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SOME PROPERTIES OF (6i—M)-REGULAR MULTIMEASURES
BY
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In an earlier paper [13] we introduced the potion of regular muiti-
measure and we studicd some properties of that; in |11]. as application
of this kind of regularity, we established some Lheorems of Nikodym-type
for Tamilies of regular mullimeasures and some results coscerning the locally
measurable sets with respect to such multimeasures.

Taking as starting point the work of J. Belley and P. Moratles
[1] concerning an abstract type of regularity of mullimeasures with values
in a topological group, we point cut a new type of regularity of multimeasures,
more general than that inlroduced by us in [13]; this kind of regularity will
be called (B— M)-regularity.

Then, as application, we shall obtain some results concerning sequen-
ces of (B—M)-regular multimeasures, some theorems of Nikodym,
Brooks-Jewett and Vitalti-HHahn-Saks type for sequences of
multimeasures.

§1. Terminology and notations. Let Q be a nonvoid set, @ a ring of
subsets of Q and 2 (Q) the family of all subscts of Q.

Let D, X, be two nonvoid classes of subsets of Q and «, : D—P(Q),
ey X—P(Q) two functions with the following propertics:

1) KrEs
2 K, KiyeX=Knk;=X;
.1(a)': 3) for every DeP=Dca,(D);
4) for every KeX=a,(K)cK;
5) K, Ky& Z=ay(K )N oa(K,) can(K,n Ko).

Let X denote a Hausdorff locally convex topological vector space,
< its topology and (@ a base of absolutely convex clesed neighborhoods of
the origin in X. Using notations as in [5], of(X) is the family of all nonempty
subsets of X, €(X) the family of closed sets of X and B(X) lhe family of
bounded sets of X.

On of(X) we define the following equivalence relation ,,0“ ;

1) ApB+ A =B,

where A denotes the closure of 4 in X.
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Tt is casy Lo see that the addition (V. B)= 1 4- I3 in ed{X) is compatible

with ,,p*.
On cA(X) we also introduce another addilion, denoled by symbel -,

defined by
) A4 - +L8, Tor every . Bed(X).

Tar this way, (cf(XN). -1) admils a factorizalion by 27 and Lhe quotient
semigronp can be identified with (€(X). --).
If ¢/ is the invarianl uniformity on X compatible with <, then the uni-

formity At on (X)) delined by the following base of vicinities

T(U) =~ [(A. Byecd(X)»A(XN); N BYU, Bedf UL, Uedt

is zaid to be the exponentlial extension of @t tn cf(X).

The topology on <4(X) induced by @ will be denoted by -

Using the equivalence relalion (1) we may indentify (€(X), ;) with
(A(X), %)p and (8(X), @) with the separated uniform space associated
with (ct(X), ).

If X is metrizable, then (A(X), (/) becomes a semimetrizable space
for the Hausdorfl distance between sels. 1f in addition N is complete, then
so is @(X). I (X, ) is a complete uniform space, then so is (2(N). ).

It is easy to see Lhat (€(X), -i-; @) is a Hausdorfl uniform commutative
semigroup with the unit {0}. Furthermore the semigronp €(X) has the impor-
tant property that the law of cancellation

3) AL C=BiC=A=B,

holds in it.
According to a result of W eber [17] there exists a family % ={p} of
semiinvariant pseudometrics, taking values in [0, 1], which generates the

uniformity @. The pseuvdometric p is semiinvariant if
(1) PMALC, B1Oysp(d, B), (V) 4, B, Ce@(X).

Without any loss of generality , we can suppose that the family @
is directed, that is for every iinile family {p)), erc (P, there exists a psendometric
pEP such that

{(x )5 plz, PI<ele ARG RN IR
if pedpP is an avbitrary pseudometric we denote by
) | A L=p(A, 0),

where 0 represents Lhe sel {0} from (X).
Since every p is semiinvariant it is easy o verify the following proper-
ties :

(6) |AYB L=< |A|,+| B, for every A, Be€ (X) and
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(7) fAf B ,p> A ip—1iB ip' for every 4, B=@ (X)

In the following we shall consider correspondences from 2 to X, thar
is set-functions defined on @ taking values in (A(X), +) or, if sets’ wii;h
the same closure are identified, in the semigroup (@ (X), +). with the pro-
perty p(&f) ==0. )

1.1. Definition. A correspondence w from @ to X is said fo be -

I} an additive mullimeasure, if

(8) p(AU B) =p(A)u(B), (V) A, BEBR with An B==g).
11y ac-additive mullimeasure, if for every sequence (A,), evc @ with A A=
(1#)) and \J A, =R

n==1

(9) H(Q]Anh EI;L(A,,), holds

(the sum fromche right side of the equalily is considered will respect to
the topology =).

In what follows, by a multimeasure we shall mean an additive muiti-
measure such that p(gf)=0.

1.2. Definition. A correspondence u. from R to X is said to be exhausting
(locally exhausting) if lim u(A,}=0 for every disjoint sequence (AR (for

H=r oy

every T =R and every disjoint sequence (A,)e® such that A, T).

Here the limit is also considered with respect to the topology 7 induced
by the uniformity .

1.3..Deﬁnition. A family (ui)ier of correspondences from @ to X is said
to be uniformly exhausting if for every disjoint sequence lim p,(A4,) =0,

[ r Ll
(Anen =@, uniformly with respect to i< .
1.4. Definitson. Lef u be « multimeasure from ®@ to X and pe? an
arbitrary pseudomelric.

The function {i, : ®— R, defined by
(10) () =sup {w(T) 5 Ted, Te@), (Vie@,

Is said to be the p-semivariation of y.
It is easy to remark that: a) B, (&) =0; b) il Ac B=>i(4A)<i(B)-
¢) (AU B)<E(A)+{,(B), for every A, Berd . A
W }[I;fce the p-semivariation (i, of w is a submeasure in Drewnowski
We shall also use the following auxiliary result [7]:

k: ”1.5. Proposit‘ion. .Let (Wadnex be a sequence of mullimeasures from R o

) . Then d(p,,),,e,v is uniformly cxhausting if and only if for every pe@ the

orr Y £ " . - . N . —~ - . ’

tingt.espon ing sequence of the p-semivarlations Wia)ptnen is uniformly exhous-
In particular, a multimeasure 1 f i ing i

; , ¢ ¢ Irom @ to X is exhausting if and onl

if for every pe? the p-semivariation o, is exhausting. ¢ Y
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In what follows we shall need two imporlant conditions, which we
shall call the conditions (B) and (v) respeclivelty.

These conditions appear for the first. time in the works of Jimene#-
Guerra and Rodrigu es-Salinas [15]) and J. Belley and P,
Morales [1] respectively.

The condition (B) says:

il p is o multimeasure from @ to X and 0 is the family of pseudomelries w hich
gencrates the uniformity (L on €(X), then
1) for every De® =u,(D)e®;
2) it DD and (K pexc X are such thal z (D)= U @a(Ky), for
n=1

(®) 1 every p=P and every >0 lhere is a posilive integer B, N

He

such that for every [{ €@ with Hea, (D) U o, (K) = i) |, <<e.

n=1

The condition (v) is the following :
It Ded and (K),exeX are such that x(D)e U #(K.), then
() I there is a positive integer #, _l;‘“' whicl o
ey (D) Ht K,.

§2. (B—M) - regular multimeasures. 2.1. Delmitien. A mullimeasure g
from the ring R fo X is said to be (B—M)-reqular if for every Es@, every
pe@ and every >0, there exist De® and K<k such thal

ay(D)cEca(K) and  |w(H) [,<e

for cvery He® , with Hc KEND.

Examples. 1) Let  be a topological space and 2 a ring of its subsels.
We say that a multimeasure p {rom @ to X is a mullicharge if for every
Eermp, every p=p and every ¢ >0, there exist the sets A,B=@ such thal

AcEcB and U] <<
for every He@®@ with He BN A. Here A denoles the closure of the set A

and B the interior of the set B.

It is easy to see that if we take D =X @ and o,(A)=A and a,(13)
=B for every A, Be®, then every multicharge on Q is a (B —M)-regular
multimeasure.

2) If Q is a Hausdorff locally compact space, @ a ring of subsets of
Q, D the set of open relatively compact sets from P, =0 and «, o, as
in example 1, we easily see Lhat every regular multimeasure considered by
the author in [13] and [14] is a (B—M)-regular multimeasure.

3) 1 Q is a Hausdorff locally compocl space. X, the fantily of compact
G s subsets of Q. R = 8(Xy), the 3-ring generated by K., D, Kooy, 2 8800
the example 2 and p a c-additive and locally exhausting multimeasure from
8(Zo) to €(X), then by virtue of [11] (lemma 3.2) it follows that p is a
(B—M)-regular multimeasure.
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1) Let Q. @, ). K. a,, o, be as in example 2. Following Dinc
leanu-lx luvanek [2]. weshall say that the multimeasure p: fromn ¢ E-
N is (f)-reqular, if for every IZe@, every pe@ and every >0 lher:
are o relatively enmmpacl set A= and a seb Be@ such that ’

Ackch  and [ pl(H) |, =g,

for every e with He 6~ A
Thus we casily see that every (Ry)-regular multimeasure is a (8- W)-
regular  muitimeasure.
Remuark. 1 X i delinition 2.1 is a real normed space with the norm
|| and @,{X) denotes the class of all closed bounded subsets of X endo-
wed with Hausdorff metric d, then the family of pseudometries which gene-

rates the uniformity G reduces to the single clement d.

In this case. we observe that a multimeasure p from € to X is (B—2M)-
regular if for every 24/ and every e>0, there are ihesets DeMPDand KeX
such that

a (DN Eeas(R)
and
[ (H) | ==1 p(H ) g =a{n(H), 0) <=

for every He@ with Ho K\ D.
2.2, Theovem. If @ is « (B M)-regular malfimeasure from Q fo X
. . 2y 4 X for
which () holds, then p is a c-additive multimeasure. J i
Proof. Let. (E)),ex be a disjeint sequence of sets from @ with E=

_”L_jlljne@. From the (B3—M)-regularity of p it follows that for every pep
and every >0 there are the sets Derd) and KX such that
e (D= Ecr,(K) and
{ for every He@® with HcK™ D=|p(H) |, <e/6
and the sets ID,=7 and K,=X such that
o, (D)= By, (1) and
{ for every e with He KK, D, | p{ll) ], < <]6.27,
for every e N. By virtue of the hypothesis («)-3 and from (2) we obtain
DicE,=x.(K)),

from which it follows thal the sc iti : d s
every HE®@, with He L, \Eh_bLCOml condition from (2) is also satisfied for

Let us denote K, =K,n K. Accordi ‘
et 1 VKL ng to (o)-2 av X
But E,cE and by virtue o’f (1), we oblairflﬂ 2 e fave et Ho= X

(1)

(2)

(3) IfncEcO_t-_-(K}.
and then
\4) w(f) |, <e/6.2,
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with He K\ Ex- ) )
2 evpegmflg)fﬂ taking intoﬂaccount that E,ca,(K,) it follows, according

to («)-5 and («)-4,

®) E. oK) aa(Kp)cas(K, 0 K) =2,(Kp)e K.
From (1) aud (9) we have:
(6) e (N E ::»L=Jl E, ’gla,(ﬁ,‘,).

Now, we remark that we can apply the hypothesis (f) for Deip an_d the
sequ::nce (K)=X. Thus for every peP and every g>0, there exists a |
positive integer #,< N such that for every He®

U a(Ka) = | p(H) [ <e/B.

Me==1

(7 Hezay(D)
Lot be mo-it, Taking into account that p is semiinvariant. we oblain

Py, (U K =p@EN(D Kan D) el K 0 B,

(K0 By fp 6 B2 1 A)
1

L

® )
p(0 K\ ) +(U) Kan ENS (BN

From («)-3, (5) and (6) we have

H=

DeDu U Kica(D)y U Kie U Ko

Hw-=

from which it follows '.

EN U Kic EN(DU U Ki)cE\DeK\D
n=1l n=
and then, applying (1) and (7), we obtain

(BN U Kan B) < w@N(J KauouD)) b+
9) ” n
-+ [,L(a,(D)\l:le;) I, <ef6-+2/6=¢/3.

On the other hand, since Lm) KN\ EcK\D, by virlue of the same regularity
1

H=

condition (1) we have
(10) l lJ'(Ul Kn\E) [ <efb.
From (8), taking into account (9) and (10}, we obtain

(11) PE), w(0) K <</b+efs
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Using again Lhe semi-invariance of p, from (4) we have

L3

pla( U Ko (U < 1w KU B, i<

nm] =1
(I 2) m m =1
< 3 r(EBEN(U E U K, =<3,
i==1 f=1 ne=1
m i—1

since the sels KN(U K0 U Kye @, are mutually  disjoint  and
i=1 n=1

" i1 ) .
Ko(U E v U Kpe K
jm 1 n=1
]an. from (1) and (12) we obtain

pwU B, p(E) <efb4-zf3+<i83<s,
ne=l

for every. m =i, which savs thal g is g-addilive.

The theorew 2.2 remains vadid if the hypolhesis (8) is rephieed hy the
hypothesis (v), the proof being similar.

Thus we can slate:

2.2, Theorem. [f p is « (B AD)-reqular mulfimeasure from  fo X
and the property (v) holds. then @ is « g-addilive multimeasure.

2.3, Covollary. It €} is « semi-compacl spuce, then every mullicharge
on Q is a g-uddilive mullimeasure.

Proof. In the example 3 we have scen that every mullicharge on Q
is (3 - M)-regulur. Taking (=@ =K and defining 2,(A)-— 4, where A is
the closure of .1, and #.,{})--B, where [ is the interior of B, for every
A, Bed2. we observe that for  the property (v} holds.

Hepce if Der® and (K,) =K arc such that DelJ K,, remarking,

ne=l
at the same fime, that the semi-compaciness property is hereditary with
respect. Lo the closed sets. it follows that there ts o finite number of sets

K, K, such thal

My n,

!)‘-_ U K[C U l\rf
el

i=

Therefore, according o theorem 2.2’ the multinceasure n is o-additive.

2.4. Corollary. If QY is a Hausdorff locally compacl space and . is a
(R.)-reqular mullimeasure. then u is g-addilive.

Proof. Let ® be a ring of subsets of , 7 the class of relatively com-
pact sets belonging Lo @ and let X =@®. Defining the functions «, and «,
as in the corollary 2.3 we nole thaty is (13~ M)-regular nnd in addition holds
the condition (). By ~irtue of theorem 2.2 il follows that i is o-additive.

§3. Sequences of (B -M)-regular multimeasures. As an application
of the (B M)-regularity of multimeasures, in Lhis section we shall establish
some theorems of Nikodym, Brooks -Jewett and Vitali-
Hahu-Saks type for multimeasures and we shall point out some sufficient
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conditions wnder which the limit of a sequence of (B— M)-regular multi-

measures is a (B— M)-regular multimeasure.
4.1, Theorem. If (L)ier I8 @ family of (B--M)-regular mullimeasures

for which the conditinn  (z) holds uniformly, then (wiier is aniformly o-
additive. B

Proof. Tet us covsider the class Sr = {{Adier; A& (X)), which
is evidently a commutative seirigroup with unit. With the aid of the family
of psﬂ,dm}mtrics 2 which generales the ulliformiLy of (X), we can defline
another family of pscudometrics {pt an Sp, as lollows: for every p=p,
every {A)ier (_H,\,E,eg, we define

(A dier, (Biery== sup (p(Ar By

This family of pseudomelrics D= {[;} generates an unifority on Sr. Thus
S, becomes a commutative uniforin semigreup with unit,
Let us define now the funclion m: @— 8, taking
m(A) =l Diern (N ASR.
It is easy to see Lhat m is a semigroup valued measure wilh the property that
for every Iie@, every pe and cvery e>{), Lhere exist the sels De P
and KX such that
a{INclcx.(K) and | m{H) |7 <,
for every He®, HeKN D.
Since the condition () is uniformly satisficd, it follows that m is a-addi-

tive, which involves that (2,);e: is uniformly s-additive.
In what follows we shall assume that 2 is a s-algebra.

3.2. Theorem. If W@ and (u)nen is « sequence of (B—M)-regular
multimeasures, such thal for esery sequence E | I and for every p =D, (f)p(E)—
—(T,),(E) holds uniformly with respect to n, then (w,),en is uniformly (B—M)-

regular.
Proof. From the (I3—M)-regularity of every multimeasure p,, we ob-

tuin that for every pe, every e>0 and every E<®@, there exist D, < D
and K,=X such that

c‘-1(1)1)~-' ana':([<n) and (ﬁ'n)? (Kn\-\Dn)‘('g’

for every neN. If D=\J D, and K=={ K,, we have
HeEN n=1

(1 (fn) (KN D) <, for every nEN.

But the sequence C,=K,\ D, K" D and then, by virtue of hypothesis
(Fn)y (K Do) (), (KN D), uniformly with respect to n.
Hence
lim (ﬁn)p(q KX U Dy ""(E-T'n)r(K D)<,
¥ i-1

m-—

uniformly with respect Lo n.

g mT R T T
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Thus Lhere exists m, =N such that

o iy

:f.l(le Dy kcx( N K, and

fitg 1,

() (ﬂ ]"J\\’_Ul Dyy =2z, for every ne N,

which says that (), ev is uniformdy (12 An)-vepular.

Lot (p)ees be o scrquer f ] ' ’
LU X a serpuence of multimeasures. For ever - ) :
a setl-funclion ety p=@ we define

(2) W s [} vp(A) o 2]2 n (EL),(“H (V)4 <.

It is easy to s=e¢ thal v, is n submcasure
is ea al vy 15 asure i Diewnowski'ssense |3
Also it is easy to verify using the (B’—I\[)-N'_;;ul:u'ils ol c\'('i'\'s' [llh-h; ’;?( I]l
preperty : - B
3.3, Proposition. If (W ),en is a « i
o ' Uuhnex U8 « sequence of mullimeasures. {f
every pt:@. !L.r-g:.-nchmz Ve assoctided fo (w,) by (2) has the pm;er!y";’:r.d il
every E_‘,.n and every I5=m@ there exist two sets I erd and K= such llor
oy (Dyc Ko, (K) and vl KN\ D) = <. el that
3.4. Definition. A muldlimeasure y. is suid to be

“"@V;n I,

ve-tonfinuaus, denoted
lim p(A4) 0.
w Adh -op'( )

3.5. Definition, We sy
: . j . sy that the submeasure v, ¢ ] i
if (wa) is vy-equicontinuous, that is lim w,{AY =0, fn;pez{::;::r;[; f\ffe family )
v ()0 ! A
3.6. Theorem. (Vitali-H J
. . -Hahn-Saks) If is i
e:chaus.!mg Sequence of mulfimeasures, then for every (E;;n;@ i;:: ‘uguformly
vy, defined by (2), controls the family (w,)ex- ' . e
Proof. = ix domelric
e forr:‘r:érvLZ;%:?d gvf:,\e(ll‘ pseudomelric. _:\L:c:n'ding ta the proposition
ek : ery E €@, there exisk two sets DeD aud Ke ¥
a, (D) E () ¢ Ze. I
1D)e E <ay(K) and v, (K D)<<e. From here we oblain lhat Lim aled) U
for every nen. v, 410
But v, is an up
per coinplele subincasure, that j i
R ) sure, that is for every seque
(A,)c® for which vp(A,) < o0, there exists a set Be@ sucheﬁn‘l’u}lu?fic
al 4.« B,

VYn e ‘hi e !
I;Ti,n::uch ‘bayb that every such as sequence (A,) is dominaled.
4 uui‘formlyvjl)-‘. '?c"lfgerrtcnmplet.e, the family of their p-semivariations (#a)
. - on R (see {16]), that is lim (&,),(4,) =0 for eve’;'\’;

dominat isioint s . :
and the::,d bdssﬂllglt];eggifncc (A:‘;):.:CQ. Furthermore (3,), <v, for every ne N
equicontinuous. C emma 2 [12], we obtain that the family (i), is .

- Lonsequently, v, controls the familv (Badnex- o ?
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shall assume that the space N is such that the psendo-

3iF SOWe g
Th what follows e artins

metrics of the famity (P satisly the -
B Cy=p(A. By (V) A0 B Ceci{X).

e a1y (D B i ect(X)

*) AR HE G Dy L plaA v

=1
for every p=P.
3.7, Theorem. o ks
multimeasures from (& lo N opoinlt

epery A =R then () is uniformly exhausting. T

e I’. o.n] e reason by conlradiction. Let us :1&51;]11':0 l:"n‘d“:np\(iql -

e fami ) . i » exhausting. Then there e a e

i i formly exhausting. : )

¢ sFamily {oz,) s not um ¥ ' ‘ ‘ S
'nlll;{:‘ll‘:ut 1;:6’/) a 'd{si(tiul. sequence (E)e@®@ and a subsequnce (U,

such Lthat

Boronksdewel D). [f (p)is usequence of c.rlhcms!irjt.ri
ot X poin pise convergend to w. that is w(l) ~lim g, (A

n-2 0

5 ]2,
I‘,;_nk([‘.',.) [, =-& bl Uit (B g e

3 v Ll l]" 11 We ilt"li
\ llhﬂlll (RN l”"\ ”' ue ll(ltllll\ we h]!d“ \\Il[\ 1y L It Ii(l
\ .\ bl .

(4) | UA(LL) ljl>€’ ll-’i.(’l. :) "1.-'-.. 32

. o e a + d]]“thL semi-
| U”l] (E).-( \)\ 1 )

(AN () I W 85 (.!dl('. lU [h( s

0“ lh lh !(‘!11 "

S ich i ifor ‘ith unil element.
; $ which is uniform and wi ) T
gm"])i:dvs-d. first we define an equivalence relation
(1, I~(A BY A4 B =841
ing u class
igr ) 5 @(X)[~. Denoting |1, B]ac =
A @(}x); S\h)i{:h has as il;’c 1'(:])!'05(:_1113}:\2
3). we see Lhal the function p: Sx 95

on €(NX)=2(X) by

g o1 S be the quotient. sem i
\.\[::lhh;lcssptlilitl]:: lllm equivalence l‘(‘.liltl().ll
the pair (AL 13). and tuking into account (
— R defined by o
6)) AL B LU D =pla I, BEAT)

where pe'f. s o pseudometrice. .

A i rates d Enl
! i : bLll(lO 1 Lti'l- n“ nyg

'I. 21 ore l . 111 AS m (!l :l” S"[h ik p

h(.l ore hl l.li][l_ : mn 5o 1 5 L

» i i “';.‘ i
formity on the sendgroup . . '
” We ohserve thal S is commntative and 1t has the unit ¢
be a sequence ol measures from 2 to S defined by
) ) s Te.
(6) B fn(E), gt ()], VESR
g and

j0.0]. Let m,

It is casy Lo see thal every measure mg 15 exhaustin

lim m,(E)=¢.

n-+

From (4) we have ‘
(B &) =p(s (o) e (B2 || i Exen) b
(IO /R >ef2,
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which means thal the sequence of the measures (e} is not vniformly exhaus-
ting. But according to (he lemma 2.1 [rom [7] this is not possible. Consequenlly
the sequence of multimeasures (La) 1s uniformly exhausting.

3.8, Thearem. I/ (w,) is a sequence of (I3 My-reqular mullimeasures
patnfwise convergent on (8 ooy then wobs alsa o (13- D-reyular mallimeasure.
Proof. Since (1) are (5 My-regular, by virtue of Lheorem 501 () s
uniforinly e-additive. Sinee the semi group (@ (X)) salislies the properties
(D) and the cancellation lavw. it follows that ta I exhausting. By virloe of

theorem 3.7 the family (u,) is uniformuty exhausting and then applying Lhe
theorem 3.6, it Joliows that v, controls the family ((,),).

According to the proposition 3.3 we oblain that v I8 (10— A)-regular.
which involves that fhe sequnce (1n,) is untformly (73— My-reiular. Fromn here
it follows thal s pointwise limit u is alse (8 Mij-regular.
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