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ALMOST SEMIQUATERNION STRUCTURES
ENISTENCIE AND CONNIECTIONS
BY

GHEORGHE MUNTEANU

An almost semiquaiernion struclure 15 a degenerate, hipercomplex
structure defined by the semiquaternion algebra [3]. The study of such a
strucfure is similar lo that of the qualernion and antiguaternion stroeture
[t, 16, 17, 18, ...].

e the preseol paper we deal with two peoblems o examples of the semi-
quaternion structures and lincar connections.

We are indebted o professor V. Oproiu for valuable advices during
the preparation of this paper.

§1. Definitions. Lel M be a differentiable manifold, dim M =dn (the
necessity of this assumaltion will be seen lefer in the paper) and <2(M) the module
of tensor fields of type (p. ¢) on M.

Definition 1.1. The structure SQ - (IF,. I, 1), F,e<}(M). i~ 1. 3. sa-
tisfying:

(I.1y Fiee ] . FieFi= ,  rank [.=2n
FF, Foldy=Fy; FiFge=—FF =—F,; [F;==FF,=A)

is called an almost semiqualernion structure, shorthly (SQ)-structure on M,
L.et us consider struclures defined by twa lincar complex lensor fields
gy Jas<l(M), satisfying:

(1.2) Jyodo gy dy=al (e R, e (M) identily).

Such structures appeared firstly in T Wakakuwa [I3} and a
study of them was made by F. Triceoerri in [13]. J14].

Il « =4 we have almosl quaternion struectures, if 2 =1 we have almosl
anliqualernion structures.  Finally, the case a¥ =4 is slrongly related to the
almost semiqualernion structures. However, the later case is nol studied by
Tricerri. Hence, nnce again, we see the importance of the present study.

An (SQ)-structure is a hipercomplex struclure defined by the semi-
quaternion algebra ([3}, p. 325). In fact, using left regular representation
of semiquaternion aigebra in a 4n-dimensional space we obtain [10]:

0 -I 0 0 0 0 0 0
, I 0 0 o0 6o 0 0 0 :
So=lo Si=14 o o g S={; o0 g of BT
o 0 I o LI A
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The group of matrices which commute with S, 2 -0, 3
right regular representalion. and it is described as follows

F A I }] ]
oA 0 0 _

(1.3 G, ] ¢ on o4 plle v pega f.';f Ghitn, T

s given In

noc I3 B

The reduction I’,,w of Lhe strauctural group GO, RY. of prineipat
frames bundle P 10 (0. -'--lim-" a Lestrocture an XLoealld wlmost semi
quafernion G-struclure. ’

Lenuna L1, If X, s8], X1 Elver fLoIer FL othen

Noo FOXNy0 FUXGCFLN, wre independent veclor fields al every re M.

Lemma 0.2 Jf N0 Nodsler 7, oand N0 FN, F.N, 9N, N, are
independent. then X, F\N,. F.N,. F,X,. Ny FoNo FoNGF,NL are inde
pendent vector fields. _

By using these lenrmas we obitain oosel of An linear independent veelor
fields af every ax=0[

(1) a=INp o Ny PN Fo N FoNoe e Fa Xy Iy X o FONDT

Proposition 1.4, The evistenice of on (8O)-structure is equivulent to the
existence of G-sfruclure Jf’_‘Q on differentiable manifold M.

Procf. The lensor field I, of sl.rucluw SO =(F,, IF.. F,). givenr by
(1.1}, has in the frames ¢ the matrix S, i =1, 3. Cons sidering al every re M
the frames obtoined from s by right translations  with elements of Gy we
get a snbbundle of J"(U) with structural group Ggp.

The converse is obvious,

Remark 7.7, From Prop. 1.4 it fellows dim M =In. compulsory.

§2. Exampies of almiost semiquaternion structures. Ve shall give two
(‘\!I]l[)|LH of (SOstruetures,

The first example is: the Lie groun 7 of non-zero qualernions (see
[2]). lls Lie algebrs is isomorphie lo fhe alae bra on The veelor space of aualed
nions with  maltiptieation delined by ;

O A I A T L T joleickoi=f. I N NLONL N, are
the dell invarianl veetor fickds on € correspanding 1o The clements i, A
respectivelly, then:

[N Ny =[Xo Xo] =INye No]s205 [Ny N = Xa (X No] = Xp N, N, ] =X

Let us cousider on ¢ the structure (F,. F,, F,) siven by :

F,X, - X, FuN; =X, FoX,mXN,
FyX, o X, P s X, BN
FiX,=X, FiXy=0 R X, U

T O R FiXy 0 FeX w0,

Then, (F,. F.. F,) defines cne (SQ)-structure.
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9. The second examyple B civen by the teneend bondie TEWY where
dimy Mo 20, and Mo ocorries an almest complex struclure,
I is known Chat an TV Hhere exials an alinoes? fangent structure
detined in loead man (oo g b=t 2 v Trl o

I, _c-} s ;( ¢ ) 0.
st o el

On T(M) Lhere exists a canopical eomples structure Fodelined by
weans of both, the vertical and horizontal Lifis ((I{fmr d Iy o linear conneclion
V oon M (see [L1]) by : FX*— X" tad FX! N

1 s an almost complex struclure on M, then J ean be lifted on
T(M) 1o an almost complex structure J* defined by JAX" = ¢/ X)" and J*X?
=(J XY, N

The structure F,=FJ* is an almost complex struchiure (see f11]) and
SO =", F.. IFo-FF)Y is a (5Q)-structure.

¢k qu-.u semiguaternion connecticns. et Al ke o An-dimensional
manifold endowed with a (SO)-struclure given by (1B, Denote by @ —=Ker
.. the 2p-distrtbutien called the vertical  di steibulion. I X @ then
i Xedl,

Lel 26 bie a fixed clhiosen distribution, catled hiorizontal, complemenlary

y 0 (e T =H, @D, = Vaeld) We can suppese that & s chosen

50 thatl it is invarianl by F, (this is possible, since if ¢ is a hermilian netrie
with respeet Lo /7, then 2 is the ortogenal complement in T(M) to @ with
respect to g). Denote by hoov the corresponding prejectors on these distri-
butions. We have:

{(3.1) e h =10 and v Foe=I"

The tollowing Theorem is know [rem [7] (see also 119]) and was sugges
fed lous by V. Oproiu:

Theorem 3.1, There exisls a vnigue lensor field Foe3(AD such that :
(3.2) FFy=sh,  oF3=0,  Fh=0.

Remarl: 3.1. F, depends on the choice of the distribulion % and is
the generalised inverse of tensor field I, in every a=A[.

Denole Fy==F, . F;

Proposition 3.2. The following relations hold :

(l) I"a" =), Fah =I?ou ”Fc: =-Faa hI"a =0, hI::r: =]:;: 19;” =F;»

(i) FolFy=h FeFg=v, (F)*=0, F;F3=FF;=0, a=2 3

(iiiy F.F, FoF,=Fy F\Fy==—I3F =< F,
The prool Tollows from (3.2) and (3.1).

From Prop. 3.2 we see thal SCG*=(J°,. I, £ defines an almonst semi-
quaternion structure, called the adjoint of (8Q).

Nexat, we are inlerested in finding of linear (SQ)-connections, i.e. linear
connection V such that: VF;==0, i =1, 3. From [3] it is known the set of
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all almost complex connections with respect to F,:
1 ] o
(3.3) Va¥ =Ve¥+ - (Wl (1, )+ O,

and from [7] s Known Lhe set of alb almost tangent connections with respeet
ta K., or Py
E . a
3.0 V¥ oV Y FolVeF) Y1 OQy 2=22, 3,
where V is an arbitrary fixed connection, N. Y€MD, Q< -L(2),

OrY O(X, Y). and:

i
W, s 7 (I®1 F,.®F) F=0@14+TF,QF,

{3.5)

. 1
'{2?5(1®[+F1®F1) 0§=h®1-—- ;®F=-

are pairs of complementary projection operators on +1(3).
Now, we consider the transformalions of connections :

@ 9‘ ! " = 1 ©
ViV o= DY =VyY+ = (ViF)) (F,Y). i=1, 2, 3,
(3.6) 2
DY ~VrY+FyuVrF) Y, «-=2, 3.
[
Obviously, @DF,=0, i =1, 2, 3.
iJ J
Let us consider lhe connection 2 obtained from connection @ by
if

means of transformation T, . ("0 is obtained by replacing arbitrary linear

o J +
connection V by @ in expression of connection D.)

Propesition 3.3. The relations :
1z @l

3.7 D=0, o=23,

hold qoud.
Proof. Alter the necessary compulations we get :

i N a L n a
DY = :12 {VJ{Y'— F,V.\'(FIY)}, DxY - I'V.\'Y-{-F:EV‘\'(FZY).
Thus we have :
12 T L 5 21
PyY — E{UVXY— o', Va7, Y) + 15 Ve (Fe Y)Y+ FaVa(l, YY)} - DyY.

13 an
In a similar way we infer @ =D.

Theorem 3.4 A linear (SO)-conneclion is either :
12
(3.8) == o

(3.8) DY =VyY+ :1) VLY —oF, (VaF)) ¥ 4-Fy (VaF,) Y 4F} (VaFy) Y}

where, V is an arbilrary lineer comneclion, X. Y €(M).
12 12 | 2
I'roof. (D1, =0, since D is ehlained from 7 by rveplacing V by 7D,
(B 21
Using (3.7} we gel (D8, =DF, - 0.
Next we are going to delermine the set ol all (SOQ)-connections. We
took Tor alt (SQ)-connection of the form : V-=V+ T, where V is a fixed but
arbitrary linear (SQ)-connection and Tezi(M) is an unknown fiensor

field to be delermined.
Proposition 3.5. V is « linear (8Q)-connection if and only if Tx commute

with F;, i=1, 2. 3, YX<B(M). B

Proof. Vxlffi=0=TxF;—F; Ty =—VxI =0 ¥ N e M).

Let us remark that TeF,=F,Ty=¥.Tyv=0 and Tyl,= F,Tx*
STy =0, & =23 (see [7]). where W, OF are given by (3.5).

From the general theory of projection operalors we have .

Proposition 3.6.

Ty commules with F=30<<AN such that Ty ='0x

Ty commules with F,=30<<}{(M) such that Tyr=07Qx =2-23.

By a direct compulation we get:

Proposition 3.7. The following relations hold good :

a 2 3 a B ]
l{"xéx =01‘}"1 y WO, =%,0,; 0,0,=0,, x, B =2,3.
Proposition 3.8. Tx commules with oll F,, (i=1, 2, 3) if and only if

2
there exist Q=<5 (M) such thal Ty =¥,0,Qx, where Q% ~Q(X, Y).
The proof follows from Prop. 3.5, Prop. 3.7 and the general theory of
projection operaters. ~
‘Therefore, from Prop. 3.5 and V=V+T, taking V=@ given by (3.8),

we oblain:
Theorem 3.9. The set of all linear (SQ)-connection is given by :

(3.9) VY =DxY +(F Oy,
where D is given by \3.8), Q= <UM), QxY =Q(X. Y) arbifrary. Or,

Va¥ =Va Vb < {oVxV =0l (V¥F\) ¥4 FUVAF)Y +Fi(VeF) V) +

(3.10) |
4 E{an‘:' — 0RO P Y L PO, Y R0 Y Y

where V is a fixed bul arbifrary linear connection, ) < ti(M).
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demmgrl 3.0, Uhe set of (SO)-cauneclio - ,
P D meelions (3.9) or (310), doesn'l de
on the distribuiion & sinee Wie councetion (3.4) not <lt’]:2‘ud “T;]l d:][:("r_’x;_l
Pegrark 2220 Alter ealeulading covaris o ; ; ciea
infors ! g covariant derivalive from (3100 we
1 o

WY =0 IV e Oy) Ve 7N -

VRS 21: Va-H0v) Y tVe+ 00 1Y so that »¥ 15 the vertical
part ol set of complex conneclions with respect Lo J°

! . 1-

l'len]’” 1\ 3.3. ‘\[]'dln ous | 15 Ve h(' s ()I L] Al cConied-
!.' LO[I][J! ln\‘. 1! Iy l
1 = E € “ llﬂ(.,q.l Ot
ll()“-’ “llh [e~;!)(‘{ l IO (s(\)) --'-(‘1' 1 I' 2 [' ]) bl]“( '\ ure :

: 1, -
301 *VeY =— - Dy :
e zh(v‘””‘?x)' R (VO F Y+ F oAVt Qo) V4 F(NA 00O Y.

§ 4. Symmetne (SQ)-conneetions, For the (SQ)-structure, given hy
4 ’ o

1.1} we determined t i
(1.1 letermined the flﬁlln\wng sel of connections :

— The e¢o ions o ;e :
nneclions V, given by (3.3), such that VF, =0, or:

¥
(3.3 Vi ¥ oWl (Vb ) e - 1% S
) FY = (Vb Q) == ZH (Vb Q) ¥ = BV 1 0x) (1Y)
The connections GV » =23, such that ;F =0, or:
: a T .

(3.4') V¥ =0, (Vx +0x) =0(V x4+ Q) -+ F5 (V- Ox) (F, ).
- The (SQ)-connections V, given by (3.10), or:

. ’ ; 2 2
3.10) VaY (01 (F-0x) =0, V.

a 1
l‘l o e . ¥ v
(The action of 'V, or @, en Vi and Vy are formally defined.)

) ar : .
Proposition 4.1. There exists an (SQ)-connection V with vT =0 if and

Unlu l’f [ V‘ ! U u’he 4 i LY l I i i r oct (]’i {’(i
¥ . 3 T ] b orsion o C an 1 Iy [‘ ‘(’”jl ”- LY ‘e“ SO 88
l I ) 1 f { \ Iy f .\ f 11 81 & i

Proof. 11 'V is an (SQ)-connecti i r

5 1 D-eennection with o1 -4, then caleulati )
by means of T we obtain oN,. - . o, Len caleiating Ny
Y . l( obtain »N,, 0. Conversely, considering the almmost coml
plex connection V wilh respect to Iy, aud with lorsion ’}‘=} N, (see {5]
p. 170) Lthen, bas temark he ¢ i OV i l ,

). sed ()ln Bemark 3.2, the connection V=0,V is an ($Q)-
connection with vT=pT =(1/4) vN,.

1

Thcorcm +2. Lel the connection V be defined by .

1
1
U
VY =2 2eN V] PN i [RX BV ]ORN BV

AL
FFBX. FY |4 PN, 15V |- FLFIN. Y] BN, 1Y |+

+Fi[hX, F,Y|+FihX, F, Y]}

7 . ALMOST SEMIQUATERNION STRUCTUNES 17

1
Then V is an almosi complex conneclion with respeel to 14,
The proof follows by a straightforsward compntation.
1 1 1
Caleulating v T(X, ¥)=oVyY —oVyX—u [X, V] and using the Nijen-
huis tensors:
NN, Y)=[FX, FY]-FIX, I'Y]- FIFX, Yj4+1X, Y]
Np (X, V) =[F:X, Y |-FafFN. Y- P X, MY+
+[FX, F.Y]-FF.X, Y}--FX, RRY [N Y]
we obtain:
i 1
Proposition 4.3. If Ny =Np,p =0 then vT -0, where T is (he lorsion
of connection given by (4.1).

Let us consider the (SQ)-connection :
2 1
(1.2) VY =0,yVy, X, YW
1
If Ngi=Np,pi=0 then the connection (4.2) has 0T =0T =0.
Theoremn 4.4, If Np, =N =Np =0 then o symmelric (forsion free)
(SQ)-connection is given by

- 2
(1.3) Gy Y =V Y 40 Tox—Fa Tyix + 1 TxF)-

where, V is the ($Q)-connection given by (4.2), T is ils torsion, TLY=T(X, Y),
X, YeB(M).

Proof. Let us remark that V is an almost tangent connection with
respect to I, (since belongs to sel (3.4°)).

From Nyt =Ng5=0 it follows pF =pT =pT =0, and using lhe results
from [7] it follows :

- . P N .
RT(X, ¥)=—hNREX FoY)+ S UENRERX. B HERN (X, FaY)).

Thus, il N;,=0, then AT ==0. It follows that ¥ is an almost tangent connee-
tion, with 7'=0. The proof of the Lheorem is completed if V becomes an (50)-

connection. In base of relation (3.10°), ¥ will be an ($Q)-connection i and
only if there exists Pe-3(M) so that:

2 2
4.4) 0,vQx =(O ¥ )y P, X. Y=®&M),

where QX = Tcx '—‘Fg Tf:_r +I;‘g T,fF;.
In particular, if there exists Pe=1j(M) so that:

(4.5) Qx=T:Px

then condition (4.4) is verified.
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The existence of Pe<i(M) is equivalent 1o Obata compatibility of
equation (4.5), namely :

4.5 Yoy =0, or QxY HF0xF Y 0, NO Y eH(M).

Taking into account that v T —=p T =0, Lhe condition (1.5°) can be written
as ¢
(AR AT ex Y = F, Tl Y 4 BTl sY b Tl Y — 1 T Y = Iy 'Y .

Caleulaling the horizontal and verlical parts and using the torsion expression
from (4.2), the condition (4.5”") is verified by a direct calculus. So Vis an (5Q)-
conneclion.

Remark 4.1. The existence of a symmetric (SQ)-connection is a strong
condition, this being equivalent to the integrability of the ¢(SQ)-structure

{8]-

§5. Symmetric (SQ)-connections and pair of connections. Considering
the (SQ)-struciure, given by (1.1), and (SQ*)==(F,, Fa F3) obtained from a
chosen disiribulion @, then :

J (g Jos J3) =(Fy, Fo—F3 Fy—F, P=(P,, Py, P))=
=(F\. Fy+Fi Fyt+F3),

define an almost quaternion and, respectively, antiquaternion structure.
Considering the Nijenhuis tensor fields associated to (J) and ¢, by a dirvect
computalion, we have:

Proposition 5.1. The equalilies :

Ny, =Np,=Ng,,
Ny, =Np,+Ng— Nyt Np,=Ng + N+ Negs

Proposition 5.2. In conditions of Theorem 4.4 there exisls symmelric
connections adapted to the structures (J) and (P).

Proof. I Ny, =Np:=Np =0 then there exists a svmmetric (SQ)-
connection given by (4.3) and expressing N, only by torsion of (SQ)-connec-
tion we oblain N,,=0. From Prop. 5.1 it follows there exists (J) and (P)
symmetric connections (see [1G], [17]).

The converse problem is also interesting. Let:

7 r
(5-2) l\rz.lv,,l—i'.'\r,]:-'—I\YJ’ and J\r=.\rpl+ﬁ7p.+Np,.

be the Chern-Bernard invariants of (J) and (P)-structures. Then the connec-
tion (see [12]):
J

1
VeV == ¥ (ol X, LV J X LY

o]

6.1

(5.3) )

1
+{—E {Ja['lr-“\.' YI_Jn[‘\" J“Y]} -F;[X, ‘l’
}

a=1

7 J J ]
has torsion T =0 and (ViJ,) Y 1-15 (J,N(X, Y)—-N(X, J,Y)} a=1,23.
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7 I
‘T'hus, Lhe vanishing of N implies the existence of symmetric connection V.

The connection :

r 1
VIY“;T){ P P.X, P,Y|+P,[PX. P.Y|j—P[PX, P,Y]+

LDy [PUX, PY] - Po|PUN, PLYJE DX, PLY +lpqpx Y-
(2.4) g
~P,[X. P,Y] ~P,[PX, Y]+ Pi|X, P,Y]—P[P.X, Y+

FPX Y[ CIX V)

» P P P
has T=0 and (VxP,) Y =(1/12}{P,N(X, V)--N(X, P, Y)} a=1, 2, 3.
P P
The vanishing of N gives a symmetric antiquaternion connection V.

P
By considering the pair of connections (V, V) {4] and:

m 1 7 P J il
(2.9) V=-2-(V+V) and +=V—V

J P m
ihe mean connection and deformation tensor of pair (V, V) it follows T=0
and :

m 1 j or j P
(VxF.) Y—r-l—é{Fl(N"rN) (X, Y)—-(N+N)X, F.Y)},
m 1 J I I
2VxFy) ¥ =l FiY)+ Fisx¥ = - {1N(X, V) PN(X, V)= N(X, L)~

P
"N(X, P,)Y)}.
Hence, we have:

I P

Theorem 5.3. If V, V are symmelric connections for {J) and (P) structures,
given by (5.1), then the mean connection (5.5) is @ symmefric (SQ)-connection
if and only if:

(5.6) ~x(F3Y)=F3=x Y, X, Ye&(M).
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SULLE PROPRIETA’ DELLA JACOBIANA
DI UN SISTEMA LINEARE DI QUADRICHE

LANDO DEGOLI

1. Nello spazio complesso lineare S, riferito a coordinate proiettive
omogenee r;(i =0, 1.....7) scegliamo d+1 quadriche linearmenie indipen-

denti :
fo=0, fi==0, .., fa =0,

con :
r
fi= Y, adziz (af =az)-
ia=0

11 sistema lineare 1.4 di dimensione d, che ne risulta, ¢ espresso dall’equazione:

d
(1} Z Refe =\
g=0

Supponiamo che la matrice Jacobiana ad r+1 righe e d+1 colonne:

J = éf,/ox; 1, g:==0, 1, .., d, 1=0,1,..., 1,
sia di caralleristica r<d.

La varield Jacobiana data dalla malrice precedente uguagliata a zero
rappresenta il Juogo dei vertici dei coni del sistema (1). Supponiamo che il
sistema lineare Lq sia irriducibile di prima specie (vedi 10). Cid significa che
Le non possiede sisfemi subordinali essenziali, ossia sistemi Ly di dimen-
sione ¢ ¢ Jacobiana di caraticristica ¢ con:

2<g<d--1, 2<cegr—1, <y

In tal caso abbiamo dimostrato il teorema (vedi 6): ,Le quadriche di Lg che
passaiio per un punlo hanno in comune una refla”

Poiché la Jacobiana ha caralteristica r, tulti i minori di ordine r4+1
estratti da J sono identicamente nulli. Ricordando che &: r<d, consideriamo
il determinante individuato da r--1 quadviche qualsiasi lin. ind. del sistema
(1). Potreino scegliere, senza nuocere alla generalitd, le prime 71 quadtiche :

o fro o [r e siavras,

D) offary |=0. (G, f=0,1,..,7).



