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A PRODBUCT THEOREM 1FOR -CONVEX-BAIRE SPACES
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I. Introduetion. M. Valdivia defines in {2]. p. 29, §2.2(1y that
a locally convex space 178 a convex-Baire space when given any sequence
{4,001 of closed convex subsels having void interior, then "l_Jl A, has void
interior. Also he proves that the product of convex-Baire spaces is a convex-
Baire space. Tlis  prool is reproduced here with convenient adaptalions, in
order to help with reading. for showing thal by weakening the closure con-
dition it is oblained a product theorem willy the same weakoess in the number
‘ol factors.

2.1. Convex-Baire-spaces. Along the paper I will denole an infinite
set of indices and PF (I} will be the set of the finite parts of I directed by
inclusion. Also N will denote the set {1, 2, 3. ...} of positive integers,

Definition 2.0, A subset A of « topological space (N, Ty is said to be
I-closed when il conluins the limil of every N-convergent ndl, directed by PR,
confained in A.

Every I-closed set is N-closed and A is N-closed il and only if it is
sequentially closed. If A= X, we dennte with f-¢l (A} the intersection of all
I-closed sets containing A ; theu I-cl (1) is the smallest I-closed set conlai~
ning A. We say that A is J-dense in X when I-cl{A) =X. Every [-dense set
in X is dense in X, and it is well known that if A ¥« X then [-cly (A)=
cI-clx{(4)n Y ; however, the equality does not hold as it is shown wilh the
example of Engelking [1), p. 79 if we {ake Y=X—{I/n},_; and
A"—:Y-—{O}.

Definition 2.2, 4 locally convey space It is suid {0 be I-convex-Baire i f
given @ countable family {A,\7 1 of I-closed convex subsels of F with void

interior, \) A, has void inferior.
=1
Obviously, E is I-convex-Baire if and only if in every countable cove-
o

ring E =) A, by I-closed convex subsots there is an 4, with non-void interior.

el
It is easily proved Lhat the Hausdorfi quoticnl of an f-convex-Baire Space is
I-convex-Baire space.

Every Baire vector space is [-convex-Baire spsice. On the other hand,
Valdivia [3) obtains a finite family of Baire vector spaces whose product is
not Baire ; then, in the light of the product theorem (section 4), there are
I-convex-Baire spaces which are not Baire spaces, for each infinite |7 N
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Propusition 9. Let I be an [-dense subspace of the locally convex space
I If ¥ s [-conpexr-Duire then 1 is T-convex-Baire.

o
Proof. DN ) R W heing b, an J-elosed convex subsel ol F, then
» 1

F=U (0 and, by hypothesis, bheee are an 4 and an open set I sach

TS |
that Bnfed,nl.
et ol and (20, ge PE(Y a4 nel in 17 which vonverges io a. Then
ore i Tiaite S0l i o iide £ such thal i3 i gl =o then oS 1
Phe fanit of a net iu BOF (e ¥ = P (DY such bhat g, 2y when LSO P Yt

is 2. This proves that
Hr::f-(.‘.!;.(BﬁF)cI-Clg{:l,_.,)-."l.,,

and therefore [7ds I-convexs-Baire.
Let P be a set of natural numbers, F a locally convex space, {0} a

space and let T be a counlablce subset ol F. Let B={B,:nsPja tamily
of I-closed convex subsets of IZ such ihat [or every reT and B,=B the
set (x+F)n B, has void interior in T+

Proposition 2.4, If I is J-convex-Baire, there is a real one-dimensional
subspace L of F such that Ui(x+IHxn B, v s T.nel) is a countuble sefy

Proof. Let (7 be the family ol pabrs (n. ) for which (8,—2x)n I is mel
in more Lhan one peint by some ray coming from Liie origin. Then (B, —2)n I
is contained in an union (., of Lwo opposite cones which are countable union
of [-vlosed convex subsets without Feointerior points (lel Dps be an homotelic
of (B, —2)nF such that 0D, and let Cpp =0 {sDh : ssZ}).

Since F is I-convex-Baire, there is reF -y {C,: (N x)€(F}, then
L0} =<z>- AN cF—U{Cu: (n, T)eGF

Therefore (B, — )N {0} for every (n, z)eF which implies that B,n
n(x+1Ly< iz} for every (n, x)=F: then U {(x+L)n By (n, r)edF} is coun-
table, because it is contained in 7. Also U{{z+L)n B,: (n. x)ErF} is coun-
table by the definition of (F. This proves the proposition.

4. Lemmas. We shall need the three Tollowing lemmas. Lemma 3.1 is
proved in [2]. p- o6 3 we reproduce it. wilth a modified proof, to help with

reading. Lemmas 29 apd 3.3 are adaptation of results in [2]. §2.
Lemma 3.1, Lel 2 bea locally eonvex space, I3 a conpex sibset and I

a subspace. If xis an interior point of Bn(e-FE) in x-+-F and u+F meels some
homotetic of 13 with cenfre &, then there is an homotetic of B with centre x and
natural ratio which contains u.
Proof. We can suppose T 0. 1f ve(u+F)nkB then, by convexity,
there is a natural number h,such that1/nve B for every n>h,. Since 1— reF
and BnF is a F-neighbourhood of the otigin, there is a natural &, sueh that
1/n{u~men for every n>fi. Then for no~max (hy. fi) we have

1 1 ! :
____u.___._l_”.l..i_._l.(“ H)E-—I}-I- 3 {3
9n 2 n 2 n 2 2

which proves the lemma.
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Lemma 3.2, [ i .
7 a X2 Let (AN be w fami
: =1 Do amily of conper s
every A, being L I 5T v wer  subsels  cove 7
Iunﬁid gu hm}{n;r ﬁoﬂ.”:"l. .s“b;e[ "/. I There is another countable :m.r'rig«ny I"‘
) elic sels of the AJs such that every sef in fhe coi y of I
the origin. v e conering conlains
Pron sl # be the sels
et f [:(,I..‘l h t.h.(' sel ol the n'zal.um! auttnbers nosuch that A, is met i
an one poial by some vay coming From the origin, Then A InL. mn
- B L. -, s eonlained
inaconvex cone {0 L € which i
\ . o ieh s . ,
' | EEA AL is the union of countably many homotetic
fmapes of 4, each one of Th ini ~
n Ui e containing the oripd
homorelic imade of L rntaining theorigin, fa fuet. lel ©
aoe ol 1, which conluains jol !  be 2
o n nlains Lhe origin : ' ! " o
sorigin and let €, (.

Therefore | U Cone= €
. cwm T Locovers fY eause v s
AR nL'eJ.r-" . ers [, because given reIM{0t the

rav e 3 8o o
1y 1;-& 7\]2_ 0} :{«;l_l-‘s :":;l}i_ﬁ flJln in more than lwo points then -
. SO DI D i be the producl of a f: iiv of tonolost
spaces and lel. Hel. Then E(ID ={(z)=FE: 7, ;(] tl:::”(‘“(;[\ }2","“%}‘;“1 veetor
Lemma 3.3, Lel {4,001 be a covering PR §
of E w;w‘l:;:ljnn‘!}’ ];l: 1datunt be a covering of 1 by I-closed convex sub
i ain the origin. Then there is « finite subscet J psels
se N such thal E(I~J)c,. sl Jeland there is
Proof. Let M1 and leb A, s i
then F(; Mt et such that E({il)c A, for every i .
- lhel l(iJn{?lC;:li'” lll’l‘--lllht .!\.,‘ 15 _I—('It:svcl. convex, (lf;Al’,,). :m:l (':'lerf'\ ;‘T‘}. "PIE:M"
e net ¢ Sa(jy PP, being x(f) s E({j} o T . D
Therelore if the lemma ISEI:()I true, | . AL antl ERE
oo (i AR re, far every A, we can find infini
spaces E(iL . en v 1, we can find i - :
sgquence(tftli‘) n.oé.fwnlzgm‘(! m_i'l., i n(l: cr:n.»:('qu(:n,l.l.\‘. we can dcl'(rlrl;lr:}i!l:slf} llllan}
et s e]li Nyt l,’,‘f)) NUNT of pairwise different spaces such Lhat I“ (:lll;le
space”!’th ,,,F-_‘l,,. T'he closed lincar hull L of {-‘711,: 1 (n, p)e N N} i; o g""r‘ "
, ther . . . ' C ’ r
e e)ore some 1,111 has an L-interior point x. For Lhi : cehet
nite sel. Pl such Uhat . is reason there is a

[z+(I1 U) =<(I1 E)]nL=4,

el igr
helﬂg U{ an Li-nelqthlll h(‘lnd Of lhe OTEL1. If HJ,EI —J) lhe" I+lll. ey E¢ln
|(|.I]dJSln(e the Oll._,””] ]H'l“ll”.’\ 1” Lh( b q n “ l ] h 4‘1 t en
s seque ll:.‘ Voclosed convex %(' l h
i o ] i

Ty, =lim [— | .
np m_.m(m x4 .’L‘,,,.,}t—.l,, which contradicls {he choice of 2,
4. Product Th e np
and-let"Ewll{E, !g?‘:mu LL-L ;s i =1t a family of I-convex-Baire s
convex I-clbsed Subsel} fleﬁl-mduct space. Let (P he a countable {: ,Iljaces
and only if there is '15 0 E and let B be the subfamily of o \Vithd})’m )C%Of
z+E({i}) for each 1,Eln {Viihslilclt‘l that [z+£({i})]n B has void interir ilrf
when B is infinite. shall denote B ={B, : n=3}, being M ={1, 2 }
Wi Following [2] BYe . s Ly e
Following [2], p. 20. §2.4, if B is non-voi o .
}i[:n—;]l;;({:)}})q]”] ]lfl, has void interior in ":'I*""(E.:'lx}\)“l'l-dr l'elivl'l“\ = ““1‘11 =1 such that
:  sets in 7 i S i My oref R
_suppose that l;: :((L’ o B wilh Lhis properiy with ~ro.:pt-(-lnll::l'l.' B, be the
fitins . by recurrence, we have oblained indices i. < [ Hi(li ‘.Lcr’.l.“"
L C amilies

B,, i<r=n. If B 8
g ran. —~\J £ e :
,gl 3,5 (& there is an i, , =1 such that [x+ E({i, hIn B
N P
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y for every xe i being £, the first element

"
of all the sels in R -1 B, with this

r =1

- 5 5 1
has void interior in o D O] Y
" i+ . .
in@ - U 1 Lel D be the family
o P 8
=1

{”'0[)‘”'\(6?‘ \\Il:‘\\';lﬁ'ta?l ‘-—-‘-]l ,“{Ifl};p : pe PUwhere [ is finite or conntable. Given ¢
ne P, I.:L 3-11",, he Ll-\e famity of sels Be l3, such lhnll |:t:-!1-1‘.'({1',,}\]n I3 hm;\;);.(‘l
interior in x4 E({ip}) for every pePintl, n ).) ! u.nd ‘eve(?r jj)eﬁ
I peB,—M, let Hn, B S{sePn{ntl ntl 5 so‘mt, Ba:_*_,F(Ji o
is inlerior point of [a(s, B+ Edin Bowith rvspcctr to .‘L'(Es,”.(s)‘ I{) L’,” b
Let N,= M, u{m[B—als. DY als. By BE B,—M, s s, B
|

l'r:q.ap;)siliun A Given wels, for cocry ps P there is an nr;e—?}i;zu-:rs:eﬁu!

real  subspace 1y, of B({i)y such tha _i[ L is !Iho closed hncar&_ ;r{r of by

pe P} then (u-4-Lyn B, has poid interior in -l for every nl -b. e L of
Proof. Proposition 2.4 gives us a real fme—dl.m'cnmqna su ISl)‘--‘U{‘(lur{-

E¢i,]) such that we can find a cmnllt'uble set. §, contained in (u-+1q

LY B Be= N,} which is dense 1nt n+-Ly. . -
Bv induclion, let us suppose that we lave oblained a real ofne-dlmt,n—

sional s'ubspacc L, of Efi 1), 1€m=n and a countable subset S, o

(4Lt Hla)—V {(utTy4 LA Ae Lj N,,} which is dense in
IR Y U SUSUR  P

Ae )N, 16 (4 Efia DI A has non-void interior

m=1

fel veS, and

in v+ E({izsa}) then, since A is homotetic to some B & \J B, thereis x(n+1, B)

m=1
which is an interior point of {2(n+1, B) E(fi,.)In Bin :i:(nj{—l}. B)tj;
- E({i4}) and, by lemma 3.1, v belongs Lo somne hfnnolet:(: Qf ..'3 jmt Ct’zls‘
in ‘a'(n”:ri—ll B) and natural ratin, which contradicts the fact thal v,

org g a . f
}3 " pl ()pO.iltIJ 1] 2-4 we Dbl am & le(‘.l [)HE‘dlnlenSlOnal Sllbbpa(de Ln' 1 Q

RTINS s a1l . - ) A= ‘ .l J 5 C tdb]e- I]lLlC 15 4
}. ( I }) ‘;“('.h l.-hn.ll U {(!J+I )q " L= A'; + 1 J\m, 15 ¢oun

LR
C . ) ¢ LR
countable subsel I, f.,,, which 18 dense in L, ;. such that 5,1 =54 mit )
ey ) ) » . ) !
is disjoint with \J N, Therefore we have obtained a real one dimenstonal’
’ m=1

subspace Layy of E({is.}) and a countable subset S, .. of (u+L;-+...A L.+

whi e . !
FLy)—U {(3;+L.+...+LB+L,,,1)H A: Ae U N,} which is dense 1n u-i-L,—l—E
"‘"-" %r4n+14n+l'

' inear : L
1. be the closed lincar hudl of U {Ly psly
inlerifl);'ehpoint(ol' (n-+Lyn B in o L. by definition of the product topologys

I 4s an interior point
there is a g = P such Lhat Tor nz . (uJ,-L,—t-...—t»-l':,,)n I3 has an in 1

U N, because B is disjoint

meal

1

in ut+L,++Ln which is not possible it B=
with the (u-{—L.+...+L,,)-densc subset S,
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Proposition 2.2, With the previous construction, given neP—=B end u
finife subsel J i there is an*xe B which is interior point in (x--X{E{i})
ieJY)n i mith respect to LS Y (T R

Proof. [T 1 has only one elenrent, the proot is obvious, Let us suppose
iLis true when J has o noelements, Phen, 38 J i Ja o Us an

L ]
X E({juh)-open sel contained in £ and Vs oan QY Yy-open sel con-
m=1

"1

lained in B then U4V s an ¥ E({j,]) — open seb conlained, by con-
ma=t
vexity, in £
According wilh this proposition, for every it — B and every ne
there is an a(n, 1)eE which is interior pomt of (2@, BYLX{E{LD, p=
=1, 2,..,nhn B in x(n, N+HE{E{LY, p1. 2 conh
Lot @e=t{m[B-x(n, B)}-+a(n, B): BeP — B.one o m=1.2 .}
Proposition 4.3. If (P is a covering of E also R is « covering of Iv.
Proof. Let u€E. Proposition 4.1 gives us an one-dimensional subspace
L, of E{ip}), p= D’ such that (u+L)n B has void interior in u+ L for every
Be®. Since I is a Fréchet space, there is a B<=4P such thal (u4-L)n B
has non-void intecior in w-FL. Therefore Be@P—3 and there is n= 1’ such

that (u+ 2 L, )0 B has non-void interior in u+ X L,. Obviously, [u+
| 1

nl=

2 E{i )]0 B# & and by lemma 3.1 u belongs to some homotetic set of I3

m=1
with centre a(n. I3) and natural ratio. For this reason u =y IR Rek}.

Theorem 4.%. If {E,:i<1} is a family of I-conver-Buire spaces then
E=x{E;:i<sl} is I-convex-Buire space.

Proof. Lel (P’ be a countable covering of 17 composed of convex I-closed
sets. By lemma 3.2 there is another countable covering (P of £ composed of
I-closed sets which are homoletic of some sets of (P, Also the covering @2 of
proposition 4.3 is composed of convex [-closed sels which conlain the origin
and are homoletics of some sets of D,

By lemma 3.3 there are a finite subset J=/ and a I2ef®@ such that
E(I--J)e= B. By proposilion 4.2 there is an X {IZ({i}), i=J} - open subset U
contained in 8. We have U4E(I--J)c B because u f-o==lim [{(n—1){n} u-}
+(1/n) nv= B for each ue U and v E(J --J). Since u+J(I1--J) is an E-open
set and B is an homotetic of some Ced’, then Chas non-vaid interior and
E is an [-convex-Baire space.
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