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We also have with a similar proof the following

Theorem 4.2, If the mcan curvature for totally real non-degencrate
g-planes of nonnull index is independent of the choice of such g-planes at
each point for 2<q<m, then M is an indefintte quaternion-space-form.
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GEOMETRY OF FINSLER SUBSPACES (I)
BY
AUREL BEJANCU

Introduction. As it is well-known, contrary to the Riemannian geome-
trv the theory of Finsler subspaces was not embraced by many people.
This happened because of the tremcendous computation which was involved
with this theory. Since 1934, when M-Haimoviciwrote the first
paper on hypersurfaces in Finsler spaces wehave few papers published on
ihis matter. However, important results were obtained by G. M. Brown
41 [5], 1. Comic (6], [7], E. T. Davies [8), M. Haimo vici
9" (10, H. Hombu [12],S. Kikuch i [13], M. Matsumoto
147, R. Miron [I8], R. Miron-A. Bejancu [20], AL Rapec-
sak [22], H. Rund (23], [24], O. Varga [25], etc. But we do not
have o complete theory of geometry of Finsler subspaces in a Finsler space.

It is the purpose of these series to give a new method for studying
geometry of Finsler subspaces of arbitrary codimension in a Finsler space
and to obtain a complete theory for this topic. Our study is mainly based
on an arbitrary Finsler connection in the ambient Finsler space and on the
induced Finsler connections on various vector bundles.

In the present paper we introduce in §l the concept of vectorial
Finsler connection on a vector bundle over the tangent bundic to a manifold.
We show that in fact, cach classical Finsler connection on a Finsler space is
a vectorial Finsler conncction on a certain vector bundle. Then in §2 we
define the Finsler normal bundle to a TFinsler subspace and obtain a local
field of Finsler frames on the ambient space along the Finsler subspace.
The induced Finsler connection on a Finsler subspace and the induced vec-
torial Finsler connection on a certain vector bundle are constructed in §3.
It is important to note that a non-linear connection on the ambient space
induces a natural non-linear connection on the subspace (sce Theorem 3.1).
Also, we obtain here Gauss’ formulas for a Finsler subspace. The §4 is dedi-
cated to the Finsler normal connection on the Finsler normal bundle. We
get Weingarten’s formulas for a Finsler subspace and finally, in §5 we
obtain all the structure equations of Gauss, Codazzi and Ricei for a Finsler
subspace.

The author would like to express his hearty thanks to Professor
Makoto Matsumoto for his patience to read the first version of the paper
and for his valuable suggestions on the matter.

§1. Vectorial Finsler connections. Let M be a differentiable manifold
of real dimension #. Denote by TM the tangent bundle to M and by =
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S . = CLt.S,.
the canonical projection of 7'M to M. Also, denete by dr TTM ST M .5) V_s_sa=faba‘5b' V_Q_m Se = CaSy
the differential of = and define the vertical subbundle T'TM of T'TAM as (- su™ a

the kernel of d=. A complementary distribution N to F'TM in TTM is
called a nosn-lincar connection on Al (see Matsumoto [15]). The
fibres of both vector bundles 173 and N are of the same dimension .
In this section we have the following range of indices: =, 8, v, ... =1, ..., s
and a, b, ¢, ... =1, ...,p.

Now, we consider a canonical chart (I, o, R*) on T3, where U
is an open set of 7/ and 2: U—R* is a dillcomorphism of U on (L),
For each v= {7 denote by (1f, ..., »™ ;" !, ..., ") its coordinates in this chart.
Then the non-lincar conncction N js deteimined by u® differentiable
functions N2 on each U satisfying

Ao a2f v‘")

O durdur '

B %
(1.1) zvs;zf’i(aw Ve
1 \due

where NZ, are the corresponding functions on the domain U of another
local chart (U', o', ") with Unl'#@. Moreover, if {3/du®, d/0v*} is
the natural local field of frames on TM then {8/847} given by

3 d )
1.2 — = N8B
(12) du*  gus % 98
Is a local field of frames on the distribution .

Next, let =g : E—=TM be a vector bundle over TM with standard
fibre R?. Denote by I'(E) and T(7T2f) the module of differentiable sec-
tions of E and respectively TTM. Suppose V : I(TTM) x I(E)— I'(E)isa
linear connection on F, that is, we have

(1.3) { Vr(fV+W) =(X]) V4fVxV + V7,
Vexse (V) =fVxV+4-VyV,

for any differentiable function fon TM, X, Y € I(TTM) and V, IV e I(E).
The pair VFC ={N, V) of a non-linear connection on T and a
linear connection on a vector bundle E over TM is called a vectorial Finsler
conneciion on E,
Taking into account that for many cases in Finslerian geometry
the computations are locally made we nced Lo cxpress locally a vectorial
Finsler connection. In order to do this we consider a vectorial chart (U, ®, R?)

o==1, .., 1,

on the vector bundle E, where U is an open set of TM and @ : =z} (U)—
Ux R? is a diffeomorphism. Let (U, @', R?) be another vectorial chart |

such that Unl’# @. Denote by {S,} (resp. {S,.}) the local basis of differen-
tiable cections of E on U (resp. U’). Then there exist p* differcntiable
functions G, defined on UnU’ and satisfying

(1.4) S.. =G, S,.

Now, suppose (N, V) be a vectorial Finsler connection on the vector
bundle £. Then since N is a non-lincar connection on TM there exist #*
differentiable functions N2 on U satisfying (1.1). On the other hand, taking
into account that {8/3#x*, #/0v*} is a local field of frames on TA, we define
on U the differentiable functions F,%, and C,*, by

Thus (N, V)
on cach domain of a ¢

by Ca'a)

. . . 8
i a triple : able functions (N2, I/,
nduces a triplet of differentia nct _
l 1nonipcal chart of T2f. By a similar computatlont\\ 1_1};I

. : 3 " Al Al -4 ks &l H el :‘
that one for linear connections we obtain that .thL existence of 1f\c,¥ ?r{ct
F]i‘n'ilcr connection (N, V) on £ is equivalent with the existence of a tnp

i aF , ac in U of TM satis-
of differentiable functions (A 3 Fby, Cly)oncach domain

fving (1.1) and

oy I v fgape BG;_)
f-n_b = 5;;;_61, (G‘,I a u+ e
(1.6) du*

= b =
Cor.

ac;g.)
)’
and the vectorial chart on rar

e fan
,Gg (G:,C" m‘}"
e

for any change of hoth, the fallgnlczll fhart fhe veston®
where G is the inverse matrix ol by

espectively . ] ‘ .
A et ] al Finsler connection on E and R

Now, let VFC=(N, V) bea \re§t01‘i
be the curvature tensor field of V given by

I‘-.?“ [‘,*(.\-, S.‘] T’- -—var]‘ V}Vx]’——vi\'\'jl;,
I{ nv XN, Yel(IrTM) and Vef(£). Then the local components R’
OofF el <%, H

17 gand S0y given by

(2 2
( 587 Bt
1.8

( } R'( () 0_) Sq — Sabuﬁ's_'f

R

d 3 .
)Sa —RJ’GBS,.,. , I{ﬁ[_a;é N -é-z_[;)sa _I)abds‘sb-

(ure fensors ol the vectorial Finsler connection

are called the Finsler curva (t.7) and (1.8) we obtain

I'FC. By a direct computation using (1.5},

SF,.,"'; . iF_nb_g +FacaFcbﬁ _Fﬂcsf.‘cba 4 Cnby R, 3,

b f————
e S 31
- ar b a‘\:vq .
(l 9) P g == t.?ﬂ:—a-— ?-;:-—a—a - Fncgcrba‘_cnfaf:cbx"l' '(%;.s_ Ca ¥
. aa P i
. b .
quga = ()Ca:a_ a___;’uaﬁ +Cacaccba‘"(’acﬂccbu.
dv o
o i1s given by
e RY SNY, 3N
ﬂﬁ = ——m——

(119 Su® Su®

Next, we show that each Finsler connection on Mis @ V-C?}Or}ia.l tli:nilﬁg
connection on VT M. In fact, a Finsler connection on M is g <ini yandp
(N®,, F,vg. C,¥g) defined on ecach U< TM and satisfying (1.1)
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and the (v)-covartant derivative of T3 by

Fo¥. ._au"(aﬂ“ Jov, 0 R
(1.15) aur L * 20 Ou“'aua')' dT3
Cm yra _a_f_f_.r‘ du® AP Cv (118) ”ag v = "'5'1_52 +T§gC;!Y_ T:?,Cav.,. L T?&%Ccﬂ-{_ T%:Cbry-
But B i " , = .
On th . . . Thus each pair (VFC,FC) of a vectorial Finsler connection on E and a
Hencce ?ﬁ:e;gﬁ:d, in this case a local basis in VT M is just {39! afov" Finsler connection on Af defines a relafive differcntiation given by (1.17)
e 0[097} and (1.18). Morcover, by a direct computation, using (1.13), (1.14), (1.17)
(1.12) Co = o 0 and (1.18) we obtain the following commutation formulas
- Y e 10y g T g1 = Roag W2 — Ko W o= T 1.
us t k‘ “a Ta ) od r ¥ Tal 3 B
Finsleraclo];liﬁgfj%l,;négfl(rg?l‘}[) 'and 1(_1..t21) we obtain (1.6). Also, each vectorial (1.19) 1 ola— W ais = D WO — Do W — CraWos
Ao15 a ins i T . ray . T e ST T = SO W
case, from (1.6), by wsing (1.12) e get (1.11). We have to remark that such. | e e
?valgasabllsllgs&oﬁ d} gl?ler Connections on M to linear fo':](:]éf{{lloarll’éi ;c)hat;uch where T,%, [ %4 and $%; arc three from the torsion tensors of FC and they
R '1}:3 th) Oproiu [211. - n VIM are given by .
. inis is cection with some r e . —F® 5 [, e 2 —Fg®
ind . . oy e remarks on co- S L. T:s—Fas—Fs . [,3---—' 'Fs,,.
AT o ) T
. 8 onnec ; Ira i a1 £a ar a . e
section on E. Then the e e N differentiatle S%a =G~ (s%
vative of W are given by iative and the (v)-ccvariant deri- | §2. The Finsler normal bundle to a Finsler subspace. Let FP=
(113 STye =(M, L(x, »)) be a Finster space, where 7 is a real m-dimensional differen-
i) We,= e b F,2, W and respectively tiable manifold and L{x, ¥) 18 the fundamental function of F™(see Matsu-
“ . : moto r15]). Denote by g ——(1I-'Z)(O"I.'{-'av\"a}") the fundamental tensor field
(1.14) e FAS of M. In the present paper w¢ only suppose giy(x, V) be positive definite.
a = Eym + Gy 1. Thus our theory holds good also for subspaces of gencralized Finsler spaces
v (see Miron [19], Hashiguchi [11, Watanabe:lkeda [26]).
ensional submanifold of M locally given

Next, let M be an n-dim
by equations

d.(
(2.1} 2t = x' (0!, .., ") rank { * ]=n.
' au®

In this section and in the sequel we use the following range of indices:
{4k, .o=1,... 0 @B, v, .= 1,0 d, b0 —=n+1, .., m
The immersion 1 of M in 37 induces an immersion ds of TM in TM.

Thus locally, if (x, v} of 73] is carried by d1 in (x*(1), ¥'(#, v)) of T™ we

have

For a differentiable functions f on T we define

(1.15) S A _of
Jie Su*’ f“m’at,z‘

Now suppose there ar i
supp ¢ defined {up)* differenti i 3
gg;?&m U gf eacl} canonical chart ((j', o, R c:;lb}i‘;un\c\g‘;ons i th:;
o foa m?};Wd Finsler tensor ficld on M with respect to the Y or buneds
r a change of both the canonical chart on 7Af and the ‘?’Giitoil;a?\él}’;dli
ar

on I we have
i

(1.16) gy =0 9 e -
Jux v (2.2) w =B§ v* where Bi=—.
Now, we consider a Finsler connection FC =(NB I8 o
=N I3, C2)on M and . . . = o .
Since (3*) is the supporting clement of M we call (%) the supporting ele-

a vectorial Finsler connection VF ‘3 5

We hav reometen "0 = (N, Iy, Coty)on the veet

linear (:(;:nrtl?‘cz‘{_ci}r:“r\lf\ t!(jig)thfi?}o stinslep COHUCCtiﬂG;I)S have thglosfql::;ldlf]fli
¢ N=(X3. Then we define S

of T3 by b ve define the (M)-covariant derivative

(1.17) 1., =

ment of M. We denote

3.4
(2.3) = 9% . Bly= Big"
ST dusb

But 93w} and {ajax', 8f8y* } on TM

The natural local field of frames {0/0n",

FTHES — 18E° + TR —THE,,
and respectively 7M are related by

I
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(2 j_;=B; L) + I3 Y §3. The induced Finsler connections by a Finsler connection on the
(2.4) el A ot ambient space. Let F7=(M, 1) Do a Finsler subspace of F™= (M, g,).
_L)— = J} L Suppose FC - (N, VY =(XNY, I, C/4 ) is a Finsler connectionon F7, where
Jid A ¥ is a non-linear connection on I'M given locally by N and V is a lincar
Next, the . - i 13T given Jocally by FJ, and C/J4
function LJonl,tl[fll:?dalMHMI function L on F” induces a fundamental Commcl*}il;);: Ci\f.‘c‘pio.\‘i‘blhn Sl ind &
(2.5} L ~ Theorem 3.1. Lot F" be a Finsler subspace of a Finslcr space F™ enido-
and fart] . A, vy = L{x(u). v(n, ©)), wed with a Finsler conncction FOC =N, V). Then there cXISEs @ HHLgHe TON-
urther we have a fundamental tensor ficld ausli. ©) on M given b lincar conection N on 1M sabisfying
| 4 ¥ a B 1 V a—
; - . ...11 (] v HaPM
(2.6) Zua(tt, ¥) = 24l v {10y, V{u, v}) BB — 1 aslLe (3.1) ) N, I'TAL iﬁ.\, (direct swm), Yyl
In this w ) _ 2 9u®dR where N 1s the vestriction of N o M.
- ltshl‘ﬂ.‘ ;1 lltlhcrlt{cs a Finsler structure and from now on we shall int i Proof. We define locally the differentiable functions
‘ > geometry of the Finsler space Fr ‘ st B B {:
First, it is easy lotﬁcollll:l':tllt- ?PRPL F=(M, L{i, v)) immersed in Fm. |} (3.2) Ng= BY(BL AN B,
L _ S} : at in fact the . o ; i 1 5
defines a Riemannian metric ¢ on the \.(\”1{111; ‘fundam(.nta.l' f:e_psm £ (3-,).) and it is casy to check (1.1). Thus we have a non-linear connection z
(2.7) . rtical subbundle 17701 of 73 by on TM defined locally by N&. Neéxt, from the second line of equation in
2N, Y) e=g NFYY ) (2.4) we get
for anv X = X'9/a¢t . TR L . o pe 3
of the vertical s1r}; dn1d k =Y apox. We denote by VT3M" the restriction o ' . " S
R n“ ¢ 1.) wundie 11 1o the points of T, Then by th; second ' 3
‘quations in | o woe (hat 15727 ¢ ' M the se b gien N 1 '
The comlplwm l:’tm (2.4) }:‘t see that 17 is a vector subbundle of "7 A7 The distribution N on M 1s spanned locally by T given by
. entary orthogonal subbundle 1777174 . *
with respect to the Ri y : ¢ PTML qo T in T'7AT ; 2
. mannian metric g . ; ) )
o metric ¢ is called the Finsler normal bundle (3.4) __8_ ___E),___;\)‘ _2_ .
5y axt A

to Fn.
Let {B, = Big/av! b F

. “ s ¢/0V' 5 be a local field g Al £ .
Finsler normal bundle 7ML, Thus “Evth:i_{‘ouhonomml frames in the
EZ-‘S) gif{x(u), x(u, w)) By, ) Bi(u, v) = 3,,

i the other hand, since 17 ' . .

/ M . ’,,1[1]_«; I . s .
of equations (2.4) we get orthogonal to I"7.M, by the second line
i2.
(2.9) eulx{ur), v(u, v)) By(u) Bifu, v) =10
The local basis 9/d2 i

§ asis {0f = BLajay, B, ~ Byojay'} i UTIF |

e 5 RA e /027 T : :
[IHS{t)‘flchi q[frfnws on '™ along to F*. Wp dvnollu v B R oy Cdl.led the
matrix of ' Bj Bi'. Thus we have e s

Then by using (1.2), {1.4), (3.2) - {3.4) we obtain
b B2+ HiB..

e

(3.3} M
Bu® 3x'

where HE are given by
Ha = B* (BN + Bia)-

(3.6) *
Thus by {3.5)

Now suppose N =={N) is another
satisfving (3.1}, that is, (3.5) with Hz as arbitrary func

(1.2) for N2, (2.4) and (3.4) we have

we have the existence of N satisfving (3.1).
non-linear connection on TM
tions. Then by using

(210) B: Li;=8g~ Bf B; = () ; B:’ B;—-'O; B: 1;;'5_3;' 5 s o = 9
. B; B+ B} B3 =8;. (3.7) ‘3;;:34 " (N7, B}-+ Bb,—N3BY) pree
1en by (2.6), (2.9) and (2.10) we get Thus from (3.3) and (3.7) \l\"a, obtain ‘

(2.11) VB ‘ : 3. Ty we
Sob L5 (3.8) He Bl = N/ By+ Bla— V2B
' al's N g e Y a OB
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Finally, by contracting (3.8) with B-‘,’ we obtain NP, =N\? given by (3.2)

and by contracting (3.8} with B} we get (3.6). Therefore, we have the uni-
queness of the non-linear connection given by (3.2).

The non-linear connection .\ on TM given by (3.2) is called the indu-
ced non-linear conncction by N on TM.

Further, the linear connection V=(£}, C,4) on VTM induces a
linear connection V on 17731 given by

>0 8 d
(3.9) Vg — =Vs —=F/,— and
5.,561" 6"16\" 6;\"
(3.10) v, i{—§@i=C.{,~a—,
gz 03 us O a9y’
where -8—-; are given by (1.2} with N®, from (3.2). Therefore we have a vec-

1
torial Finsler connection IVFC =(N%, F?, C/,) on VT3 which we call
the induced vectorial Finsler connection. Of course, it is important for us

to find the coefficients ¥/, and C/, by means of the clements of the Finsler
connection on F™ Thus we prove

Theorem 3.2. Let I'" be a Finsler subspace of a Finsler space F™ endo-
wed with a Finsler connection FC =(N, V). Then there exists a vectorial Finsler

connection IVFC =(N%, Fl,, CP) on the vector bundlc VTM*, where N3
are given by (3.2) and F?,, C?, are given by

(3.11) Fjy=F} B+ C/BEH:
(3.12) Cle=ChBY.
Proof. First, we see that the linear connection V on VT M is given by
= ) g = d ]
(3.13) Vs—=F} 2L and (319 v, L _cy 2
a0y I f;‘aﬁ' L
Then by using (3.5), (3.13) and (3.14) we get
= d . d
(3- 15) "_5_ 5-'-" = (B:P ‘jk‘{"H;BﬁC‘!l) _—
Su® A ayj

Hence (3.11) follows from (3.9) and (3.15). In a similar way, by using the
second line of equations (2.4) and (3.14) we infer i

(3.16) v, 2 =Bt/ J

|
@
a.m
@
i
N

Thus, (3.12) follows from (3.16)-and (3.10)..
By the definition of the Finsler normal bundle we have

(3.17) VIM*=VIM@®VIML
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Then we put

- I __a_ LYo, B, and
(3.18) Vaind—';?’ -}Baav-r T KE}
P 0  pa
R
(3.19) Va% PR PR

Thus we have allinear connection V on 1'T°M defined by

9 d
2 a vy o =Calarsy
(3.20) Vs Ej—f; = Fﬁwa’é'v_{. and  {3.21) b'a; i B "o
—— o 13
EuT

e 'F:ei:t'zttrf 3.3. Let F* be a Finsler subspace of ¢ Finsler space F™ LS

] A~ ere '.-' t a f}!,lﬂ (‘O?lnef-
-{)n IJ"‘ .—-(:(\ v) — (1\’9(‘1“7 (:G'Y)(o”' .‘t[ lf'hf"t’ .\ ] are glﬂen- b\ (3.2) a”d
ti » & ’

FB., Cb, are given by o | »
Fr = B‘}(B;T+Fi’YB;), respectivel)
cp, = BiC/ B -
i ‘i i M since it
a Finsler connection on :
v “M_. Moreover, by using (3.9) and

(3.22)

(3.23) |

i —(N,V

Proof. Certainly, JFC =(N, 3

is a vectoffial Finsler connection on V1

(3.3) we get ; o,

» » i - i BEd a2 _
Ve 2=Vs (Ba‘—]- (Bl + F/aB) 5

(3.24) 200 e 'a}';
| B 2 | By(Bla+F B Ba
—":B}(Biﬂ“l‘Pijanﬂ) Py t %35(3«.5"‘ aBb)

By comparing (3.24} with (3.18) we get (3.22) and
(3; 25) Heg, = Bj(Bla-+FlaBi).
In a similar way, by using (3.10) and (3.3) we infer )

4 ) _ picr Byl + BIC BB
(B{S 5’;‘,) -"Bécfkué-}s—k B “Bxav" wl

(3.26) with (3.19) we get (3.23) and
K%, __Bécjka“é;- |
tion JFC =(N®&,, Fp, CF,) on M iscalled the indu-

: a T — 1 Sod "I),
" tensor fields H%g and K%g (a=n—+ .,
irze];};?led the (h)-sccond fundamental forms and

- . Finsler subspace F*.
i - wundamental forms of the (
lxlss%eczt:cxg(e)llyditsge t(;) )t;f:t ﬁgorfy of Riemannian subspaccs we call (3.18) and

(3.19) Gauss’ formulas for the immersion of F” in Fm.

» d -
(3.26) V __é=_-V_a'
'c.;;ﬂv

Hence, by comparing

(3.27)

The Finsler connec
ced Finsler connection on
given by (3.25) and {3.27)
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o .3 i g iyl . L By using (3.3) and (3.9) we yet
Remark 3.0 U in particulur s —=m— 1, then our induced Finsler Proof. B g (3.3) (3.9)

connection is just that one obtained by Matsumoto in [14? f S N 3B N d (BBE i N
faces in Finsler spaces. 4] for hypesgiar- (4.6) Vs By=|—24BIF L B e + | oo+ BIF/ ) BiBe
ot 8 ; Ay Sn

\"'lhlyf' 51;‘111_111111;; up our results, the Finsler conncction Fe =(N V)
(N5, Fi C4) on the ambient Finsler space F™induces in a natural wav Hence by comparing (4.6) and (4.1) we obtain (4.4) and

a vectorial Finsler connection [1°7°C — (v 6)-:. NE P od Gl ~, (85} -
und a Fins!cr connection [FC (N, V) (-.\"ig, F(aa-{ atcﬁ. I)q'onl a}] OIJI‘h]u: }0[\ {4.7) HA = B} (3 :" BiF i'a) BB,
i}i]\("ertlhel(:\liy from §1 we have a relative differentiation of tensor fields & "
) ' 318 [n a similar wav we infer {(4.3) and
; alg \
{3.28 18, =2 L ygiF s fHE s e paip . T A S

) By Sur 5t T J';J[ . IS,J by fak}';h_- (4.8) [\'aaa - _B\?["_:_B: 5 b’;ﬁ( ,-'“) . B?B; B

i
. 0 T3} | N

o L aor TTHCA =T SO T, —T5iCH The vectorial Finsler connection FNC ==(N, Vi) whose cocflicients are
T " o WA T RS TTE e e (e g) and - Finsler normal connection on

siven by (3.2), (4.4) and (4.5) Is called the
ML, Also, according to the Riemanman case,
IWeingarten's formulas. .

Next, by differentiating (h)-covariantly {2.9)

Ae . P e 4.1} and (4.2) the
As an application of (3.28)and {3.29), taking account of {3.25), {3.27) and we call (4.1) and (4.2) the

3.6} we obtain
o and taking account of

3.30 . 2 . e ‘
{ ) Bz H%aﬁ: ; B:;g ha«BB: and (3.30) we Ltain
(3.31) Suta = Giste BA-+g/  BAHS | (4.9) _‘;1;-3B;Bi+gs_=HbaaB§Bi+§uB§Biis —0.
"-"! — o, Bk
Sz Stk Py

Now we put

$4. The Finsler normal connection. et /" be 3 Finsler subspace ] Hoga = 3u H'a, { H2, = 8 Hoga,

of a Finsler space F™ endowed with a Finsler conncction FC=(N, V)= (+.10) | Kegp= 8uK%a. K3 =g"K.p..
=(N' U S "k n.- 2 = . . .~ B
l:\’(.\(Bj.,l% LA;\'gff.\)r;v’iﬂkmh account that V is a linear connection on 1" T3 f* Then by using (2.11) and (4.10) in (4.9) we get
v 7 | o iRl o e ’..-—_0,
(4‘1) Vs Ball'_Haoa J 'f"FabaBe; ~dnd | (4-11) aif:ﬂBaBﬂ H"aﬂ wafB‘v’
= o Hence by (4.7). (4.10) and {4.11) we obtain
(4.2) Va Bo=—Ka-2 4B, . (4.12) H% = Ho% g% Baba.
Thus we ! li o 1 c In a similar wav we obtain
3 We have a linear connection VL on I"TAfL defi . 2 ~
(4.3) v 5 1 et (4.13) R = K% +g%g, s BiBe
. . a—F b B . — ) i . : ” . .
b o V"{lBa el Finally, taking account of (4.1}, (43}, (4.4), (4.5). (4.7} and {4.8)

Bux gz .
we obtain

Theorem 4.1, Lot I be a Finsler subspace of u Finslerspace F™ endo-

. . - r S i P
;i\'e:n’ ]rmtf: a Finsler conicetion FC=(N, V). Then there exists « vectorial (4.14) B, = —HEBY-+-Fl B, and
ansier connection FNC=(N, VL) =(N® [ Fo by on the Fiust l ) . Dot b
bundle 17T ML wwhere N3 are given by (3.3) and ’l",.":.m()aba Hh‘: i'z-:-:;shf norml {4.15) Bila= —K&By+ClBy

§5. The structure equations of Gauss, Codazzi and Ricci for Finsler

) Al -.._- SB‘ S - . ~ r - 4 i 2

(1.4) f”——ff?(—b;;;-‘ﬂnl?i]- BB, subspages. Let F7 he a Finsler subspace of a Finsler space F e“do.““f

.~ with a Finsler connection FC =(N, V) =(\"y, F;, C4h). In the Pre‘im‘*

- . = {153} L SR . . 3 ' =IN —
o e ({;—: _'L(’"?Bg): mBii, . sections we obiain three vectorial Finsler connection IVFC ={N, V]
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=(N&, F,i, CA), IFC=(NV)=(N%, FA. C}) and FNC=(N, vi) =
=(N8&, F. C2) on the vector bundles I'TM*, VIM and respectively
I"TAML Hence we have two types of relative differentiation given by the
pairs (IFC, IVFC) and (IFC, FNC). In this section we need both these
relative covariant derivatives. Thus, for a tensor field 7% we denote by
TE and TE |, its (h)-and respectively (v)-covariant derivatives with
respect to the pair ([FC, ITFC). Also, for a tensor ficld 72 we denote
by T8,, and T¥L, its (#)- and respectively (v)-covariant derivatives
with respect to the pair (/FC, FNC).

By a direct computation, using {1.9), (1.10), (1.17), ¢1.18) (1.20) and
(1.21) we obtain the following commutation formulas :

Byay— Bawys =BaB) g — ByR2g, — (HoG Ty + K% 1%,) BL

[

(3.1) Biialy— Balyis =Bl sy — By PPay —{HooCo® + K%, 1%5,) Bi,
Biis'y— Bilels =BiS)'ay— BeS T 5y — K% S%s, BL,
[ Biali—Bhia =BiR s+ (RO R+ T2 H,) B —
—(R%3C,l+T2aFa%) BY
(52)  { Bids—Bllgw=BiP i+ (Co A2+ PR .. Bl ~

— (CﬂvBFabp'{" pwﬂacabw) Brin
Bf:': B== 4‘;'9 @ _BC{SJ‘C:G'*_S?:SRGRQB{ S¢aﬁcab@Bgn

where R, P,'a,, S;'sy and Kfs,, P%s,, SFa, are the Finsler curvature
tensors of I1'FC and respectively IFC.

Proposition 5.1. T'he curvature tensors of IVFC are given by
R, = R /BBy + P, (HIBY— HE B BY+ S, W BEBYHEHS,
o ! Py = PlaBEBY+S, W BiHLBY,
Sytay =S BB
Proof. By using (3.5), (3.8), (3.11) and (3.12) we obtain

3 ) : 3F,', BF
LAFiN— L (F} O RS, 1k 95 a
Su*( o) Su"( St C e Ky (Sx" 3x*
aC}, 9C, .
(5.4 +C )R ) ] BB+ (E:_ - a—}")BﬁBﬁHf}Ha-i-
OF '  3F, i ONY a h a
(—a—-;h'-— S_x:—’_CJ "W—) (HTBB—H;;B:.)BQ, and
ijﬂFk‘Y—F}tYFti 8 T(Ff‘kF“h—F}.AF"l‘) BgB-’:,"{"
(55) "f‘ (FJ’AC.!'}, C|‘};F3‘1)(BSH$"“BP{HE)82+

+H(CAHCH—CMC, ) BEBYHEHY.
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} 3 3 9 .9} for vectorial
: 5.4) and (5.5) and taking account of (1 ' :
’Il;i';usslez)}coz:li(ilc:r}cigogs I)VF C a(nd )FC we obt:;in the flrgt lu_le of equations in
313) In a similar way we get the remaining equations in (5.3).'
it Now we can state the main result of this section as .follows .
Theorem 5.1, Lef F* be a Finsler subspace of the Finsler space
3 i on FC =(N, V). Then the curvature tensors
th the Finsler connection FC =(N, :
Z}%dvoe!ffodrial?tl"insler connection IVEC, IFC and FNC are related by the follo

wing structure equations

Ryg, BLB? = R3gy+ HouyHo% — Heas Ha,
(3.6) Pjig BB = P+ KouHoSa— Hoas Ky,
| 5t BiBY = S+ KoarKoTa— K K,
RyayBI B = Houpty — Hoaysa H Hos Tt Kiag Kooy,
(3.7) P;‘s?BiB? =H%l1, Kep18+Co% H %0t Py K0,
S, fayBiB = Kol — Koy Lo+ K%eS%y.
R\ BiB! = Rl + A2, wa_ﬁaq’aHb@ﬁa
(3.8) ! P, oBiB=P.ls R HP - Ha3K 0,
| S,LeBiB =Slw 4 R 35K 0 — K%K,
R\ BB = Hoyia— A% — Tl — Riafzﬁa"a,
(59) P aBiBY =R 91— Ha3de —CrH 3 — PKla,

‘ SjiaBBig? =’kaw8lu"kag-l-ﬂ_'s}\mBKn¢}.- l
) - tensors of the Finsler norma
where Rolag, Palas, Sa'ap 47€ the Finsler curvature te f

COHHL’C;::;;-] By using (3.30), (4.14) and (4.15) in the first line of sommuta-

tion formulas {3.1) we get

BiR,'e,— By Ra”aw“-:(H"asw—ana'i"H“:aFn"Y— i |
(3-10) —H"aYF,,"E,+H"W’1‘g‘°.{—|—K",¢,I\°B.r)B§—u(H“,BH,F.{—H;TH;’B)B,.
By contracting (5.10) with B} we obtain the first line of equations in (5.6)
Aiso, Ly contracting {5.10) with b% we get
Ba’:E?RJiBT = (Hacﬁ'v"’HraﬁFvﬂ'r)—(H“:'r 3+Hca1Fcnb) t

+ Ty Hoopt ROy g

Next, by using both relative differentiations discussed
obtain

(5.12)

(5.11)

in this section we

Hop) o= Hs 1+ HlaaF ooy

¢ - Matematick
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(5.6) and (5.7)

]\l?ﬁ(?t‘ll‘)c‘r Finally, by using again (3.30)

/ RJLBBg = (Rnbas‘i"}}u';ﬁ wa“'];ﬂcn’zpvﬂ)ﬁlg‘i‘ (H'aq’ﬁ.l.a""ﬁaga.l.ﬁ -
— R K,2 — T2 ) B,

Pyla Bl = (P lag+ K2 Ho— HO K ) Byt (K% gy — H9 L, —

o CraH Py — PR 23) BS

(5.13)

SiteBi=(S2m i‘f(a"aK”m — K2, (ea) Bi+ (K Pl — K2 Ly
It aq o
—-'-S’;slx’“"";\)B;.
Then the equations (5.8) and (5.9) a i
t i s (5.8) an .9} are obtained by contracting (3 i
Bf and respectively B - el

The equations (3.6}, (5.7) and {5.8) ar i

[he ns (3.6}, {5. 5.8) are the equations of Gg “odazzi
and Ricci for the immersion of a Finsler space I i(}*: e, I;or -1Cm12:fi’c(41?'ddfm
connection FC on F™ we have ¢ Hence b\" using (gni !e)r

ol ==fiy _'O
(4.12) and (4.13) we obtain the eq Pl 5
A3 ; 3 Juivalence of (3.7) and (3.9). Howev
f‘?ﬁiolthc; I‘:Inblex conncctions of £™ the equations (5.‘))) représen)t somctcl:iirr;
ch shows how far from the geometry of Riemannian subspaces i hb
geometry of Finsler subspaces. ' ' R
Now, let f be a Finsler scalar ficld on F™, that is, fis a differentiable

function on TY/. Then by using (3 ' . i
G op orL Thon ]']:(_E'mb (3.28) and (3.29) we get the following com-

Jise—/ e :___fla Tt —~f PRI
Sisly—S e x—flucﬂd'r""flalhﬁ'r-
Siobe—Slyle =115,
By us.ipg (5. [4)~zmd simil‘ar formulas for I'C on F™ we ohtain
heorem 5.2. Zet F* be a Finsler subspace of the Finsler space F®

-~

endowed wilh the Finsler connection FC =(N r ]
TR o i e rc]at;d b;mecizma FC=(N, V). Then the forsion icnsors of

(5.14)

Reg =R, BiBE 5+ Py BiBY( B{Hy— BLH3)+ H3H 2~ HyH.2 +
+8HEHL B, B Bt
Fag.r :.]::I;[‘:aa.!“** B‘:(.S‘ Iﬂ;Hﬁ BiB.‘t‘I" [J i”’-B'%AB;:),
Ly = BT BYBA-C)'(BLHS — BYHE) B},
'SGBT = S ‘j‘kab.é B’.:. b (:Ba-r = CJ‘&I}?B&B#,
P C By B HE Y L BB DY,

—
o
-]

=2

where DPgand D', ave the deflection tensor fields of IFC and respectively FC.

becomes just the first line of i i
L cquations in
el the sccond and the third lin i i
) . e of equations in
from the sccond and respectively the third line o(t1 equations

. {4.14) and {4.15) in equations (3.2)
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