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bla =afli=dfe =t[d =-fle =e/].

0"]‘1 i_L]Jitlllit bose: a=cth, d=-¢, e=+[ conducono all'tdentit:: £1--
4 skl g l=2L1 =41, che soddisia tutte le precedentt proporzieni.
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FUNDAMENTAL SOLUTION AND RETARDIED POTENTIAL FOR A
RIGID THERMAL CONDUCTOR OF CATTANIO TYPE
BY
EUGEN $00s

1. Imtroduction. Tt is well-known that Fouriec's model of a rigid heal
conductor gives unbounded velocily of propagation for Lhermal disturbances.
In order to aveid this fact, Cattaneo introduced in 1948 [1] a modified
version of the Fourier’s law [or the heat flux by taking into account a kind
of ,lhermal inertia“. This model. obtained also by Vernotte in 1958
[2] and by K aliski in 1965 [3]. gives a finite speed for the propagalion
of thermal effects (for other delails see [4], Cap. [ and [3]).

In the following I shall oblain the fundamental solution and Lhe retarded
potential for Cattaneo’s model, because the similar results given by Kaliski
and Nowacki in 1969 [6] are erroneus (see further).

The fundamental eqgualions of this model arve:

— The local form of the energy balance:

(1.1) go€ ==—div q4zays

where ¢, is the constant mass densily, ¢ represents the specific internal energy
per unil mass, q is the heat Tlux vector and 7 represents the external heat
source density per unit mass of the rigid heai conducting body.

— The conslitutive equation for the specific internal energy :

(1.2) g =¢go+0y T, cy =),

where z, is the conslant specific Tnternal energy cotresponding to the conslant
refference absolute temperature U, of the conductor, ¢, represents the constant
specific heat per unit mass corresponding to the refference temperature 0,
and T =0 — 0, is the variation of the absolute temperature 8 due to external
thermal aclions.

— The evolution equation of Cattaneo type for the heat flux q:

{1.3) ~G+q =%, grad T, =0, %>0,

where < is the relaxation time of the heat flux and the material constant x,
represents the coefficient of heat conductivity (of Fourier type) for the con-
sidered rigid conductor.

In the given relations =, q. rand 7 are [unctions on the space variable
x and on the lime variable {; the superposed do! stands for the time deri-
vative with respect lo L.

As it is clear fromn the given relations, we have a linear mode! for an
isotropic and homogeneous rigid heat conductor.
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In all what fellows I assume Lhat all eperations are nteaningfull in usual
O in generalized scose.

In order to obtain the lield equation sulisfied by T we can eliminate 1]
by taking the time derivative of {1.1) nnd by using (1.2) and (1.3} ; alter sone
stinple calenlus it resulls

(1.1) £uta(T T T) = A Top 2 (27 7).

The term gyoy is dismissed by Kaliski »nd Nowacki (sce Eq. (2.1) in
[6]). 11 is elear Lhat this term cannot be neglepted when the heat source r
has important variations in small time intervals, even if 7 is of order 10-11-—10)-¢
see. (see for inslanee [1], Cap. T and[5]). In order Lo oblain the fundamental
solution of Eq. (1.1) we must take r{x, {)==consl 8(x) 3¢) exactly in the same
manner as Kaliski and Novacki done in [6]. Here § represents Dirac's dis-
tribution. As it js well-known (see [7] §1.2.3.2). the time derivative §(f) as
well as the time derivalive of usual functinns approximating 3(f) and (1),
respectively. have important variations in their magnitnde for very small
variations ol the argument {. Consequently, = cannot be neglected in (1.4)
in comparison with r when our aim is the search of the fundamental solution
corresponding to the gencralized heat prepagation law (1.4).

In the sequel 1 assume

(1.5) T(x, 1)=0, v(x, §)==0 for {20,
2. The {fundamental solution. By introducing

{2.1) Loemnel 2otar g=v/C4.

from (1.4) il resuils

(2.2) T+ T =0T +<G+yq,

=q(X, {) being a given function of x and 1.

This equation must be supplemented by appropriate initial and boundary
conditions, '

In this section I assume that Lhe rigid conductor is unbounded. Also, 1
consider an external heat impuls placed in x =0 namely

(2.3) g(x, y=38(x} 3(D.
In this case from (2.2) it results
(2.4) T T AT+ (28(8) + 8(0) 3(x).
The assumed initial condilions are taken to be homogeneous :
(2.5 T(x, 1)=0, T(x, 0)_-0,
and 1 consider the following boundary conditions
(2.6) T(x. H=0(1x | "), grad T(x, H=0(|x | %} for | X |[—o00.

By definition the fundamental solution (the Green's fu nction) is the ther-
mal field T=T(x, f) satisfying (2.4) —(2.6).
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In order to obtain this field T use Iaplace and Fourier integral trans-

forms. Denoling by T==T(x, p) the Laplace transform of T =T(x, {), taking
into accounl tlie homogeneous initial conditions {2.5) and using the relations*

(2.7) BIf(0) =p*f(p) —pHO~[(0). L[f()] =p(p)—1(0),
(2.8) 23] =1, 3O =p,

from (2.4) T obiain

(2.9) (zp*+p) T =2AT+(xp+1) §(x).

Let me denote by
T, p=§IT, Pl =200 [§] Tee. p)edx,

k. x=kx 4kt dxi=dr,dr.dx,

the Lhree-dimensional Fourier transform of 7(x, p) (see [8], Cap. I).
Using

FAT) =—leT, ke k34K FEE)]=(1/2 =),
after some simple algebra, from (2.9) it results

T ptlfs

. T(k, p) =(1/2 =)*/s .
- G = e e + 1/
By introducing the quantity
(2.11) U=},

having the physical dimension of a velocity, (2.10) can be written in the follo-
wing form

_(12aye pt1/z _
Us  k*+ U™ pfp+1/q)

(2.12) T, p)
According to the inversion theorem

T(x, p)=F" [Tk, p)]=(1/2m) §{] Tk, p)e-ievak, dk==dk,dkydks,

and, consequently, from (2.12) I get

o

e x.k

Tix, py o 270 d
l(x, p)'— s (P+I/7)SSSL2+USPGP+ 1/1‘) o

*) Concerning the notations, see Appendix,



(2.17)

180 I,

or, equivalently,

(2.13) T(x. p)—

Lt (( cos x, k) cos auk, cos ok

i “SJ\ I U le j S o dity
J IR R Up(p1/7)

Taking into account the velalion ([0]. Cap. X1 §3)

o

S‘S cos 1k, cos ok, cos Lk
000

34524

B
T
I

I3 4ot 1 R

const =0, 1 x

0

from (2.13) it resulls for £ U ’Ilrp(p-}—l/t)

i ‘R-"'“'\’r.“l,P k7]

(2.14) “T(R, p) =

7(x, p) - (pt+1/7)e

A7 UR
Again, according to the inversion theorem

£ e Rk i Y7 EN e
(215)  T(x, ) =€ [T, p)]=————Q ' [(p+1/5)

e R
Making now use on the relation (A.25) for b=1/+, ¢=-N/U and taking into
account the equation (2.11} for U it results the following final erpression

for the fundamental solution denoted by Gfz, 0, 1):
G(x, 0, H=G(R, H=y(x, 0, ) HU{—R/U)+

{2.16) 1 = Rj2tin) R 3
} — 14— 3({—RjUy-}-<8(1 — RJUY,
dr Re {( | S'I.'U) ( JU 3 / )}

where

(x, 0, H=y(R, I) = 1 _.e__te_T _.1...__ 2 I 1 1/13 R0 -+
[ " SmUYE— R Uz (2¢ r— R U ‘(2¢ ' ]

1 f
o et ] RO, 2 KU
2rfe—Ry0: (2rv / )} E

This solution obviously satisfies the boundary conditions (2.6) for all (>0
Concerning the obtained result it can be done some important obser-
valions ;

(1) From (2.16) it results that the heat impulse applied at {=0 in x =0
propagales in spuce and time at finite velocity U; this is a characteristic
property of Cattancoe’s model in comparisen with the corresponding property
of Fourier's model, predicting infinile veloeity for the propagation of ther-
mal disturbances.

(2) The value (2.11) obtained lor the velocily of propagation coin-
cides with that given by L uea [5] in studying the acceleration waves of
Hadamard type in rigid heat conductors of integral type.

5008 4
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(3) The term in (2.16) containing the Teaviside function represents a
singular surface of Iadamard type. Aeross this surface ihe thermal field
hab a finite jump. The singular surlace is spherical, centered in x =0, its radius
R being increasing in lime according to the law R=UL

Bv using

To(r) o T A0y, T{ay-—a/24 2016 - 0()

from (2.17) for the magnitude of the jump it resulls

[T] (R, Dy== lim (I, ) H{t - RIU)— lim (R, §) HI{t— R/ U)-
(= (RILI+ t={RIUY

(2.18) )
: _L__ ([ _I__I- f_{] c—hﬂ . u—.—l—- (l +—l—£—) e-t'“for R =UL
G4=(no)al 8 U Gdn(nr)l St

The firsl equation gives The jump as a space function, the second as a time
funclion.

(4) From (2.18) it is clear Thal tiee magpitude of the junip is o decreasing
funclion of time, or. equivalently, of space, the damping in ime being com-
pletely dermined by Uhe relaxation time . ‘This result is in perlect agreement
with that oblained by L uca in [3], by investigating the attenuation of
acceleration waves in a rigid conductor of integral type.

(3) Tt is clear that for =0, the heal propagation equation (2.2) reduces
to that of Fourier type. Consequently, it is interesting to etablish the connexion
between Lhe Tundamental solution of Caltaneo tvpe (2.16), (2.17) and the
fundamental solution ecorresponding te Fourier's model. Denoting by G, (x,0, 1)
the last field, T remember that (see [10], Cap. III)

(2-19) G(x, 0, =G, (R, tys=(dmp) 2 e~ RN,

It is clear from (2.19) that according to the clossical model the heat pulse
applied al { =0 in a0 propagates instantancously ; namely
Ge(R, D=0 VR>0 for 120,

It is clear from (2.11) thal

(2.20) ftm U(z) =00,
-0
a facl which agrees perfeetly with the properties of the classical model. Con-

sequently, taking into account Lhe properties of Dirac’s distribution, from
{2.16) it results

lim G(R, I, )
)]

= lim y(R, {, t)y for I>0
=0

In order to obtain this value I make use on the assymptotic expansion for-
mula ({11]. Cap. C):

(2.21) L(2) =) /(277 e51--0(x 1)} for z—c0.
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Also, according Lo the relations (2.11) and (2.20), we have

1 ——— { e
2.29) —VA—RIJU? - —— —+LO(U® and U(r)—o0
(2.22) 2TI/ 5o iy FOURD ()

for +—0.

By wvsing (2.22) and (2.21). after some caleulus, it results
(2.23) lim w(R, 1. 1) =(Imrh) ekl for 1 o)
T

Comparing (2.19) and (2.23) I obtain the principal result :
(2.29) lim G(R, {, ©)=G.(R, f) [for f=0.

)

(6) In view of Lhe differences in the heat propagation equation it is
clear that the fundamental solution obtained in this paper does not coincide
with that given by Walis ki and Novacki (sce Eq. (3.1) in {6]).

Closing this section T observe that in the case in which the iustanta-
neous heat impulse acls ina point %#0, the fundamental solution denoted
by G(x, E, f) has the following form

G(x, & f)=v(x, &, 0 II (tw

+ . e—R(x-':'..’U{('I_I_ Rix, E‘))S(t—- R(x, E)) :-1—8(1 R(x, E.)]} ,
4mAR({x, E) T U U

R(x, Z)
N
(2.25)

(2-26) R(x, B)=|x—E [=}(x,—E)*+(aa— o) (25— £ )%,

and y{x, &, f) can be obtuined from (2.17) by replacing R with R(x, &).
In the following, for conciseness, R(x, £) given in (2.26) will be denoted
simply by R.

3. The reciprocity theorem. Let V he the spatial domain occupied by
the rigid conductor and lel § be the boundary of V. I consider now two sets
of causes and effects. The causes will include the action of heat sources q and ¢,

given in V, the action of external temperatures T and T, given on §. To the
effects belong the thermat fields 7 and T, in V al any instant {. The first
set of causes and effects is described by the propagation equation (2.2), re-
produced here for commodity as Egq. (3.1):

(3.1) T+ T=MT+rg+q in V.

To this equation I add the boundary and initial conditions

(3.2) T(x, )=T(x, ) on S, 120, T(x, 0) =To(x), T(x. 0)=Ts(x) in V.
The second set of causes and effects satisfies the propagation equation
(3.3) T+ T =MT +1q+gq, in V,

with boundary and initial conditions

(3.4) Ty(x, ==Ty(x, Hon S, 130, Ty(x, 0} =Tyo(x), Tu(x, 0)=Tox)in V.

4
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By applying the Laplace trapsiorm and taking tmbo account (2.7 and the

initia! conditions (3.2}, (3.0, from (3.1} and (3.3) 11 results

(3.5) T(P""T-—p'l't,——'l"n) FepT— T =2AT --.(p'flr-- a1y TRESE P R 0y,

.I“lu)“ (_PT-|"“ ].1..) 2A .i'.l
o X) = (X, 1)

Lel us multiply £q. (3.5) by 7 and Lg. (3.6) by T and substracl one of the
obtained result from the other: in this way il resulls:

e p(To Ty Tro TV AT T = Tag TV — €10 Ty = TyoTh s
TAT—TATY+3pd T~ ) Ty an DY@ T in T
By using £ ' [1]=:38(), from (2.7) we gel
(3.8) L [pf(pH] =4O+ ) 3D,

Consequently . waking use of The convolution Uenrem and laking into account
the well-known properties of Dirae’s 8, it resulls

oprT,—pT (P tha) S0
(3.6) R

(3.7)

— i - = . . . .
g ’[p(q-f-', Ty (ol —quTY = {yt—s) 1 A —aqy (1= T(5)} ds.
1)

Applving this formula in (3.7) and taking into aceount agatn (5.8}, we get

(L Ty— Ty )AL T = T T = (1o Ty —=Tio T)
i
r e 9
(3.9 :?.6[ ST ATy —T(—5) AT ()} ds ! f) S (f —x) Ty(%)
-y (l—35) T(s)) ds.
{3.10) w=Tg+q, W ey by

Let us now integrale Eq. (3.4) over the region V. .\pp!.\‘ing Green’s
transformation il resulls the following reciprocity relation of Delli type -

- "E.-{ T T — T (O Tty - T T4V - !: TTh - T Ty

o

[ Ve
ﬂxg d SS { Fit—s) 21O Fgs) "iiit!} ds +
(3.11) R ) an

4

+ Q bv S {w(t—s) T(s)—w,{{—s) T(s)} ds.

ot

' 0
For conscieness the spatial argument x was omitted.

In the fotlowing 1 assume that the conduclor 1s unbounded and tl'le
thermal fields satisfy boundary conditions of the iype (2.6). Also I assume tha’_t
the heal sources #nd the initial conditions concern a.bm‘mded region gf V.
In this conditions, in the limit the surface integral in (3.11) vanishes and
{3.11) becomes
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e AT T — T PO+ Ta T (D= Ty TV AV = [ ET, T (1) —

(3.12) :

— TPV = [ AV [ {wll--s5) Tis)—w,{t—s) T()} ds,
1]

the vonun inlegral being extended on the whole space,

[n the special case of homogencous initial conditions of 1vpe (2.5) the
reciprocity relation (3.11) reduces Lo the following simple Torm

g !
(3.13) JdVimx, -5 T syds o (dV {my(s, 15) T\, 5) ds,
e 0

where w and i, are given hy (3.10).

‘The relations (3.71)-(3.13) must take the place of the erroncous recie
procity formutas given by Kaliski and Novacki (sec especially §2 in [h.

. The retarded potential. Let me consider now an infinite  body,
wherein some souvee g(x, ) located within a bounded vegion is acling. The
homogeneous inilial condifions are assumed. I'he Vhermal Tield T(x, 1 produced
by the given source gix. £) salisfies Eq. (3.1). 1 can be determined from
the reciprocity reletion (3.13) assuming gy (x, 2, ) =8¢x -Z) 8(/). Cousequen-
Uy in (3.12) T,=G(x, &, {), where G(x, . {) denotes the fundamental solu-
lion given by (2.29).

Applying well-known properties of Dirac’s 8, from (3.13) it results the
following differential equation which must be satisfied by the thermal field
T(x. {):

(1.1) =T(x, D+ T(x, H=F(x, 1},
the known function F(x, ) having the following expression

(4.2) F(x, )= jdV(E,)Lj:‘ w(E, t~s)G(x, E, ) ds.

Taking into account the assumed homogeneous initial condition (2.5),
from (1.1} it resulls

!
1 ’
(1.3) T(x, )=-— r‘"*'gf'(x, $) e ds.
i
Conscquently,
¢ 5
H . .
(1.4) T(x, H=—e¢ S d V(Q)Se"-"dss w(Z, s- a) G(x, &, =) d=.
: )

By using Fubini's theorem the last result can be written in the equiva-
lent Torm

i i
Sy .
T(x, )= -e“’-"Sd\'(E)SG(x, E, a) d= ge‘f’w(c‘;. s--a) ds.
* N e

o o0 2
FUNDAMENTAIL SOLUTION AND RETARDED POTENTIAL 1495

Taking into account (3.10 i s casy lo see thal

1 s
—(!-((--‘f‘q(i, s - %)) T T L - B
ds &

Conseguently, it results the following expression for the 1hermal field produced
h'v the gis en source distribution

¢
5 r AVEY TGS, £ ) QG 1 8) ds,
(1.5) rex. Do fdV(E (j' H(x, £ 8)(

(1.63 O(x, D —g(x. O e Tgx, 0).

H 3 ' A o " . )
\pplying again in (4.5) the well-known properties of l)n[.;( s & and using
: B 5 Yt N . < s i T
(2.25), after some caleulus it results the finral form of the |

¢ .
Pix. = §AV(E) fv(x. L, 9) O, t—s) His -1t U) dsd
B

. VO oomes @ 1= RIU)Y aV(D) &f""‘-"’" O(E T -
o !-_l—-}S—!;e PR RA) VL) 3=l |

RIUY AV

where R=R(x, £)=|x—3 | and v, w, ( arc siven by (2 .17). (2.25) and
spectively. _ ‘ .
o 'lyﬁzplealio;n (1.7) must take the place of the incorrect formuta given
by Kaliski and Nowacki for Lhe field produced by given sources (see especially
Eq. (3.6) in [4]). . -
K Concerning the obtained rvesull it can be done some remarks -

{1) the e.‘gpression (4.7) containes the l'ctar(l'e_cl argumenl .t—B, J.
oceurs directly in the second and the third integral. Thus the solution is given
by a relarded potential. o o . .
) (2) The occurence of the Heeviside funclion in 1hq first mtegla] shows
that the thermal field in a place x ai a moment { is enlirelly determined by
s:o;]rces acting in a sphere centered in X and having the radius If’—zUl.

(3) Con~sequenl1y, the Cattaneo model indeed provides llmte.spelejd. offr
propag:ition for thermal disturbances, the magnitude of the veloeity being
LT ‘Illi—/_‘r‘ - Bl 1}

Finally 1 note that in the speci_al case g(x, M0 in V. the solution
(4.7) gets the following more shimple form:

T(s, )=§ dV(z_):EY(x, £ ) g(E, t—s) H(s— R(U) ds +

: 1 et
(4.8) VO menwz  RIUY AV + ____'S(, Rit)
! -l.-:/.\ R Wi Y et

g(Z, 1 R{ dYy /)

ieati T d at soure Heaviside type. For a
5. Application : The conoﬂllrcq heat seurce of ' 3 b
concentrallt)al:l heat source of Heaviside type g(x, #)=3(x) H({ (H(f)=0 for
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B0, TI( =1 for $=0) acling i inlini
=0, p ) g in an inlinite body » rinal fie 3
must satisfv the propagation eyuation v the thermal field T(x, !)

.1 TPT==AT Lo (X0 D) 230D} B(x).
1 assume thal T(x, 1) satishies the 1nge initi

conditions (2.5) and (2.6), "(‘511(‘(‘1;\-9;]\‘. homageneons initial and boundary
Fhe temperalure field produced by the given souree can be oblained

by twe methods : (&) usin i
. s g the Fq. (4.8) containiug the relarde i
(h) using Laplace and Fourier integral lransfm'm: R R

(«) By using (1.8) for gff X% ; £ ¥
i rcs..Rs vousing (1.8) for (S, 0= &) (O and w(E. 1y 52 (=8() + H (@),

i

T(x, O r-gﬂ-(R, ) dSH(U—B[U) 4 —— o= R
B i { = o= Rfjest) r— G

H{~RIU)+ =3~ BRI |
where R=R{x, () ==|x |.

Taking into accouni (A.18) 3y it
o ace A8) and (A23) it is easv Lo see Thal v R i
by (2.17) can be wriiten in the following equivalent formL'”hlL HIEAE

1 d —i27
AR ) df et e
sou\as\VE—rye: o Vi —HIU-)+

=

(.3)
e 2

S A A N ™
My (Tz‘ r=retu ]} -

Finally irt ~ducing (5.3) i i
ally, by ir ~ducing (5.3) in (5.2), afler some elementary caleulus. it

results
Ly 1 -2t
Tx, = [ - e
Sn}LUtha__Rg/Uz I 3 Vi -R/U-)+
3 1 - —sfir
2 e e ”""") d'“} H(t— RU) +
R

— Rz’ . o
am g & EHH(E--RIU) 4230 RIU)}

(b Py :lsing Laplace and Fourier integral transfo.ms and proceeding as in
section 2, for the Laplace transform T(x, p) of the produced field it results

(.5 T(x, p)=T(R. e L 1 .L o~ (RIOVBEETR) R
hTL‘r?‘]? TP N vl X |.

Now, by taking inlo aceount the relalion

£ [11) 2 ff(rn] S’I(S) as

0
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and using (A1) we gel again the expression (5.4} for the temperature field
T(x, O produced by the concentrated sonree of the Heaviside type.

Closing this section. § nole that for u concentraled source g(x, )=
= §xY 1IN the expression giving the produced thermal field will be an ordi-
nary funetion having a nonvanishing jumyp for =R/ U. This and similar situa-
lions will be invesligaled clsewhere.

Appendix. T assumce Lhat alt operations arc meaningfull in ordinary or
in generalized sease and I use classicnl nolations if generatized functions
(distribntions) appear. 1 denole by

(A1) o) = QU= § ft) et

the Laplace transform of a function f(f) and by 87! the inverse Laplace ope-

rator.
In wha! follows I shall oblain

(\.2) R [(pHhy e rit ity hconst. = 1, ¢ =consl. = 0.
In order Lo solve Lhis problem, let me consider the Laplace image

¢ eJpipro )

(A:3) fp) =2 =+

Vplp + )
It is known that (see [12], rel. 5.138)
(A.4) fy (O H(t—0),  2()- ebf-'zlo(%’w?- L) 12c.
where
(A.5) H(t) =0 for £<0, H({)=1 for T R

is the Heaviside step function and [,(f) represents the n™ order Bessel func-
tion having modified argument.
Lcl me consider now the function

(A.6) g(p) = e=eJEP T 0

by taking the derivative ¢'(p) of 4(p) T go!
- b\ =
#(py=ezpts f(p),
consequently T have

(A7) @ [(p))—- 87 [(; : 2) Rp)] -

Taking into account Lhe well-known relation

(A.8) q-1ig(p)] = — (27 [g(p)} = --1g(1),
from (A7) T gel :

(A f{](f)_(;g 1[(P+ g)f_(P)]v
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or, by using (A.3),,
to(t) e {9*1 PP+ -gfw} -

Making now use on the relation

(A.10) RI(0] =pi(p) —1(0),

I obtain

(A.11) 8 [pIpN =)+ 01,

where & represents the Dirac distribution having Lhe properties
(A.12) 2[3()] -1, 211 =3(1.

By using (A.11) in (A.10) it results
(A.13) t90t) ---r{i(t)+f(0) 3()4 ;f-f(f)}-

According to (A.1) f(0)=0, ¢ representing a strictely positive real number ;
consequently, from (A.13) I obtain

(A14) 9(t) = R 1]e- VAR =c;{fa) : ffw} I
In the following it must be obtained the lime derivative f(f). To solve
this problem I shall make use on {he well-known relations
(A.15) H(t—c)~8(1—c¢), a()3(t—c) =a(c) 3(f--¢).
By using (A.4) T get

J(t) =2(t) H{l- )+ p(c)3( - o).
But (see [11], Cap. 11I)

- 1 25+
(A.16) 0= 5 srermrls)

hence g(c) =e=“*? and thus for f(t) it results

O =(t) H(— )b e 125(1 ).

By introducing this expression in {A.14) 1 obtain
(4.17) ym;f{m ;’w)} H(l—c) emw28(t—c),

In order to obtain () I shall use the relation

(A.18) Io(t) ==I,().
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After some elememdary operalions, from (A1) and (A7) it resulls
q(l)=_—Q‘1[c“\’-"h”+"') [ =\ H( ey et S,
Ry :
(A 1D Y e e , (h Vi r) s

In order Lo obtain
> \ th
(A.20) R() =27 {pg(p)] =2 " [pe= TR,
I shalt use (A.1%) and (A.11). In this way it resulls
(A.21) o R(E) ==g(h. . -
because ¢=-0 and supp 3({ —c) ={c}. Now. by using (A.1%) 1 obtain
g(h) =0 (6) H(l—) £ ()81 )b~ 23(1 - ¢).
Taking int accounlt again (A.16) it results ‘I'Q(')———-(F.-'t'..c\) ¢
quently, . ‘ )
/ AL YT RS W NS U L Y] Ba )
(A.22) g(hy ="y H{{—c}+ 0 C (- oY+

L2 aud. eonsce-

By using Lhe well-known relation
(A.23) H(l)==— 17 L+ T

: 4 Cres 1
and on account of (.\.I‘.? ll_u sulls e I M._,S([_C)‘
— oy - JE— — Y} — . !
h(ty=8" [pemnri ] =n(l) H{t—0) P

. bhe e bF b 2 4 ’_? ﬁ) '
, A=Y (== ———1- ( =) 5y N
(A.21) i 5 Vioe 2

I { bopom—r
—i————.:—_—:‘-‘—Io TVI- (‘)}
Ve—e (’

i i e » relalions
Now, in order to obtain Lhe final l‘t:hull', I_ :?h 1.lt u&: Lhe relatio
{A 10; and, (A.24) ; after some elementary operations il vesult:

1) = ((p +b) e VAP I) =8¢ H(f- )+

_..h(l F%)C“f"‘fﬂa(t--- ()t ¢S -0,

(A.25) o be _etim {(h 2 )Il(ﬁvt‘_*?-_c*) -
“— 2. p2 2

2 -

b t b »_'""«)} ize
.___._.—I e !"—'C 1 i
3 0(2]/

Ve~

1t is clear that g({)=-h(1)==I(f) =0 for {-Ic.
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The relations £A.19), (A.21)
> relations 4ALT9). (A.21) and (A.25) consli §
are “,,; given in tahles of Laplace 'T'ﬂllifnrlﬁl conslifule usefu)
n the first parl of this p it will 1
) { S paper it will he use 95y i
the fundaniental s . 8 pape e used (A23) in arder ai
idamental solution for a rigid heat condoeling Im:l{ nl"([‘-('lltlI . O:J'di!l
Iy 3 lanca type.
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S K. GIVANT, R. N. McKENZIF. (Editors): ALFRED TARSKI -— Collected
Papers, vol. 1—IV, Contemporary Mathematicinns, Birkhiuser Verlag, Basel, Bos-
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Publicarca operelor complete ale matemalicienilor remarcabili constituie o
traditie valoroasa a literaturii malematice mondiale, De cele mai mulle ori luerd-
rile unui astfel de matematician sint raspindite in timp si spatiu, scrise intr-o
tormi uneori greu accesibild datorita referirilor Ia luecrdri anterioare. Adunind
fmpreunit si organizind toate acesle luecrdri, opera se incheagd i se cristalizeazi,
oferingd  cilitorului o viziune eclarificatoare asupra contributiilor csentiale aduse
malematicii si. nu de putine ori, noi valente. In cazul de faid avem de-a face cu
patru volume dedicale lucrarilor unuia dintre pilonii de bazd, alaturi de K. Go-
del, ai logieii secolulul XX : Alfred Tarski. Cele 4 volume adund Impreund loate
texiele publicate de Tarski, cu exceptia ciriilor. Criteriul de organizare a acestora
este onl cronnlogic, criteriu care e posibil s fi fost impus si de marea varietate
a articolelor lui Tarski, lucru care facea dificili o catalogarce pe domenii. Prin
urmare, volumul 1 cuprinde 32 de articole publicate in perioada 1921—1934, arti-
cole care viidesc orientarea spre probleme de fundamentare o matemalicii. Volu-
mul 2 cuprinde articolele publicate intre anii 1935 si 1944 (31 la numdir). Aceste
articote sint Je referintd si reprezintd contribuiil imporianie ale autorutui. Ma-
jorilatea articolelor din volumele 1 si 2 sint scrise In Jimba germand sau polo-
nezi si oglindese activitatea stiintificd desfasurati in Dolonia, In timpul celui
de-nl doilea rizboi mondial, Tarski emigreazd in Slatele Unite si fondeazd o fai-
moasi scoald de logicd la Universitatea Berkeley — California. Volumrle 3 si 4
cuprind articolele publicate in perioada 1945---1957, respectiv 1958—1979, majori-
tatea fiind serise in englezd. Ultimul volum contine si un numir insemnat de
vezumate, probleme propuse de Tarski, recenzii si contributii la discutiile pro-
vocate in cadrul unor congrese ; volumul se Incheie cu o biblicgrafie c¢xhaustivi.
Continutul acestor volume convinge ¢ A, Tarski a fost prolific. El a publicat
mai bine de 100 de lucrari si a fost autor sau coautor a peste 10 monografii. Dar
ceen oo impresioneazd este calitatea si deschiderea articelelor ; Tarski are lucriri
fundamentale, de mare importantd, care acoperd o uluitoare varietate de subiecte :
teoria adeviirului Tn sisteme formale, teoria decidahilitatii, fundamentele geome-
triei, teorin multimilor si teoria modelelor, logica algebricd si algebra universala.
Timpul, judeciitor aspru, a selectat si impus mai ales contributiile din domeniul
logicii maternatice. Meditind asupra impactului pe care il proveacd intilnirea cu
opera unui mare matematician, putem conchide ¢d publicarea acestor volume re-
prezinti o lectie si o provocare pentru generatii prezente si viitoarc de matema-
ticieni, precum si un suport si un ghid valoros pentru cei preocupati de funda-
mentele matematicii,

Gabriel Ciobanu

B. STEPIHENSON : Kepler's Physical Astronomy, Studics in the History of
Mathematics and Physical Sciences, Vol 13, Springer-Verlag, New York, Berlin,
Heidelberg, London, Paris, Tokyo, 1987, VII + 217 p, DM 118

fn studiul siu asupra operei lui Johannes Kepler (1571—1630), autorul pro-
pure o reconsiderare a celor doud contributii majore aduse de marele astronom
la crearea astronomiei moderne : descoperirea pe cale empiricd a legilor migcarn





