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ON PERIODIC SOLUTIONS OF A FIRST ORDER
DIFFERENCE EQUATION
BY

| RYSZARD MUSIELAK and JERZY POPENDA

The periodicity of solutions of linear difference equalions was treated
in {1} and [2]. The aim of our paper is to study the periodic solutions of a
first order difference equation of the form Az, =f(n, x,). Similar problems
for differential equations were discussed in [3].

Let us consider the nonlinear difference cquation

(E) A, —=f(n, rm),
where the function f: N » R— R is {-periodic. (&N, { =0, with respect to the
first, variable. That is. for all =R and for all n= N, f(n+1, a)==f(n, a). Also,
f(i,.) is a continuous function on Rt for i <0, /--1.
We denote: N — the set of nonnegative inlegers, R — the set of real
numbers, R, — the sel of positive reals, and i, j ={i, i + 1,..,j} for
! i,jeEN, t<j.
For the funclion 2: N— R Lhe forward difference operator A is defined as

Ax, =xp— Ty

It is supposed that

k=1
Z jor} =().
i=k
Definition. Consider fhe following equation
(El) Axn =f(n’ :’rﬂ)'—p

Suppose equation (E1) has a {-periodic solulion x, with initial value x,. Suppose
that p is unique in the sense that there is not another i-periodic solution of (E1)
for the same x, but a differenl p. Then we say that p is p-constant for the point
Zy for equation (I).
Let y={yo. Y1 ... 4. We denote || g ||= max |y, |.

n e, ¢
Lemma 1. For all y= R, and ne, 1, (>0,

5[9—%‘5 ys] <2||yun(1-;l).

d=l
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Proof. Let us take into consideration the equality

n—

n—1 lt——l 1 t—1
Y, [yf— -y y1-]-—={1—5] Y o= SSNL
i=q [ i= l fesl) t i=n

Thus we have

=gl ] =2 i
Yy [.u,--— -y y.-]ls; (l — )
P l g 0 {

ol —nftyn iy (@O E=my [y =2 [y el —=nfD),

n,
THIII

i=n

n--1
iy, 1+

=0

and so the Lemma holds.
Lewma 2. Lel y, .:0, i=»R,, =0, 4o, . =1, m=

ne<o, |,

1,2 If for every

3 e

nn 1 n t—-1
Hmer, oS (1 - 7) Y Vu. f+!— Y ot
i=0 i=n

then for every meN, n=0, 1

1)

Y, B2 35 A

Proof. Let us consider 2, .:0, i—» R, which is defined by

— n
5 1, zm-l-‘l,ﬂ= (1 ——7)

Succesive calculations give:

n-=1 t—1
,,,=[1- Oy 1+’-‘.21=2n(
1) <o b iZa

#—1 n t—1

Zw, i+ = ¥ om, & for mz 1.
% ot 2E

i=n
12},
¢

Yo,
y=0

-
“1

mr=! i nt:! i 2n
Za == 1‘-‘-' 2[ 1" - | == = 2{‘ 1—— .q<‘_.— e t_. 2[!9_._
ot ( t).go ( l) L, ( t) A

-3(t—2n)—2- 2:2](1 - ’-t'-)

and since there exist no integers n, { such that ({—2n)s(—2, —1). We getf

2y, as2n(1 —nft) . 43 .
Repeating the same calculation we can prove that
Zmer, nS2n(1—nfl) . 3770
As a resull of sg=y, and y,<z,, we obtain

I_I_)' 3-111 rmsz—l . 3—1!! !ﬂ'l'+|.

yma_-l,ng zm-l 1_,,-.‘;,2" (1 {

The lemma is proved.
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Lemma 3. Lel us assume :
(2) the function [: N < R—R is {-periodic for some t>1 wi .
pariable, / with respect fo the first
()
| @ for (n.ay=0, (—1x|c. d]=0, {—1:D there exists M>0 such
that | f{n, &) ISAM, and d--e2 MU, and

the funclions f(n, .} arc continuous on R for every neg, {—1,

(3) for @, a,=D, n<0, (=1 there cxists K >0, such that the inequality
[, @) ~[(n.a) 1=K 4, —a, | is satisfied, and Ki<3.
Then, the recurrent sequence {y,,1m-0 defined by

n—1
Yo, n =0 Y1, n=To+ Z
i=0

| -t
(6) [f(!’ ym,f) - _tjgl f(.]' ym,f)] ’

for m=0, n<=N, lends lo a t-periodic solulion of the equation
1

11
[l(i. 20~7 516, 2]

Proof. T.el us take into consideration the recurrent sequence (6) where
T, = It Ob'vmusly, Yo is t-periodic, since it is a constant function. Let p,
be a {-periodic function. Then we get '

Ty ==Zo-+ E

0

(7)

nii—1

14=1
ier, nes =To+ ‘_Z.‘:O [f(i’ Ur, i)~ ;Jg) 1Gs v, z')]= Yrya,

ati-1 1 =1

+ 3 v 0= B 7 B1G 90 ) =ten

i.. Yy . is {-periodic too.
Choose any x,<[c+Mtf2, d—M![2]. By virtue of (4),

[ Y1, Fg | =

-3

hen y, ,<D for every ne (. 1.
Similarly, if y,, .:0, f—1—D then

n—1 nt-}
L i 297 B £ w0
n~1 n t

L1 x)-7 YIS

:-

n #—1
< [1—,—)'.;0 | 2ol +
Mt
2

(8)

n -1
+7 X 16, 20 i<
j=n

n—1 14t
l Um4 1,a— L |= ‘go[f(i' ym, :)—;:_;0 f(Jn ym.f)]l U



. B PENIDA
128 . MUSIELAK. J. PO

Therefore by Lemma 1
n . Mt
| Ymar, n— o 1 € 2n(1—— !—) max | f(i, i w) | 5=

welb 2

Hence Yms1. -} 0, {—D.
Now, wemcxamine the difference Yoppy = ¥, o BY (5) we gel

1
| ymri-l, n'”'.ffm, ul_ Z] [f“‘ ym_ !‘)_I(’* Um-l_ I)]_

(9) —*; i) G o =1 !I.-=.ﬁ.-.,-)ll
=0
nizt

=

nyrz!
QK{(I“”T) EO | Y, i—Ym-1, i H‘T‘Z P, 3= Y-, Jl} !

for mz 1. Let r, , be defined by
T n=| Ym, 0~ Um-r,a |, 21, RS0, L.

By virtue of (9) we obtain

n i—1 ntml
(10) rnHl,ngK[(l-"T)tgorm,i'l"i Er‘m.i]' ’n?l'

i=un
Furthermore, given r, , we define s, , as follows
(11) Fm, o=K"7t Msy , m> 1.

By (10) we get
n LA | n —1
Smt1. nS (1"‘7) ‘ZO Sm, it Z Sy 4 MZ 1.

t=H

We see from (8) that r, , <2Mn(1 —nff), and $1, 2% 2n(1 —n/l).
Taking s, ,=1, in view of Lemma 2 we gel
Sme1, nS 271, 37T

and by (11)

Fme1, »S K™ M 270371 = (Mlf2) (Ki/3)y".
Consequently AT (RO

| Umes,a= 0 1€ 5 X (—5) :

By using (5), (K{[3)"—0 as m— o0 and so we obtain :
(12) | Umer,no= P, o IS (ML) - KUB)™H (KL[3)"

1t follows that the sequences {U, aim=o0, # SN, are convergenl

sequences. Let Ja ., RN be the limits of the above sequences. From

since the functions f(n, .) are continuous, we get

Ca uchy:f
(6)
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5n—1

]t 1
Yoo, u =-‘.l'(,+ Z [f(" llm f)—'_ E I(li ']=i)] -
i=0 H (=0
Cleavly {4, 0n o is f-periodic and a Tunclion with finite values.
Remark 1. 1el us remark that if g, ,<D then y. ,= D. and so0

ny =t nt-t Mi
.‘I-‘u X lg(l_f_) ~Z@ f(lx yﬂ,i) +'1_ z |I(l‘ .{I-c-, -) |S_.)' C

Thus, by (12), for m>1
(13) | Yoo w—Um, = i (ME2) (1 KIf3) 71 (Kt3)™,

Theorem 1. Lel the [unc!i.on f satisfy the conditions (2)—(5). Then for
Mt A
coery < [c-{- b d-- . there exists a p-constan! for equation (E).

Proof. Since the fuuction f satisfies Lhe assumplions of Lemma 3,
the sequence of fperiodic Tinctions {4, jm=1, given by

n—1 ] o]
.I]U, n = Pye .ir"m, n =.Iq 'I EO [I(E, !lm 1, i)_ t_ Zof(l! ym-l’i)]
= =

for every L, [c+ATY2, d-=7M{2] = D,, lends to a ({-periodic function
Voo . @ N— R
Define a constant p, as follows ;

lt 1
p=7 B0 ga, -
. 1=0

We claim thal this p is p-constant for equatlion (E). By virtue of Lemma 3
we have Ay, ,=f(M, Yo, ,)—p,i-e. Jo . is al-periodic solution of equation
(E1).

We next show that p, as defined above, is unique. Suppose the contrary.

‘Then for (E) there are two dilferent p-constants py, pe, pi#ps, such that the

equalions (1)
Ax, = f(n, o,)—p, and Ay, =f(n, z,)—p;

have [-periodie solutions wilh (he same initial value a,. Denote these solu-

‘Linns by o and v (u, = vy —2y). First we notice thal if p is p-constant for equa-

tion (E) and x is a {-periodic solution of (E1) then

1 t—1
p=7 X (i, ).
i=0

This follows from the facl Lhal.
t—1

b =titot 5, [ 2)—p)

Moreover, if x,eD,, then rpeD for 1. Therefore
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1

E}

1t 1 Bl 1 -1
[’(L "i)_"t_‘_gﬂ [(ie ”i)]""’ ED I('» 1’);)— -t-'=-z(] I(is Di)J

I"n'—"n 12.‘=0 <
n n—1 nt-1
%(I _T)E.u LI w) [ e 4 gl Z VG w) - f(, v | <
n n—1 n fe1
S_K[(l—~—i—) Z |ty = | v Z [t — ui[] .
i=0 i=n
Putting r, == u,—n, | we have
n n—1" nt- i
(14) r,.sK[(l- 7) pX rH—TE r]-
=0 fmn
Define z,=1, and let
n L ] I =1
zm+r.n=(1'~7) _A‘;_n:m,(+?2 Zm, b me N,
We obtain =, ,=2n{l—nff) and by Lemna 2,
(15) Imys, n €270 F 0L,
We get by (14) r,< K {[r || z,, , and consequently. by virtue of (14).
) nyn! nt!
ST { Uk DYEE S NES B SR S
1= f=0
Hence r,< K™ || r || z,, 5, and then by (15)
(16) P K™ ()1 (] 270 370 < (32) (|1 ([ (K2 [3)™.
The inequality (16} is satisfied for every ne0, {—1. Thus
(17) tr <32 [Ir (1 (KHY3)™, meN,
and because Kfj3< 1 we conclude ||[rl=0. This means that u,==un,,

for every n=0, t—1, from which it follows Lhat p, =p,. This completes the
proof.
As a consequence of Theorem ! we have the following theorem.
Theorem 2. Lef the funciion f salisfy the condifions (2)-~(5). The solu-

tion x=w of equation (E) in {he domain D with (he initial condition w, =x,€ D,
is {-periodic if and only if the p-constant for the point x, is zerv. Furthermore

the equalily
Wy=lfu 4 NEN,
is salisfied, where Y. . is a limil of the sequence of {-periodic funclions y,
which are given by the recurrence formula
n~1 1i-1
(18) Yo=Top Y, n=Lo + Z [f(l I, i)"' t_JEO f(]. Um-1, J)] ’

§=0
for m=1.

7 ON PERIODIC SOLUTIONS 131

Proaf. We [irst prove the necessity of the condition. Let x=w be a
{-periodic solution of equation (E) and wy, =1, %,=D,. Therefore

i—1
1y ==y - ‘20 [(i, w)) =w, = x,.
=

Hencee
-1

2 1, w) =0.
i ek}

since for p==0 the solution x of equation (El) agrees with w, then it is
t-periodic. In view of Theorem 1 equation (E1) has a p-constant for the point
r, and it is unique.

The sufficiency of the condition follows directly from the definition
of a point being p-constant.

The equality w, =y.. , follows from Theorem 1 also, and so the proof
is complete.

Remurk 20 For a -periodic solution ol equation (E) 1he following
estimale holds :

Fay = W, W [SAI2Y (1= KHT(KEH™, m>1.

The correeiness of Uhe above inequality is oblained from (18).
Remark 3. We observe that the search for {-periodic solutions uf equa-
tion (E) is relaled to the caleulation of solutions x; of the equation

i—1

;‘S-'o (i, z)=0,

=1
or, for fixed x, the equation f(0. x,)=- Y, f(i, ).
=1

On the other hand solutlions of the above equations can be obtained from
the calculations of the periodic functions g, defined by (i18).

Remark [ 11 the assminptions (2)--(3) hold and for r,€ D, p(r)#0,
then equation (IZ) has ne periodic sotutions with the initial condition x,.

Last of all we consider the following equation

(Ez) A'I:ﬂ ==pnf(-'ru)v

where the function fis continvous on R, p: N—» R, and p, is {-perindic. That
is, there exists a {= N such that for all n= N p,.,=-p,. Then we can state the
following theorem.

Theorem 3. Jf there exists a positive constant C such thal the inequalily

(19) Y I pI<Ci(4 sup 1fx) )
el Xel-C,.C]

,'is_ salisfied, then the equation (E?2) has a p-constant.

Proof. Let R'*! be a Banach space with the norm

fz||= max | &, |
i€l E+1
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. : . {he subset of /7' defined hy
fr::‘x={i,}t‘-t‘;em +1 and let B be the subsct o defined h)

reBe i €020 g, for =2, ... 141, |
where € is the ronstant defined by (19). An operator A s defined by the equa- |

lit
! Ax == {ndim

for every ze&lt'l, where

1—1 l"'—l 3 ; ) ' ‘ .
=5y, and =%+ Zl pilEN—"7" _Zl pi(Ep, =2 3, ., +1:
¢ J= i=

Suppose that :r,_{;,}:ﬂéﬂ It is easy to see that for evesy 2, H._—l
we have

i) i1 ¢ .
lsl€ 1 EaE 5 il L@ T 3 Ll HED s
jml ;)
i —~ .
= C+2 sup 1Y P |< (.
2 TEr-t. ¢ ] l
|
‘Therefore, A(B)< B.  pep ——
HA i . G IR S ST A
Let us cousider a sequence {x™luar. where 27 =& }ioi< B, such tha

[pol+1

P, with z°={E}}ili=B. Then

(20) max | EP—24—=0 as mee 0.
igl i+1
. o b0+l A0 The
Let y™-={yPHil=Aaa", "=y t+1=Aa® Then
S w0 - ) LO1L
(21) |jAx"--Aal ||== maX | it —? | =max {] £'--31), max RV

i€l t+1 ig2, t+1

But for i=2, 141, .

- =0y
| —RI< TR =81+ 5 Lol fED—[E)
~

i 1 : ¥ 1 - L um
(22) +"72Jm1mmqwnaa—m+
§=

31

f i—1 ¢ » )
+ % | psl @1 ED-—IEDI+ -~ jgl [ fEF) — I(c.,-)l} .

€, C]. by virtue of (20) and

i is a uniformly continuous function on !
o S Therefore from (21)

(22) we obtain | P —r3l0, for i=2.3. .. i+ 1 /
1| Ax™ -4z [|—=0. 5 ) .

| Hence hly the Schavder Theorem, the operator Ais r:ontn}uou_s- .an;i-h:is:);
fixed point in the set 3. Let ={{;}it} be this f.xxed point, ie. z=mA J
us define the following szquence {tp}izy by the formula

Uy ==l =ik 1 1, 2, ..t k=01, .
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Obviously the sequence ju,] is [-periedic. We shall prove that il satisfies
equation
A-En :])nf(xn)'i_fh

that is equantion (12) has peconsiant of the form

1t
p=—17 ¥ PG
i1
We can write
Aa,= L, =0 for n£kl, 74

Let nstkt, n=i-+kf, i<{, We obiain

7, for n=kt.

1=l

: i _ =1
.th::.i:l_ci '__';:_:j. T Z;lpjf(:s) = f Ll PJ"(Z.])_';I . }:l ]J.I'I(t.-) | 7 E] P}I(Z-)
1= Jr= 2 J

] ?
=pif(5) Zl PG =po o () | p=pafla) + p-
J
For n ;-’\'f, sinee ‘:!+l =t_1 we .‘.‘,'Ct
Au.ﬁ vl gy Uy ==y~ Upy =t| t_t =':t-,'.1_' Z:f =5

:Prf(t.:"i‘]] = pof(tia) + 0 = paf(i) + 0

and so the theorem is proved.
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