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1. Introduction. Let f(s)== I q, exp (sha), (s=o-+il, 0<h <h, <)y, —
Hal

— 0 as n—co), be an enlire Dirichlet series. Set M(o) = max,qx | Hs-+it) |
and lim log nfx, =D< co. M(c) is called the maximum modulus of fis).

n—» @

‘The concept of (p, g)-order and lower (p, m-order of an entire Dirichlet series
{(s} having index-pair (p, ¢), p=g¢+-121, has recenlly been introduced by
Juneja et al [2). Thus {(s) is said to be of (p, 4) order ¢ and lower
(p, q)-order } if

sup log® M(s)  o(p, ) =g,
(L.1) lim §, ———— s

inf loglls Mp, =2

where log® x stands for the p'* iterate of log z.

Definition. An entire function f(s) with index-pair (p,q) is said to
be of regular (p, g)-growth if ifs (p, q)-order and lower (p, ¢)-order are equal.

Let u(s)=u(o, f) be the maximum term of the sequence {|a, | exp
(ah)} and v(s) =v(o, f) be its rank. Then, evidently A, is a nondecreasing
function and since the function v(s) is constant in intervals ; consequently
the funclions |y, | and A, are constant in intervals, have countable
number of discontinuities only. Therefore l @y | and hence u(s) u(o)=
= Gy(q) | €0 are differentiable almost everywhere,

The following notations have been frequently used in this paper :

a3+ &

Expl2 =logl¥z =z ; Explmz «=log ™ ¢ — exp (expim=tig) —
i q
0 =log (logl-"-'2), m=-1, 4.2,.. and Az} = IT loglilz.
i=0
(i) Pyr)=Py(x, p, g) =z il g+1 <p<®, =l+tv if p=¢+1=2,==max(l, 7)
i 3<g+1=p<oo, =00 if P =g =c0,
where 0< v< 0. We shall wiite P(r) for Py(1).
The following relatious hetween u(s), v(s) and M(s) are well known :

1.2 log u(s)=log u(a.)+§7\u(:) dt

T
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and for every >0 and ¢ >6dz)

(1.3) u(e)= Mg)< kulg-+- D gl

where k is a constant depending on =

The objecl of the present paper is to study some properties of the
maximutn ferm of an entire [unction defined by Dirichlel series and its
nth derivative. Certain inegualities involving maximum term, its deri-
valive and maximum lenu of derivatives of an entire Dirichlet series have
becn obtained. In seclinn 2, proximate ovder of an entire Dirichlet series
wilh index-pait (p, ¢) has heen defined and construcied under certgin con-
ditions.

9 We first give a few lemmas which will be used in sequel

Let (p, ¢) be the index-pair of f(s). Define

=14 s
@1 lim 5P log Py O
o= linf logivla O

and
2.2) sup logiPufs) ¥
' arwinl  logl¥s :

Lemma 1. Lel f(s)= 2 @, exp (sh) be an enlire Dirichlet series having |
nal |

(p, q)-order ¢ and lower (p, q)-order v, If 03 ® and W' % are defined as in
(2.1) and (2.2), then -
(2.3) p=PO)=Y, = P{D) =E.

Proof. The lemma follows casily by using (1.2} and (1.3)-

omit the preol.
Lemma 2. The (p, q)-order and lower (p,

series f(s)= X a, exp (shy) and its nih derivative [ (s} are equal.
n=1

Hence we

¢)-order of an entire Dirichlet

Proof. The proof of this lemma is available as Theorem 2 in Kasana

et al. [}
Now we prove

Theorem 1. Lel [(s)= 3 a, exp (sh) be an entire Dirichlel series of |
=1 I

(p, g)-order p and lower (p, g)-order A If u(s, [ and u(s, (™Y denole the I —
ferm respectively of { and [, then
Nm {sup log?—*{u(a, [ ula, N} _ 0

2.4
@4 inf logls @

7 -+ oo

where O and & have the same meaning as in lemma 1.
Proof. We have

LA, " o, (1),
u(s, f) = tuo:n 1 € 9o 2 | yga.Ath | €0,

% ATAN % R fpt rr g
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or
o o (0
(2.5) ua, fyz 0 L2
. Mota. £
Sinee

TG A ALY = N b e, (11 - m

(30 [) =T V) | e, /1 | 00T 200 L e,y L €0
it Tollows Uhal

2.6 3

(2.0} (o, fO)2 k. 5 ula, ).

(2.3} and (2.6) combine Lo give

Au(o',_f(”)
u(o, £
;:\”1:1)1(11\;:, ('2.7) for thc fu'nc{inu 1) and its suceessive derivatives [O)(s), /(s
5) and multiplying the #inequalitics thus ebtained, we {,"l'.t.’ (%
(s, [1M)
“u(o )

Yoto. NE hois oy -

2.8 b -1 =
(2.8) ula, ) Pya, £ Chyeo, 11 - Koo, 117

In view of (2.7), (2.8) vields

u((‘-, {#)\ytia
Yot n < {—l) S hyio, 1™y

i u(a,
Therefore, N

) 5 p—13 .

Tim { up log? o py o fsup _log? Hu(e, [O)ju(s, HY
i 1i (g1, = .
(2.9) a inf logitls o Vinf loglilg <
sup logle=1
< lim ) P g ?‘ufu.fm))
g w i0f logltls

By lemma 2 and (2.3). it is easy to see Lhal

. i P
lin {“:)M_. fim stup M a3
n inf log'tia 5

o b
o I”_%’G G = i

From above relations and (1.2), we conclude

arwe|inf

F—> oo

(2.10) lim ‘S“pﬂ‘a’fmw_.f_)= lim {sup logl?=1 K, iy, 0

loglvlg inf logitls o
Now, ¢ , ] L
(2.9) and (2.10) coupled together prove the Lheorem.

g Theorem 2. Let f(s) b i
: 2L 8) be an enfire funcii ith i -pai
that ©(p, ¢) > 0. Ihgn,_;f(;r almost all ua!uias oflg!;:‘:”h espalr (pa) suck

(2.11) u(a, fy<u™ (o, fl=u (s, fV) <.

and, for given <=0 and n-1,2
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@12) log u (e ) )}" .

ML (0—’ f("’)>ll(”(a, ,){ (1 3 s) .

Proof. From (2.1) and o known result 15, p. 78]. it is obvious that
for ((p, ) >0 and alinost all valwes of ¢ =g wa, H=u (s. [). Rewriting
above Tor {01, we have u(a, Mg u Cig, [9).

Differentiating (1.2), we gel

nW(a,
(2.13) _“(“““_f) = Auta. 1
(o, f)
From (2.7) aud (2.13), we have
(2.14) uNa,f)< ufs. f)

for almost ali = =g, hence

u (1)(0.‘ ,)gu(l) (ﬂ-’ f“))‘

Similarly, we can prove for subscquent devivatives and hence (2.11) follows, |

Srivastava [5] has shown that for every entire Dirichlet. series

u(l)(o-, f) " ) -
e ro—————— log {1} , (k-1}y,
ol g wile, (50

Now (2.11) coupled with (2.15) gives Lhe required result (2.12).

(2.15) utt (o, ") =

Corollary. FFor an entire Dirichlet series of positive lower (p, q)-growth

number defined by

L Toglemn
liin inf A28 futef)

=f=0,
e © ]ng"l"llg)o“ [3 .

we find that for almosl all values of 6>a,

(i) (o, H<u®(s, H<u® (@ H<

(i) (2.11} and (2.12} also hold,
where A =1 if (p, =(2, 1) eand A=0 for all other index-pairs.

3. Recenlly, the author [3] has introduced the notion of proximate
order for an entire Dirichlet series with index-pair (p, q). Here, we construct
this comparison function with the help of maximum terms.

Definition. A posilive real valued function ¢(c) defined on fexp? 0, «0) §

is said to be a proximale order of an enlire function [(s) represented by Diriclhet
series with index-pair (p, qy and (p, g)-order c(b<p-c0) if. for a given con-g
stanl (0=t < ), plo) salisfies the following properties: l
(3.1) p(o) is conlinuous and piecewise differentiable for o>aq,

(3.2) pla)—p as o— 0. !
(3.3) Apqi(0) o (6)>0 as o— 0. where pY(s) can be inferpreted as |
either p (64) or p® (o--) when these are unequal, and

log?—1M(a) N

5 li — e T
G gl.l.]:, AL (10g[q- 110-)m°f- N

5 o MANIMUM TERM AND ITS RANK OF AN ENTIRE DIRICHLET SERIES 115

Theorem 3. For an entire [funclion f(s - =
(p. )-order k, we find ! DO Goat it S ey
u? () Ay (o)
Ajp-1/(u(a))

P’roof. For the proof of Theorem 3, we refer an identical re ¢
stished be D atal ). enlical resuli esta-

SO o oly 3 o B - - . . .
For a given constanl a (p <-a <), we define the Iunction §(a) as follows

{1}
) i inf 1 () Aig-1y(0) =tz = limsup
it Ay (u(a)) o

log {a 'log?~Yu(o)}

(3.6) Z(o) =
logi7ls

Next, we prove

Theorem 4. If f(s) is an entire function of (p, q)-order z(b<<p <o) such

r[hu)! limif in (3.5) exists and finile, then () is a proximnuate order of the function
(s)
‘ Proof. 1L is obvious lha‘l E(s) is continuous for ¢ =>¢, ufs) is differen-
liable almost evervwhere with an increasing der'valive (see result (i) of
cor]ullulry) dan(;l the sel of points where the left hand derivative is less than
right hand derivative is of measure zero. Consequently E(ay i i i
differentiable for ¢ =g, ! AP
Secondly, we observe that in view of (3.5), the funclion f(s) is of regular
(p, p-growth and moreover, limg.. &(g) —¢.
2(o) satisfics (3.3) also. since

Z(o) =(log u ' +log *u(s))/logl"s ,

differentiating with respect to &, it follows thal

200 () log ¢ +logl#lu(o) i ut{g)
(loglie} Ay -1i(v) Ay (i) logitls '
or
3.7 A (6) B0 (s) — Mo} Aryg-11(a) logPlu(s)
() V(s Ao (o) iy +0(1).

Using the hypolhesis of the theorem in (3.7), we al once have

lim A i(o) £4(a)=0.

d-»

From the definition of E(5), we again have

. gté—1]
lim sup tog?7 ule)
O o (log[?—T[G)E(O)

Thus (o) satisfies (3.1) through (3.4) and hence the theorem.
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THE METHODL OF THE SMALL PARAMETEDLR IN THE THREORY
OF DHFERENTIAL-DIFFERENCE FQUATIONS YWOITI INPUT SE
EFFECT
BY

S0 HRINTOVA and 1 DL BAINOY

L Intreduetion.  Systems with impulses are an adequate mathematical
maodel of & number of phenomena and processes of the concern of physies.
chemistry, conlrol theory, radiotechnology. and o on. T'he Tirst eontributions
on the mathematical Lheory of systems with impulses are the papers ol V. D.
Mitfman and A D Mishkis 1}, {2} The theory of svstems of
differential equations wilh impulses advances eomparatively slowly in spite
of the considerable interest displaved 1o it, Thisis due to a number of difficul-
ties implied by some specific features of these systems.

One of the traditional problems considered by the qualilative theory of
differentizl equations is relaled to the exislence of periodic solutions.

The presenl paper proposes Lhe Poinearé method for finding Lhe periodie
solutions of differential-difference systems with impnlses.

2. Statement of the problem. General asswmptions. Consider Lhe sys-
tem with impulse effect at fixed moments

T=f(t, o), {t—h), (£,
Arfie =Lz, x(t,—h)),

where r=R. [ xR R—=R I,: R« R—R. i<€Z ;= we fixed points
such that {,, >/, lim f;= £ oo, Axfiy ~a(;i+0) -xll; -0), £ is he sel
of integers. g

Dedinition 1. A solution of the system (I} will be called the piccewise

eordinunus function €@ R— R with first order discondinuify points us f,, which,
for IS R. 1#1,. salisfies (he equalion

F=f(, 2(t), 2(1—h))
and for {=t,, fulfills the jump condifion
2t +0)— 2l — 0y =1 (z(t,— 0Y), x(t;—h -0).

Definition 2. Under value of the solution C(t) al the point = we will under-

(1)

sland ,
C(z)=C(z—0) =lipg C(z--2).



