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THE METHOD OF THE SMALL PARAMETER IN TUE THEORY
OF DHEFERENTIAL-DIFFERENCE FQUATIONS MITTE IMPUT SE
EFFECT
BY

S0 G0 HRISTOVA and T D BAINON

1. Introstuetion. Systems with impuelses are an adequate mathematical
madel of o number of phenomena and processes of Lhe concern of physies,
chemistry. conlrol theary | radiotechnelogy, and s0 on The Tiesl conlributions
on the mathewalical theory of systems with inipulses are the papers of V. D.
Millman and A, I Mishkis JI], [2] The theory of systems of
differential equations with impulses advances comparatively slowly in spite
of the considerable interest displaved 1o it Thisis due to a number of difficul-
ties implied by some specific fealures of these systems.

One of [he tradilional problems considered by the qualilative theory of
dilferential equations is relaled to the exisltence of periodic solutions.

The present paper proposes the Poincare method for finding Lhe periodic
solutions of differential-differcnce systems wilh impnlises.

2. Statement of the problem. General assumplions. Consider Uhe sys-

tem with impulse effect at fixed moments
) T=f{{, (), ({—m) 1#£¢;,
Arfpwy, =I(z(t), 2(l;—h),

where 1R [ KxRxR—R. I, RXR—R. ieZ ;=] are Jixed points
such that {;,, >f;, lim fi= 1 00, Axfeoy =2(l;+0)—x(l;--0), £ is Lhe sel
of integers. it

Definition 1. A1 solufion of the system (I} will be called the piccewise
condinuous function (C: R— R with first arder discontinuity points as i, which,
for {= R, (#1,, salisfies the equation

t=f(l, x(f), z({—h))
and for t=t,, fulfills the jump condifion
o+ 0) — 2(l, — 0y =T (21, —0)), x(i;—h -0).
R, Definition 2. Under value of the solution C(t) af the point < Qe will ‘under-

C(z) =C(z —0) =lim C(=--2).
zl0
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cfinitions 1 and 2. ihe solution C(D) of system (1) is a piece-

In view ol d :
1 wilh first order disconlinuity points ab f; for which

wise continuous functiot
cay=tim C( z).
£.0

Consider system (1) for 0

(2) ¥ o=f(h (D x, f£ 0, Al o, =Latdo. {1y
The system (2) will be ¢
of its solutions by (D).
U(n, as follows:

alled generating syslem of system (1) Denote one
Deline the system in variations  with respeet to

(3) g =g() y. 1#L Ayl =i g,

where

gl (_‘fﬂ’___”__ﬂ-) | e (ﬁ’_f_f}i_fl) . i
cr or

Definition 3. The solution Sif) of sysfen (2 is called an isolated F-pe-

riodic solution if:

1. The funclion S(f) is T-perivdic.

9. The inequulily N(y# 1, holds where N(I) is the fundumenlrd solution
of the system (3) in parialions with respecl lo G(0).

Let the following group of condilions (A) be fullilled:

Al. The generating system (2) has an isolated 7T-periodic solution
W) and a bounded open sel D= R exisls. such that (=D

A2. The function f: R*—=R is defined. continuous, periodic by its
first argument with period T, it is Lwice differentiable by ils second and
third argument in the domain G ={{f, z. ) 1R, & yeD) and ils second
derivatives salisfy the Lipschitz condition.

A3. The functions I,: R*— R are twice Co
in the domain DD, i=eZ.

Al A number po
4, ol T, 1L

\5. For every i=Z. the inequality 1+ @:#0 holds.
Construcfion of subsequent approximalions. We will
lic with period T.as a limi! of a sequence

ntinuously differentiable

3. Main Results, 1.
ask for a solulion of system (1), perinc

of T-periodic functions.
In system (1) we substilute the unknown function by the formula

(3 a(fy =y(t) ()
The following equations for the function y(f) are oblained :

(1. 0 5. O+ 3O~ ({1 $(0, VAL ). ol — ).t s

b Ayl =LY +9(), YU Gt — L O(t)y AT (x(t).x(t—h))s
where ; ;
o 0. =By 0 2t —h) ~ (& 20, =)

AT (2l 2t ) =T, 2(li— BN~ (@), =)

0 exists, such that T; (2. ¥) ooy, xoush apd |

A
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Equations (6) can be writlen in the form

§=g() Y+ UYL gy AR 2O, 2t W), AL,

(8)
Ayl =Q 3 LT (UN 4 ALY, x(t, W),

where (O and @, ave delined by The equalities (1), while

() YAy iy =[SO 1, SO ) (1) SN —( .
AR =LY Ly UYL LD w0 - Quy
Besides, the equalities |

Af(L 5t 2@) =0, AL(x(t), () =0,

.1
lim - (1, «) -0,

=0

]it(ta 0) —U» gt(o) =0

hold.

Put gy, U and deline the ' '
o 1he. w approximalion y(f) us o F-periodic soluticn

goeg(h e M0 p)y F AL o0 (- ), L,
Ay."—-'l Oi”(’i) "r;71(t}n) 1 A[,(d{(ff)‘ ¢([i_l!)}-

or

o gl y-- AL B 1#4;
Ay'lf i Qil](ti)'J Ah“(h. h)‘

where

o Afo(t, By =Af(, S0, S(1—h)),

AL, By =ALG(6). bl ~h)).

In view of conditi / .
S ndition Al, the system (10) has a unique T-periodic

T
() gG(l- A folz, ) d= Z G, ) (1400 ALty h)

0(!‘1'1"
where
@3 g gf KO NDP X0, VEsSIET,
XEETY(1-X(TH ' X (7). 0=<ft=7=T.

We analo i
! gously determine the k- oximati
solution of the systom e k-th approximation y,(f), k22 as a T-periodic

(13) §og( g+t g DAy (B, AL,

R v Ayfer, =Quu(l) +T (i o (1At b

Af:. {8 B =Af(t, O+ 11D, SE—R)+ g, (E—= D)),
AT B =AT(G(t) + Y-l i~ D)+ g0t~ h)).
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Then, . o
RO S I A kN ALz D d=
M .
n .
() N G (10 i ()T

[ !..- -’-‘ B ") I (I‘[i
T - i te f Linns (). K . & 8 b

.l In\'lrl]('i lh(' H.l‘ql.li.‘l](‘l,“ of [ P'.‘,I “\(h(. tl' e linns yﬂ( ) =
;'”. we of - . P
on 0 1
{ . u H 1S 'l |). ) ) . l . l]ﬂ n()
. ] hl\ (q‘“ llll ‘G A f l] 4 V”h.'l‘f ”f.’”l “P}‘} ”.l'f”ﬂh’”r-\. ]Hl:()(hl =
ll. (J)”UC’.' ”c”(l ”f e N ! I (ol 13

tations : | o s
IEGE PEVIGEIUN B {0 5 =i{t =h). iyl ’;) i
IT;' =y(t;— M. by =(l). Ty =9t — 1. v=x(l), Ti=2{l ).
Then.

= bl i+ SUY T A T
il ) LS 1) =8l Iy bogth Ty -- -t ythy o (i f

Sk A M T =AW LQuTi— g+ B Y SHeE i)
AN il -ty i ' ‘
where A1 W), AL, 1) are defined by cqualities (11) and
P AR 3 AN ’ ' o
(—:/([ l-'P ) ('J[(!- 'xlh ‘I,) I, - ('/’[."(‘L‘_Jil'?i) - 01:('-_!:-4:‘1 .
== __é_— v dx dx
cxr X : (l 5
¢ ! a1 (s —j 7 ilgi
() 0N .‘.:dh(wv)__f beod),
S0 ay ay ay oy
| (X A
Gy M= YA g BRI T T
oy ox
D FICUTRT r
J Tt b YA U
F e Ty =L e BRI @)
- frog 4
. 315("&!'?1')-&; . :J-I.'(‘?f“'l)l.) (-Ii}l ¥ fh\,'-
ay (X f
ritten in the lorm
The approximations g k=1 can be writlen m e
= § Gt =) 1Az W) Ganls =R = YeaeD T
! ) ’ b :
D) S(=) Ui a (-,—h)+@l(1, i-1(7) i al® m] d=+
1A} "_’l{"-) s MO RSB e
+ Y 6@, P19t ) QY (t;—h)— ¥ L))
u-'.ft-:l"

LR -l(t‘:) =S Uyo1o ([L.ﬂ-h)-k-ﬁi(yk-;(h), yl-1(ft— h])]
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We will emypsloy the tollowing lewma which is a coroltary of (he theorem
about linile increments.

Lewama | Lel the function g(f) : R-—= R be piecewise conlinuous in [a, b}
with first order disconlinuily points al ;=000 D). i =100 g(l,+0)—g(l, = 0) =2,
and Lot it be conlinunusly differeniiabie for 121,

Then,

gty gy |21 a3 LN
where

M sul ' g'E) N max  ox

i T

Lemma 20 Lel the following conditions be fulfilled :
1. The conditions () hold.
2. The funclion y{{) is a T-periodic solution of the system

{17) g=g gy, Bl Agliay=QuU) 4o, isZ
Then, the estimale
{18) sup D TEM max (max [ (0 L osup (14 Q) e, .
teln, T 0,71 (e
holds. where

7
Mowsup (j [ €6, = [ d=} L | Gl 1) n.
i 11 LLER! SR |

Proaf. The solulion of svstein (17) has the form

(19) U f G D) () ded 5 G0 1) (120, =,
0 By <

Equalily (19) implies the estimate (18).
Lemna 3. Lef eondifions {A) be fulfilled.

Then, « number h =1 exisls, such that for h<h the sequence of functions
{u}o” defined by equality (11), is uniformly convergent by t and its limit is
a solution of sysiem (6).

Proof. Condition A3 implies that the derivatives 7, (z, iyand :7;3(1”- yh
i=Z exisl and are conlinuous. Then we ecan find a eontinnons Tunelion
Vi:DxD-Ri=Z) for which

Vi Wz 15y, gy Vi, 21 70y, 3) 1 Vil w2103, (5, 5) |

for uzy and uzy. u, u. y, yeh.
Lo Condition A2 implies Lhal the derivatives @, and @, exist and hence we
are oo positien Lo Tind o continuous Tuoction 0 D = R Tor which

Vamz (4 g n . U0z 1%t 00 L Ude, @2 |Gl g, 3) ¢

for w>y uzy u u y y=D, |0, T)
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Define the conlinuous function W : D=1 for which

Wy z max (Uu W), sup Vi(u. ), ne .
34

(onsider the equations

o M{a(he o pNy-4-hba-H1V (0]

20

B pcf+aln — )+ (b 4-pN) bl W,

where

g— sup |y (D] 8. sup |y (], aZ max (sup 1g(t) |. sup 1O, ).
g M7l te®,7] tel0 ] ¥4

phz max (sup ([ gO+s® D, sup (| R+ Si )
te .y ieZ
‘The solution of systent (20) is looked for by the method of suhsequent
approximations. Pul
uy=x, th=p,

u, =o+ M[a(hy, oA pNY4-bhuy o W ()]s

o v =3+ a{u,—a)4-alhv, b p N+ bRt + W (te-0)-
Equalities (21) yield thal u, satisfies the equality
u, Sa-p M{k[ap 4 (a2 +a/M) (uw, 1 a)4-ap N bug o} I (uy-0)} -
Denote by i the upper bound of the values of h. for which the equation
(22) =+ M{k[aB -+ («*+a[M) (n—a)ap N+ bu]4W(u)}
has positive sotutions. In view of {3] for & <& the limit lim z, =u>0 exists and

ko
the number u is a solution of equation (22). Then, for h<h, in view of Lemma 1,
Lemma 2 and equalities (21) e Z | (D | a2 Y=yt | for
ts[0, T].
Therefore, the sequence of functions {y(O}¢ is uniformly convergent by
{, and lim g (f) =y(), where y(t) is a T-periodic solution of system (6).
Ao

Lemma 4. Let conditions (A) be fulfilled. Then, a number h>0 exists,

sach lhat for h<hand k21, the relation x,(f) = vy -+ (e D holds, for L= [0, T).
Proof. For h=0, the solution of system (6) is equal to zero. Hence,

(23) sup | yx(f) ! — 0.
ter, Tl 10
Relation (23) implies that a aumber A=0 exisls, such thal for h<'f? and
te=[0, TY. the tunction (e D for every KZ 1.
Theorem 1. Let conditions (A) be fulfilled. Then, @ number H >0 exists,
such that for h<H the system (1) has a T-periodic solution x*(t) which for h=0
coincides with $(f).
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Proof. Choose fi —.min (I, It

. AT L nin (h h) and construet the sequence i
Esritl(n)ijfl:n'-n::i'l](2:&'\-{.)}.(:'("“l“t.V (14). In view of Lemma 3 St(l:leu:éiu " fllrm:tlous
© Introduce th(-l:f;:]l[lig;lt :‘2;1)!! < l(l):nul ils limit y(f is a :;r)]:::(i‘f?l(l’?rl'l‘.:ikg)};u
6 e du g - x :yl _:__'l 0Tl s o g = '_-r., en
s_}t;bf_l_":' system (1). In view of ].Gmll]:("l) l‘rl:'c r;rm(“o“ IS“I-]]ermdlc .
i . 0, y(h=0 and hence

Thus, Theorem 1 is proved.
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