2.3) R(X,IX,JY KY)=—R(X,IX, Y IY)—[p/(m+2)]g(X, X) g(Y, Y),

The result follows from (2.1}, (2.2) and (2.3).

In the following {/, J, K} denotes a local basis of V at the considered
point.

Theorem 2.2. M s an indefinite quaternion-space-form if and only
if RIX,Y,0Y, X)=0 for any totally real section {X, Y} of T,M, peM,
such that g{X, X)=1 and g(Y,Y)=0, &=I, J, K.

Proof. Consider X €T,M such that g(X, X)=I. We shall denote by
W the orthogonal complement of Q(X) in T,M. We define the following

bilinear symmetric function f over IV
Y, Zy=R(X, Y, IZ X)+ R(X,IY,Z, X), Y, ZeW.

Then if ¥ is a null vector of W wehave f{(Y, Y)=2R(X, Y, IY, X) =0.
Thus f(Y, Z) =tg (Y, Z) for some constant ¢ and all Y, Z<W (see [1] or

3]). Thus f(Z, 12) =tg (Z, 1Z)=0=—R(X,Z,Z, X)+R(X,1Z,1Z, X) for _

any Z< W, thatis, R(X, Z, Z, X)=R(X, 1Z, I1Z, X).
By an analogous reasoning using the bilinear symmetric functions
on W/ and /" corresponding to / and K respectively, we get
(24) R(X, %2, Z X)=R(X,1Z,1Z, X)=R(X, JZ, JZ, X} =R(X, KZ, KZ, X)
for any Z<=W. :
Choosing now a vector Ze W such that g(Z, Z) =1 or g(Z,Z)=—1,

{X,Z} is a totally real section of type {}} or (%) respectively. Then from
(2.4) and Lemma 2.1 we have

(2.5) ofX, 1Z) =p[[4(m+2)],
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. e oxists a constant d such that a(X, IZ);d for any nondeg_cnlcrate
thdtllls" $33:{Csé§tli§;do;ogrpe (1) or (%) Then it 1s casy to prove sumla}rly
o }[7)]‘:{11;11: M has constant totally real scc‘thnal curvature at p. Now
I'Isflcﬁlo;vs ([5], Theorem 5.5) that A/ is an indefinite guaternion-space-form.
l ,- . .
The converse 15 tn\'ml.f e
: :imijar of we hav _ ‘

?%eﬁr;;;m;dg.pﬂrn; is an indefimite :lmr!.r'rm.on-spcyr:-u-:form_1‘f and on‘ljv
fRX, &Y \FY. X) =0 for any totally real section (X, Y} % Iq,),:l{i.p e M,
z;- wh ‘thjat g(X A)=1 and g(Y, Y) =0 and any ®, Y =/, J \" d fb ); "
! Theoren; 2.4. Ifthercexistsa constant d >0rsz_rch that |1§‘(;“, . \ff‘ ) \f
cd for any totally real section of type (5} (X,Y} of TpM, pEi, an
p—1 J, K, then M is an indefinite quaternion-space-forn. e
v ’Pr’oof’ Let X be a vector of T M such that glX, X)=1 Lct' ):,t as
in the proc;f of Theorem 2.2, and consider again the 1:)1111'1](."211'\’5}1;31112(, RC)
if[:m(:tion f over W %iv\?n 11;} ,f(Y, Z}) =t€\:(:‘t'( é(,){l},i\_)_—i—_ 1\(‘|}(y 'Y)’) 0

Sy, zew. 1 etV is such th: Y, Y)=—1, &

fo_rz :le’lz\\ VXX{TY X)| €2d =a. Now we have again fY,Z) =g (Y, 2) for
-;;1\-' Y ZE W and some constant f. Following as in the proof of Theorem
LZZ we obtain the result. _
. - also have the {ollowing )

%ﬁe&iiﬁczx"; d]} there cxists a constant d>0 S”ih tkatTil.?(X,;I);;,
Y, X)|<d for any totally real section (X, Y} of type () of TpM, p‘ :
. d' tmy?l) ‘l"—IV] K ©=2%¥, then M 1s an indefinite quaternion-space
an ) =4, ’ ’ ’

form.'l‘he following Corollarics follow casily . from Theorems 2.4 and 2.5
respe ol ) ] wile quaternion-space-form if and only
2.6. M is an indefinite quatcrni A
if Ic(gor(;}la&‘)%] X)y=0 for any totallv real scction of tyvpe (I} (X, Y} of
Thed, 0=I, J. K. | o |
TpJI'CP‘-“—ﬁi}(Dz 7! ﬁ[[ is an indefinite qzcatzrmqn-s{:c!ce-form;:f a{'zdyonl}f
if R(Ym;l())Y ‘l:"‘,Y \) =0 for any totally yeal section of type (2) {2 . .} 0
heM @, Y= K, ®#V. _ ) . .
TpJI'TPhE.‘/f'm@é‘g Llét J\I be -arimiqﬁnim quaternion Ixueizflv{mfv;t ”m}?f%rd
of real dg?;::nsior; am>8. Then if for any tolally real plane .2}';.’.-? ],,LK,
1{6 M the curvartures R(X, X, ‘I‘Y,. Y) are constan! forany @, ¥ =L, J, b,
(I)#“YJ M is an indefimte qnatermon-Spare‘-form. or s ayL N
’Proof If {X,Y}isa totally real section of Fo, X, {I +/Y)

1 o
i i : « T syo have that — R(Y, IX,
is also a totally real section. Choosing ® =1, W =], we have 5

—KY—Y, IY+]JY)isa constant, say b. De\'elopping this curvatx:rev%ve
have that R(X, [X, IV, ¥) =b. 1f we take now tl1csect10n{_._¥,(]Y+."(&\)l{ l};
o=, ¥v—K {rcspectivuly, the .ccctionf {[;] (KY+T} yVzh o=k, ¥= )

: s from Theorem 6.1 0 . _ . y
the re;.ulliefs?llllg\‘;onterning null vectors. Tl)lqoreql {5{17 1/[ lf\ foc;na”q:’zd:]f:”
\nite qualernion-space-form if and onl}" if I\(Z'I{l’)étjb % 7y =0 3
vector =T, M peM, and any ©F =I, J. i #. o ToM Shenning

I;roof "Let us suppose that X and Y are 13mt vccytor;o i p\'ECtOI'DS
a totally real section of type (2). Then X+Y and X—Y are?

3 ~ Matamatica 204
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of 7,M. Then, from the assumption and taking ® =1, ¥'=], developping

R(X+Y, IX+IY, JX+]Y, X+Y) and R(X--Y, IX-TY, JX—JY, 4. Mean curvature for totally real g-planes. A g-plane = (2 g<m)

ol T,M, peil,is called totally realif there existsa basisof =4, Na, oo, Xo)

¥ —V) and adding th sults we hav : . ey .

) and adding {he results we have wuch that HX)LO(Y)) for any i#f, 4, j={), .., g} Given A subspace
3.1) 0=R{X,IX, JX, X+ RN, IX,JY, ¥+ 1R(X, 1Y, /X, Yy+ N1l 'Ij,,;\l, peM, et us suppost that 447, ..., 1-.4,,,}_is an orthonormal
o LRIN TY. XN AL R(Y . Y hasis of 7,0 such that $E,, . k) s a basis of 5% (for an orthonormal
PRIV, J X R(Y, IV, JY, Y} hasis we 1indcrstand a hasis 1Y ” X} suech that g(N, X =1 and
By the same reasoning applied to N 1Y and X—7Y we obtain| ¢(N. Xy =0 forany i#f, 6, g4l . dmg). The mean carviture of S 1s

R N)—R(X, IX, JY, Y)—4R(X. ¥, JX, TY)+ then defined by .

LR(Y,TY, ], N)—R(Y, 1Y, JY, Y). m(Sy=H y(m ) T Y e(E,. L),
i=1 A=yl

From (3.1) and (3.2), applying the identity of Bianchi it follows
(3.3) 0—R(X,IX, JX, X)+3R(X, JX,IY.Y)

and

For a quaiernion Kachlerian manitold it is known that if the mcan
curvature for a totally real g-plane is independent of the choice of totlally
real g-planes at cach point for 2€g<m, then M is a quaternion-space-form,
[21. Here we shall prove the following

Theorem 4.1. If {he wmean curvatitre for totall vy real non-degeiterate
g-planes of ol index is independent of the chotce of such q-plancs at each
point for 2€g<m=ys, then M is an indefinile gratcrnion-space-forin.

Proof. Let = be a toially real non-degenerate g-plane of null index
of 1,3, pEM. Let us consider the orthonormal basis 41, ..., £, Epeq, ool
Ep TE o AEw JEL JEn, K .. KEabof M such that {Ey, ey I}
is a basis of =

Then we have

() =V lalam—l[ S B {o(Ey E)to(Bu TE)+olEs JE)+

0=R(X,IX, JY, )+ R(Y, IV, JY, V)+4R(X, Y, X, KY) +
4+2R(X, JX, 1Y, Y),
Now, using the vectors X+ /Y and X=—]Y we get
0=R(X,IX, JX, X)+R(X, IX, JY, Y)—4R(X,KY, Y, X)—
R(Y,IY, JX, X)=R(Y, 1Y, JY, }).
From (3.2), (3.5) and Lemma 1.1 it follows

(3.4)

(3.5)

{3.6) R(X, IX, JX, X)=R(Y,IY, JY, Y). PR
From (3.6) and (3.3) we have ¢ ) -
(3.7) 0 —R(Y,1Y, JY,Y)43R(X, JX, IV, V), +al{l;, KE3 )+ }_. (o(E, TE)+o(E JT Y4e(E, KE} -+
and changing X by ¥ in (3.3), we get +é1 sz.l fa(F, 1E}+a(L:, JE)-alEy, KE)=
(3.8) 0=R(Y,IV, JY, Y}+3R(Y, JY . IX, X} T et )
From (3.7) and (3.8), o — g Tqlme—q) o+ 21 1 [(g(m =1 B fo(Er, TE)+olEn JEI T
3.9 RIX,JX, IV, YY=R(Y,k JY, IX, X}, - ) ) CEN
(3.9) WX, JX, IV, Y)=R(Y, JY, IX, X) wolE, KEJ+ = = {(Eq IE)+o(Er JE)+alEe KE)}
Finally, from (3.3), (3.4) and (3.9) we have Rt
(3.10) R(X,Y, KY,6 X)=0 But in our conditions it is casy to see that o{E,, IE)+a(E: JE)+
- 7 . i 3
for any tot'ally’ real plane of type (%) {X,Y} of T,M, pei. Taking +a(E;, KE)= ®_ Then from the above expression and Lemma
@ =T and ¥' =K (respectively @ =/ and V' =K) applving the same reasonin e
we obtain ' 2.1 we have
g
(3.11) RIX,Y, ]V, X)=R(X, Y, IV, X) =0, m(z) =[e/(m—g)]— = olle ).

Then, if m(x) is a constant, the albove expression proves that

L
‘F o(l:;, I,) is a constant. Then it follows, {31, {41, that M is an inde-
=]

finite quaternion-space-form. The converse is casy to sec.

for any totally real plane of type (*) {X,Y}of T,M, p=M. The resul
follows from (3.10) and (3.11) having in mind Corollary 2.6. ;

_ Corollary 3.2. M is an indefinile quaternion-space-form if and onl
if RX,OX, WY, Y)=0 for any null vectors X, YT, M, psM. oz ¥
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M. Also, denote by dr: TTM--TM
the dilferential of = and define the vertical subbundle VI M of TTM as
the kernel of d=. A complementary distribution N to FTM in TTM is
called a non-lincar conncction on TM (sec Matsumoto [15). The
fibres of both vector bundies "7 and N are of the same dimension .
In this section we have the following range of indices: 2. 8, v, .. ==1, ... #
and a, b, ¢, ... =1, ...,p.

Now, we consider a canonical chart (U, 5, k%) on T3M, where U
is an open set of 73 and 5 U— R is a diffcomorphism of U on (1),
For each z = denote by (n', ..., #" ;" 9, ..., 9") its coordinates in this chart,
Then the non-linear conncction N is determined by n® differentiable
functions N2 on cach U satisfving

v""] s

B ] 2,8
(1.1) NE --_-Cl"_(a" No g I
duB @ D duy
where N are the corresponding functions on the domain U’ of another
local chart (U', ¢', R*) with ['nlU'#@. Moreover, if {0j0w, 8/3v*} is

the natural local field of frames on 7'M then {8/84*} given by

(1.2) 22 N

the canonical projection of T3 to

e=1, .., n,
is a local field of frames on the distribution V.

Next, let =g E—TM be a vector bundle over TM with standard
fibre R?. Denote by I(E) and T(TT3f) the module of differentiable sec-
tions of £ and respectively TTM. Suppose V: I'(TT3) x E)—T{(E) is a
linear connection on I, that is, we have

{ Vel fV+W) =(Xf) Vb fV V-V, IV,
Vigsr(V) =fVeV 4+ VeV,

for any differentiable function f on TAl, X, Y «I'(TTM) and V, Wel(E).
The pair VFC=(N, V) of a non-linear connection on 7M and a
linear connection on a vector bundle E over TM is called a veclorial Finsler
conneclion on E,
Taking into account that for many cases in Finslerian geometry
the computations are locally made we need to express locally a vectorial
Finsler connection. In order to do this we consider a vectorial chart (U, ®, k7

(1.3)

on the vector bundle £, where U is an open set of TM and @ : =zi{(U)—-

Ux R? is a diffeomorphism. Let (U’, ®’, R?) be another vectorial chart
such that UnlU’# @. Denote by {S,} (resp. {S..}) the local basis of differen-
tiable sections of £ on U (resp. U’). Then there exist p* differentiable
functions GZ, defined on UnU’ and satisfying

(1.4) S, =G2, S..

Now, suppose (N, V) be a vectorial Finsler connection on the vector
bundle E. Then since N is a non-lincar connection on TM there exist "
differentiable functions N2 on U satisfying (1.1). On the other hand, taking
into account that {8/8u*, #/0v*} is a local field of frames on T3, we define
on U the differentiable functions F,%, and C,', by

71

GEOMETRY OF FINSLER SUBSPACES. 1
3
: e .
Vﬁsa_Fuba‘Sb V_ﬂ_ Sl""'(’u asb
{! ) But "

H i T b b
differentiable functions (NB, Fda, C,,_t,]:
T - a similar ation wit
, each domain of a canonical chart of 1 .U.} Bt_\_ t(]x >m_ni1;1t1( ﬁi?g?t:t:'cctoriql
“hat 1 -tions we obtain that the existe i ori
ih: « for linear conneciions we OBl ' dstenc et
thdtlo;uc‘onnu;tion (N, V)on E 15 equivalent with the L-XISBHC}I Q} ;LI qftis
finsle . n £ iv i ce of o triplet
Lfldiffcruntiablc functions (N3, %2, Ca ,) on cach domain

f\-ing (1. 1) and

Thus (N, V) induces @ triplet of

b
01!“ Fohe a1 b T Sg;d_')
I‘a'b ¥ T BH-W (’b (G"I L 8“‘
. b
(1.6) w0 g b aGu'),
(Jrub I 2 a”’l'Gb ("a'cﬂ T }_‘ a?)a

an Llld“ 01 h()' }I( ca Cdal € 1 1 Y Q (:halt. on ] i"I
f T ¥ g{' h t allomee 1 h( I’t_ and th(, LCt 1]a]
[y 3

G i atrix R
e ) e e enoction on [ and K-
be the curvature tensor ficld of ¥V given by ’
(1.7} RAYXN, Y)Y I =V Uy = ViVl — Vsl N
for anv X, Y el(TTA) and V= (E). Then the local components iap

L prgand Sty given by
8 y N
R 2)s.=RpuS: R (—-é
548 Bt g
R -_(J_ _9__ Saisqhqﬁ's.b
B A
are called the Finsler cure

TEC. Bva direct computation using (1.3),

S'F"b‘! — 3_["“&5 "l'Fu,Cu.I:ch _ﬂFﬂcsFCbJ _" CﬂbYR?as’

_E-)Sa =P 2350,
Su®

(1.8)

- vectorial Finsler connection
¢ tensors of the vectorial Finsler
alitr (1.7} and (1.8) we obtain

b p—
Ien ad SHS 3”(; \
n SC b d. "Y-r [
(1.9 Plas =%_ 9“9;—3 -+ Facacfbﬂ_c"csl:cbz-*“ -GUB Co'ys
3 . I Su®
g = Caa_ 0Cas 1 € ,20C b5 —CataC .
. Jv* du*
e R 1g o1V by
where RYgp 15 given bh RY 3NY, 3N
el = S

(1.10) S

r connection on M is a \'_ectorinl Finsler
er connection on M is given by triplets
Ue TM and satisfying {1.1) and

Su®

Next, we show that cach l*'i_l_lsle
connection on VT AL _In fact, a Finsl
(N8,, F,¥s. C,Yg) defined on cach
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4' 5 GEOMETRY OF FINSLER SUBSPACES. 1
o dur f due 9103 .
(1.1 Fala. T ou (6 - 37y o _?L and the (v)-covariant derivative of T3 by
. 24 a’ ’ . .
l) i A1 A P EJTE‘;
_OuY dur P (1.18) By = Pt -%—TEEC;Y—T;‘;CB"Y—i—Tﬁf,C,“,— T3:Ch"y
[

Col'g.=— &
Bu¥ ux Fu

On the other hand in this cas Thus each pair (I'FC, FC) of a vectorial Finsler connection on E and a
’ ‘ Finsler conncction on M defines a relative differcnfration given by (1.17)

Hence we have ¢ a local basis in VT M/ is just 93w, ..., Blov"
o } and (1.18). Morcover, by a direct computation, using (1.13), (1.14), (1.17)

(1.12) G® = G~ - A and (L.18) we obtain the iollowing commutation formulas
ar = Mg "5 .
auq' TT"“. ——Il-" =1\) a . li’b ) I\Q ]1-{1 i ]. © I'{""
Thus taking acc jala ™ P ikls e =8 ad _fe taf s
Finsler Congnccti%in:)sflglf‘k}) iind 1{_1‘. 12} we obtain (1.6). Also, cach vectorial (1-19) Wala— s 4 =P8 W= PO Wilg —CFs W,
4 1s a Finsler connection on M. In fact, in this 1179 |5 — M lale == S57a 1! LN | L

case, from (1.6), by usin

I .6), b 1.12) we ¢
a passing from Finsler %To(nmel‘)tic::(;{:Ct G
was also stutied by Oproiu [21].

We finish this i ]
. cection with s .
ind . : ome remark -ari S
! auiiadctgf‘a\lei;t‘onal Finsler conre-tions. Suppi)s:nl/’ir?c'a_“%\%t dex;u.atn.es
i insler conne.tion on F and W —=[Vs§ 15_(; S:ff‘a mtp{u
a ifferentiakle

on o . L b

where T2, I %a and $%; arc three from the torsion tensors of FC and they

are given by

ot . \Ve have to remark that such
2 :f to lirear connections on VTM

I3y Fpe—Fs Fos—oct —Fyt,
(1.20) * « oA 9P ¢
§%,=C"—Ca%:
- g_ The Finsler normal bundle to_a Finsler subspace. Let F"=
(M, L(x, y)) be a Finsler spacc, where M is a real m-dimensional differen-

(1.13 We __SI-V“ — 'l
) Voo = S + F,%. 1" and respectively tiable manifold and L(x, v} 1s the fundamental function of Fm(see Matsu-
. moto [15]). Denote by gi Ll;l,-2)(021,2.-'0_\-‘63") the fundamental tensor field

(1.14) we  _ 2W° of M. In the present paper we only supposc gi,(x, v) be positive definite.
T g + G IV Thus our theoryv holds good also for subspaces of generalized Finsler spaces

(see Miron [19], Hashiguchi [11} Watanabelkeda [26]).

For a difie i : . =
rentiable functions fon 7'M we define Next, let M be an n-dimensional submanifold of M locally given

o o=l =2
N Sy FTaa
oW suppose there are defined ve gt .
gollfaln U of cach canonical c?mrt(g?éi g‘fgﬁggntlable func
Eei;‘nf?)ra ”I-}ited Finsler tensor ficld on M ,with)
a chanege of o
on I we have ° both the canon

bv equations
A
{z.1) gl =y (u‘,...,u") © rank ‘.ax ]:n,
du*

In this section and in the sequel we use the following range of indices:
4,7,k .o=1, . 1, B, .= 1“, L, b —n+1, .., m
‘The immersion ¢ of M in M induces an immersion di of TM in TM.
Thus locally, if {x, v} of TM is carried by dr in (¥f(u), y'(#, v)) of TM we
have '
dx'

2.2 vt =B v* where Bi=

) tions 732 on th
of TM. We sav ﬂtbhat Tg'z
on 3 respect to the vector bund

ical chart on 737 and the vectorial lclﬂai“t3

1.16 Taca T a_
(1.16) Tgg =04 O ey o
Gu." (’)Ifs' b4 gy .

du®

Now, we consider 2 Fi

L) L I‘ 11‘1‘\1(_"]' conne M - .

a vee ; . s cction FC =(N\NB 7.8

wirstonal Finsler connection PEC =(X?,, Fyb S o e vt e ond
f g re - 4T- - ok 4 [/ - Y U )

cmark that these Finder COII!]CCtic::-;q P \'CC :ﬁgior bundle E.

3 HdR L » same  hon

Since (') is the supporting clement of M we call (+%) the supporting ele-

ment of M. We denote

linear connection N =(N®), T
- - N={N2" Tten we define @ i

of T3 by cline the (h)-covariant derivative, (2.3) P a2yt . Bly= Bl

( STz T oumand o ¢

1.17) Taa o SLE | e -

Boy — T Tee f-x _ fuap; “ar TT @ . . .
! Sur LB — IR+ TR, FETRIE,S, The natural local field of frames {9/du®, 7/91°! and {A/dx', 8j9:" } on TM
and respectively 7 are related by
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Next, the fundamental function 7. on F" induces a fundamental
function L on M by

(2.3) Liu, v) .-.:1(_,\'(”), v(n, v},
and further we have a fundamental tensor ficld g, @) on M given by
; 1 gl
2.6 o) =gl xfu), yviu ) BibBy = - —— .
) Bair. ) = guxfu). (. ) BB =~ ——g

In this wayv M inherites a Finsler structure and from now on we shall investi-
gate the geametry of the Finsler space F*=(3f, L(x, v)) immersed in F™.

First, it is easy 10 sce that in fact the fundamental tensor g;; (¥, y)
defines a Riemannian metric g on the vertical subbundle 7770 of TTM by
(2.7} N, YVy=g, X'}/,

for apy X = X*'3/41* and ¥ =¥* 3/, We denote by 1T M™ the restriction
of the vertical subbundle I'7°3 1o the points of 7°M. Then by the second
line of equations in (2.4) we see that 177 is a vector subbundle of 177"
The complementary orthogonal subbundle /MWL {o FTIW in JE A7
\\'it};_ respect to the Riemannian metric ¢ i called the Fiusler normal bundle
to I

Let (B, = Bydjdy'} be a local tield of orthonormal frames in the
Finslet normal bundle V7ML Thus we have

{2.8) coxta), vln, w)) Bilu, o) Bi{un, v) =38,,.

On the other hand, since "7 1/1 is orthogonal to 1’7 M, by the second line
of equations (2.4) we get

(2.9) gy, v(u, w)) Be(u) Bi(u, ¢y =0.

The local basis {9fdw* = Biafoy', B, —= Bid/ary'} in VI is called the
Finsler field of frames on F™ along to F*. We denote by 153 577 the inverse
matrix of [BY B . Thus we have

BrBi=3: BiBi=0; BfBi.=0; B!Bi=8%,

Bl B+ By B3 =3},

Then by (2.6}, {2.9) and (2.10) we get

(2.10)

(2 1 1) Sap B? = g,-BJg 5

R
. ™
[ oo ey Py
GEOMETRY OF FINSLER SUBRSPACES. 1
. _——»A——--__'___A,___.-—————'——_
L erorl

e

.
onnections by 2 Finsler connc_chon on the
dlor subspace of F7 = (M, g}
Finsler connection on =, where
Nt oand V is a lincar

§3. The induced Finsler ¢ "
ambient space. Lot I =(_.\[,,€L,J;,) l;-: a 1'11
Suppose FC "'(iy. V) =(.N7, i, ( i *)‘1% . locally by
._\' is a non-lincar connection on. T M g1};‘l1 0 .(. i
.'on-nection on VT given locally v F/oand Oy
L

First we prove _

Theorem 3.1, Let I be a I
wed wi Finsler connection I'C
wd ot ”’cf'r'on L\ on TM safisfyving

lincar coHE | |
N, I 'I';\I',"@K’f, {(dirced suml,
L 3

(3.1) ;
where N~ 1s the yestriction of N to T

Proof. We define locally the differen

N - B¥(Bi+ NiBY,

- - m o -
insler subspace of a Finsler s/mcc.F end
(N V). Lhen there cxists o riguc qon-

v:elM,

table tunctions

(3.2)
. it i Thus we have a non
; t is easy to check (1.1, lhu L
gﬁd?’l.’lf defined locally by A Next, from the secon

(2.4} we get

(3.3)

Jinear connection :\
1 line of eguationin

O R L B B
dy! Ju®

5 . )
\ T is s i - by —— given by
The distribution & on 31 is spanned locally Soi g

(34) . 'Sx‘ —'(5:“"'—'. ‘E)-\ r -
Then by using (1.2), (1.4), (3.2) — {3.4) we obtan
, 3 _ > HB.,

32) 3us 8x'

where H2 are given by

Ha = B3 (BiN? .+ Bés)-

istence of N satisfving (3.1)- . .
is another non-linear connection on h

as arbitrary functions. Then 1 using

(3.6)
Thus by (3.3) we have the ex

Now suppose N =(N%) : 2
satisfving (3.1), that is, (3.5) with /g

(1.2) for N3, (2.4) and {3.4) we have )

3 ;D 1 ) 4 § _?\_'BBJ .
i3.'.“+ -:?—; =I‘3; g;'; -r(:\;,'Bc—r BM v 3) C‘j-\-l
' B .

Thus from (3.3) and (3.7) w¢ obtain

(3.8} HeBL = N7 B+ Bi,— N3Bi.
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Finallv, by contracti i 3
v, bs ting (3.8) with B} w 1
and by e ) =~ j we obtain %, =\ giv E
quenegsc(())?ttr};lctmg (.}.8) with B} we get {3.6). Theref « fher MRy
S nOnel'non—lmear connection given by (3 z)orc, we have the uni-
. linear connection N on TAf zive (- i
ced no‘n-hnear comsection bv N on 1 fff given by §.2) iscalled dhe induc
Further, the linear connection V=(FF C,%) on VTM ind
¥ ol T { induces a

linear connection V on I'7 37" given by

3.9 Vs D ¥, L =
(3.9) Vs — =Vs aA=F¢’ J and
- v ﬁa}, : a\lj !

(3.10) Vv, 9 _% B Y

h g 03 PN Ry
where —— » giv : ith A’

" are given by (1.2) with A®, from {3.2). Therefore we have a
_ ‘e a vec-

torial Finsler connecti FC

: tion IIVFC =(N® FJF . -

the - : (N%, Fd,, C/ FT Ve .

induced vectorial Finsler connection. (;fz 001;12)(: 01ilt :s7ijnfp wthmh \fre call
s€, § ortant for us

lleo] em Py - £ 1515} b

connection IVFC =(N%, I'/,, C/
are given by (3.2) and -l:?ijg, ICG’ a;;)oaig)’;n tlff & A S o
i a F v :

(3.11) o
(3.12) Flo=FhBi+ChBiH,
Ci’a = C,-".,_.Bt .

j Yoof. E IlS‘ Wwe see t t t € iln c on l ] LH Ve V
T

(3.13) 5. 9 _pp 0 . 3
3‘ - F“E}i— and (3.14) 'V_a_i'_=C,*,_a.,

5 0
a ) X
' . art 92 6_\'
Then by using (3.5), (3.13) and (3.14) we get "
3.15 7,0 '
(3.15) 94— (BF A HIBCH)
P ay"

Hence (3.11) follow
3. s from (3.9) and -
second line of equations (2.4) ;)md :3Ff’%;5\)§61&f::3r51mllar way, by using the

(3.16) ¥ o o= —BiCH
5_!_:‘ }! a\.f :
Thus, (3.12) follows from (3.16) and (3.10).

By the definition of the Finsler normal bundle we have

3. pr AE
(3.17) VIM =VTIM@VIML

GEOMETRY OF FINSLER SUBSPACES. [

9
Then we put
« 0 7}
3.18 Vs — =Fa%— L H, B and
(3.18) ﬁ;dv“ X 32
: 7 ) .
3.19 Y.L — KB
S 6_%‘ ga® " g e
Thus we have atlinear connection ¥V on 1T M defined by
0 7 i d
3.20 v, > —F,,— and 321y Vg — =Csha
ey =2 9 g D bt aTa, av® * Y

Bu*

Next we state
Theorem 3.3. Let I'" be a Finsler subspace of a Finsler space F™ endo-

wed with a Finsler connection FC =(N, V). Then there exvists a Finsler connecs
tion IFC=(N, V) —(NB, FE,, Cy) on NI where N%, are given by (3.2) and
FB, Cry are given by
Fi = Bﬁﬁ(gi.,—%—F"YB;), respectively

Cﬁa‘f B BQCHYB; .
is a Finsler connection on M since it
“3. Moreover, by using (3.9) and

(3.22)

(3.23)
Proof. Certainly, IFC =(N, V)
is a vectorial Finsler connection on V1
(3.3) we get
Bi_g. -(BJ +F{ Bi)i_.
gavl af ia B a\,’j
(3.24) . .

_Bj(Blg +FLaBY) o+ BBl FaBR B
(3.24) with (3.18) we get (3.22) and
Ho g = B§(Bla-+FlaBh)-
(3.10) and {3.3) we infer

Bv comparing

(3.25)

In a similar way, by using

PO U Y - B oy 0 _ BBl +BICABIB

(326) Va-5="2 b o) =g FaBl g 1 BiC B
* " - :

(3.26) with (3.19) we get (3.23) and

K%g :Bécjkaﬁi-

IFC =(N8,, F Py, Ch,) on M iscalled the indu-
ced Finsler connection on F#*. The tensor fields H%s and K%a {a=n+ 1, ..., m),
given by (3.25) and (3.27) are called the (h)-second frmclamental Sforms and

respectively the (v)-second fundamental forms of the Finsler subspace F”.
Also, according to the theory of Riemannian subspaces We call (3.18) and

(3.19) Gauss® formulas for the immersion of F" in Fm.

Hence, by comparing

(3.27)
The Finsler connection
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Remark 3.0, 1 in particular g == —1,

connection is just that one obtajned by )]
faces in Finsler spaces,

then our induced Finsler
atsumoto in {14} for hvpersur-

Thus summing up our results, the Finsler

connection FC () V)
(N FSL CAYon the ambiem Finsler space [

induces in a natural way
e . b -5 " s - rege oy

@ vectorial Finsler connection /1777y =[N, V) =(a3 P Ch) on 1FTAT

and a Finsler connection /¢ =N, V) = (R FA Tes T on Thus by

the theory from §1 we have o refative differentiation of tensor fields T3

given by

Izl :

g B oy
(3.28) T8 = L TREA —T8E s s 1gr g SE X,
Tz ’
{3 29) Tl d—!w L TRCE iz Take i T
2 afy Gt S A= L A PEA |

As an application of {3.28)and (

3.29}, taking account of (3.25), (3.27) and
{3.6) we obtain

(3.30) Bia =HagBi: BY, =Ko B and
(3.31) Siia =L B:'*'garfiB:'H: .

§4. The Finsler normal connection, l.et

£ be a Finsler subspace
of a Finsler space F® onclowed with

a Finsler connection FC -'-'(.‘\7, \7) =
=(NY, Chh Cif). Taking account that v is

a linear connection on T ire
by (3.17) we have

(4‘1) {75_882“';!&*«1—0— LFQDQB; . ’E:.ln(-]
e de®
. - 7] '
(4.2) Vo Ba=—Kop ‘g .0, B, .
34 ; gz
Thus we have a linear connection V4 on I'73fL defined by
(4.3) Vi B.<FSB, VY B,—CoB,

Sua arx
Theorem 4.1, ot /o be i Fiusleyr subs

Pace of a Finslerspace I'™ pndo-
wed with a Finsler coriection Fe

: ~', V. Then there CXISts u veclorial
Finsler connection FNC =(.V, VL) —(NB by, CB) on the Fiusler normal

[
\'aa
bundle [1-"["‘ where _\'3¢ dre given fx_'l' (3. Vand l"ubz

c Oty v wiven by

(."4} ]"ubfz _}-;’?(03?: @ ]‘-:‘1 B:) E)?B:: ,
!

L

% = LR .
(4.5] €y — B0 (-’ Ba _c;,gg)- BB,

79
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Proof. By ousing (3.3) and (3.9) we get

DL \1)" ) <
v L TR N B L/ BiF} ) B,
46 Va f (;u;‘ T {a) o T ¥ 3T *
a7
Hence by comparing (4.6) and (4.1) we obtain {4.4) and
~. (3B} o g
HA —— B -2+ BiF 5, BB,
(4.7) Hp, By (8“1 ) i

In a similar wayv we infer (4.3) and

- = f B

—}5;‘(.-‘..;) - "E?H; a-
(1™ '

1 N f i | whose coefficients arv
The vectorial Finsler connc(:tlonlllf}\(l- (1\ 2 ‘j‘lj ::;1(3::t(rlcc()‘:)£!t:z(;l((\!ro; "
: 3) 15 called the Finsler
- (3.2), (4.4) and (4.3) is calle Finstgr oo
%Fl“'!}j-l lj\:‘lﬁ(() 'lg:m(rdixlg to the Riemannian case, we call (4.1) and (4.2)
Verngarien's formulas. . | - N o
. L'\'c\;t by differentiating (h)-covariantly (2.9) and taking accoun
(3.30) we obtain

J 3l i RF —0.
(4-9) o4 'aB;Bi-:-g.;Hb«aBiBa—. c.;Ba:Ba 5

¥

Now we put

J }]naa = Sabflwa;.;, ffﬂaa = gﬁ?}-{aw"
(4.10)

l Kaaa - SanbaBa l KQBQ—QBQ’K“;:'

Then by using (2.11) and (4.10) in (4.9) we get

(4.11} gif:‘lBt‘lBi_Ha:ﬂ Tngwaia_—O
Hence by (4.7), (4.10) and (4.11) we obtain
(4 l2) i[aq’ﬂ - Hap -!-g"“g,-;;gB:,Bi.

In a similar wav we obtain
T - 5 i If
(‘1 13) [{a'p',s = Ra¢a+gﬂig[j 3.833“‘

Y V(4.7 d (4.8}
Finally, taking account of (4.1), {4.3), (4.4), (45} (4.7} and {
we obtain

(4.14) Ble=—HE&BL+F2 B, and
i 74 TSNP N Y
(4.15) Bila= —K5B,+Clh By . - Finsler
§5. The structure equations of Gauss, Codazzi and Ricci for Fins
> . b

. Sl il dowed
subspaces. et F” be a Finsler subspace of a Finsler spacI'c F] er;e\iouq
s - OO i\ fEo A0 In the i :

with a Finsler connection FC =(N, V)=(N",, F/, () :

+
- : "FC =(N, V) =
sectionz we obtain three vectorial Finsler connection ITF Y.V
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—(N&, Fji, €\, IFC=(N,9)y=(N% F2. () and FNC=(N, V)=
=(NB,, F2,, C.tb,) on the vector bundles "TM*, VIM and respectively
I"T°Af1. Hence we have two tvpes of relative differentiation given by the
pairs (IFC, IVFC) and (IFC, FNC). In this section we need both these
relative covariant derivatives. Thus, for a tensor field 7% we denote by
T8 and TH 1, its (h)-and respectively (v)-covariant derivatives with
respect to the pair (/FC, TI'FC). Also, for a tensor ficld T2 we denote
by T%,, and T2Z%L, its ()- and respectively (v)-covariant derivatives
with respect to the pair (/FC, FNC).

By a direct computation, using {1.9), {1.10}, (1.17), (1.18) (1.20) and
{1.21) we obtain the following commutation formulas :

B:‘ 3 Y_B;IYIB =I‘;;1\)}(3.{—AB; Ieacg.{— (}I‘Iaq’l‘ﬁ?-{"_l{aag I\@SY) B; A

(5' I) Bai: SJY— Bt‘xlvlﬁ =Bg1)1i$ﬂv”‘B; Pfﬁ'r_‘(HaaraCBQT‘FKaw]'wBY) B:, ,
a" ] Y_B:l v'B =Bi'5‘}f3‘r""'Bl‘;sfﬂy-"]\’aa'95¢ﬁ~(3::-
[ Biwis— Bz o =BiR, s+ (RO K+ T2 Ho) Bi—
_(msﬂc‘ab$+?‘angab¢) B:) ’
(32)  { Bugs~Bligw =BiP,a+(ClHlg+ PopR L) BY—

—(CPsF o+ o0 Cb) B,
\ B; x .B _"Br‘llﬂ g =BiS}‘uB +S¢x BkahpB;‘\—S"aﬁCabng.

where Rliﬁ'r’ Pl‘ﬂ‘r-.siiﬂv and I\)avﬂya ])awﬂ-{.

tensors of I VFC and respectively I1FC.
Proposition 5.1, The curvature tensors of IVFC are given by

R, gy = R/ '\WBEBL+ P/ W (HYBY— H3BY BA+ S, BEByHSHY,
{5.3) Pty = P BB+ S, 2 BSHBY,
S'ay =S BEBY.
Proof. By using (3.5), (3.8), (3.11) and {3.12) we obtain

8 8 . SFi.  8F/
roy (F"B)_""S_”—a (Fify)+Cyf Ry = (-—’—” Safll 3

S&s, are the Finsler curvature

Su¥ Sxh Sx*
aCS,  aC,
(5.4 +C R ] ByB:+ (—5"— - Bﬁ;“)BﬁBﬁH$H§+
i Al AJs
OF s 3% 4 ot SN (papy  H3Bh B, and
ay* Sa* ay* v i
FFy,—F} Fy —(FfF—Ff\F ) BYB+
(5.5)  (FfsCula—CyF ) (BYHS — BYHS) Bi+

+(C1'1C~"b _CJ'AC:‘J;) BfB’ﬁHﬁﬂi}.

1
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1 Pt 1 l

y i i d (5.5} and taking account of (1.9) for vectoria

Il;l'lrll;sic‘rj}coigilcnﬁor(lz.})V}% a(nd EFC we obtain the flr.st llr}e (()g g;luatlons in
l imi ini tions in {5.3).
Gmilar way we get the remaining equatl '
BRI [ ‘1 result of this section as follows

tate the main resu .

'I;‘Jl?:)r:,; CSa.l;.SI?er F* be a Finsler subspace of the Finsler space E™

dowed with the Finsler conneclion FC‘?(N, Vi YFhen tlzslcztﬁmcgurtehze}z;ﬁ;s:
2” vectorial Finsler connection TVFC, IFC and ENC are related Oy

wing structure equations

R)lg BBt = Ryt Howy HaT— Heas s,
(5.6) P, BLBY = Pla+ Ky Ffa“’a—H"aaf?a%
| S, BiBY = SPpyH K K et — KKy,
R,'s BLB: = Ho oy, — Houprn+ Hoao Te% T Ko Ry,
(3.7) P/, BiB = Hop L~ Koo+ Ca¥ Hoot Pog K75,
Sy BiBs = KoLy —Koay Lo+ KeS%0v,
R,’GBB,’,BQ = Rabaﬂ+gnw3wa—ﬁa‘paHb¢B;
(3.8) ! P, aBiB; =Pa"ma+f<.°aH"w-—H'a%K"¢e,
| 5 BB = S2pt KoK —KSKs,
R, aBLBY = H H%y 00— IS R?ﬁ.affa"a.
(5.9) P, BiBr =K o— 51— ClaHo— Kty
S;iaaBigc =~Kﬂwﬁla—Ra%-Lﬁ'_S;‘aQK~a°l-

whner p ¥ ) ¥ ¥ 4 4 insler normal
] £ I) g baﬂ S y & are l‘he F'iﬂslﬁ [ 13 ﬂatﬂ e [ensors thhg FH’IS

i ‘a af a ] L4

conneclton.

Proof. By using (3.30), (4.14) and (4.13)
tion formulas (5.1) we get .
B;RFEBT_BEP R:BY i (Hbaﬁ'T'Hb‘-!T .’S'*-H ﬂﬁFG v

in the first line of sommuta-

H.25)B..
(5.6)

(5 10) He F bB+Hb q:‘ ‘gq’.r-*'Kba:pI\QB‘r)B:_(Hauﬂf{ﬂv’{_H:‘r
ayt ¢ x

with B} we obtain the first line of equations 1in

By contracting (5.10) 0
. ; with b% we get

Also, by contracting (5.10)
BiBE R, gy = (Hogt HeagF ') — (e gt HeayF )+

4+ Ta%Hp+ R# 5 K’z
ions discussed in this section we

(5.11)

Next, by using both relative differentiat
obtain

(512) Ha“gl.{=Haa_gT+HD¢g.Fb“T.

§ - Matematich
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Thus by (5.12) we sce that (5.11) | j
(3.12) we ; . secomes just the first line of equations i
((22)) qInld i;l;mhu way we gel the sccond and the third line of eg::::ggz 12
'n.(S .1;1( F(ian.ql)hi:rolT' th_(" second and respectively the third line of cquatibns
(3 allv, bv using again (3.30), (4.14} and (4.15) in equations (5.2)
Ry B = (R2aA 7 HY oy — H % HO ) By (HoP g1 — HoSya—
RgR,%, — T2 H.®5) B,
Pr.B —(DP T I T o 5 LR 7

(5.13 faBl = (Plaa+ K P Ho o — H S K ) Byt (KoFa1a —Ho% Ly

—CraH % — PAaR.o1) Bi,
S, B = (S.lap -+ K23 KP s — K5 K00 Bit (R g~ K% Lp -

— S K25 BL.

Then the equations (3.8) and (3.9) i
t i s (3.8) and (3.9) are obtained by contracting (5.13) wi
?121 and respectively 55 — i
¢ equations (5.6), (3.7) and (5.8) are the equations
. ; f 3.8) ¢ ations of Gause azzi
;:nd Ricei for the immersion of a Finsler space I7 1Crll /s 1;01' a mq::ltsjlcclglcr]l:f::
5 3 B sm . - : ) -
(2r:r%3c;1:3? J_I;Cison ‘I we have g ==giyle =0. Hence by using  (3.31)
(a.12) -1(1“"' -13) we obtain the equivalence of {5.7) and (3.9). However,
w}iigh 1(5:;]0;:251?'\ c;muc;ctmuf}t)f F™ the cquations {3.9) represent something
s how far from the geometrv of Riemanni 5 is the
geometry of Finsler subspaces. ' e
Now, tet f be a Finsler scalar ficid on F™, that is, f is a differentiable

function on 7M. Then by using (3.2 ’ i
funcrlemieR e e ng (3.28) and (3.29) we get the following com-

Siow— = Te%—f la R,
f%ﬂi'r—f{'nf =_flaCBa~r_f!¢PqﬁT:
ffB!r’—f.i-r |3 z_",flc:smﬁr
By us’i‘l;lg (5.1*-1):111(1 similar formulas for FC on F™ we obtain
eorem 5.2, f.of " be a Finsler subspace of the Finsler space F"

endowed with the Finsler connection FC =(N, V). T .
TFC and TC are relm‘;d o nection FC =(N, V). Then the torsion tensors of

(5.14)

Rogy Ry BYBEBS + 1 BEBR( BYHs — BLHS) + HEFL% ~ W30 &

+S§, HSHY BLBS Bt T
ey = HYIC 2+ BR(S  HEBABY-+ P BABY),
1y, BT B4 B+ C\ (BYHS - BYHE) BE},
Sy =S BIBBY ;. (o= C/s By BLBY,
Pg = C, 4 By BRHEV - B3 BLDY,

where DPgand D'y are the deflection tensor fields of IFC and respectively FC.
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