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Introduction. In the rescarch of submanifelds of 4 homogeneous space
the main problem is to determine a fundamental system of invarianfs. namely
a minimal system ol seometrical objects (Tunclions, lensors. conneclions,
a.5.0.) which delermines the submanifold modulo o lransfornnation of the
fundamental group of the space. Such a problem was solved first by K. F.
Gauss (1827) for the surfaces of the Euclidean space. The Erlan ge n-
Program (1872) clarified and put Lhe problem in s lardgest generality.
as we know it today. The moving frame method of Elie Cartan (1937)
theoreticallv sulved this problem in the most general case. lowever. from
Gauss 1ill now, without. interrnption, maoy studies were dedicaled Lo this
problem. It is almost impossible to mention all them butl we remark here some
of Lhe most reeent, which we know, only to prove that this problem is yet a
living one (1], [2])- In this paper, we present a solution of this classical
problem, solution which, in a local form, was successfully applied in several
cases ([4], 9], [6]. [7]), cases which proved to be hard to be allacked in
other ways. This solution seems to be remarkable by its generality, by its
salmost-global” characler and by its ,almost-algorithmical” form.

Some specifications : by an ,almost global property” we understand a
property concerning a dense open subsel of a topological space (dense

a subset whose closure is the respective space). The elosure of a subset )
of a topological space will be denoted by D,

§1. Preliminaries : homogeneous spaces and their submanifolds. In
this section we presen! (in order lo precise them), some (in general well-
known) Tundamental facts concerning homogeneons spaces and lheir sub-
manifolds.

a) Homogeneous spaces. Let G be an r-dimensional Lie group and H
a closed subgroup of G (dim H =h). H does not contain any invariant non-
trivial subgroup of G.

The homogeneous space, defined by & and H, is the pair (G, B) where:
B=G/, ={aH | a=G} is the set of left cosets of H in G endowed with the
‘unmque structure of real C®-manifold for which G is an effective fransitive
group of C* left-transformations of B ([3] theorem 4.2, p. 132).
| Usually G is called the fundamental group, B the fundamental space and
H the isofropy-group of (G, B).
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The transformation of #3 determined by an arbitrary element as=0 will
be dennted by =, We shall have:

(1) w b & B m (WD s=abll = B,

Fhe dimension of BisoeoorofnUhe conneeled component of /2 Lo which
the element eff Lefongs (e is he idenlity of ) will be denaled Ly 11a
The clements of 75 will be depoled also By v, ... and thep o (r) ar

For every homogeneous space (1, 1) the Tollewing three structures
are uviven:

1. The principal boundle Z=(f5, i 7. I where the projection
is the Co-map =:asG—all e 1 _

2. The basc {&F | p 1. v} of the linear space of teft-invaviant differen-
tial exterior 1-forms of G, sn that the cosels Tall | =G} should be the leaves
of the invelutive differential system defined by the Plall-eguations &7 i,

g=1.n (a7 0 a=1.n determines the vertieal foliation of 2).
Consequentiy, Tor the shreture-constanls 1€ T pe pr o pe L r}

from Lhe Maurer-Garlan equations, we shatl huve 7, =05 1, n:

$y. Se=n-1, I

3. A preferential atlas cty of B is determined as follows: Let MU o)
be a fixed allowahle local chart of B. For every a=(we shall determine anot-
her local chart of 13, dennted by h==%,(h,) where if (L7, ) then U =7,(U,).
¢ ==ys07, 1. The sel {2k L aeGl is the atlas o, Ohviouslv. of, is a €®-
atlas and G is a simple transitive group of left-lransformations of &,

by Submeanifolds of (G, 1. A submanifold of (G.B ) is a pair (M. j}
where :

M is a real m-dimensional paracompact and connected  (C=-manifold
and

j:M—1is a (=-immersion.

I (M) =j(}) then we say that (M, j) is a complelc submanifold of
(G. I).

Two submanifolds, (M, pyand (M. ) of (. Byare conyraent {equal) if
there is o C==diffenmorphisin [ M—23" and an element el o that
a0 =f of-

T submanifolds (M. Y and (AL )y of (G B) are edmosteangroent
il there are Lwo dense open subsels DeM, D'= M so that the subrmanifolds
(D.j 1) and (D Iy 1o be congrueal.

Remark. 10 the submanilolds (M. j) and (M, j7) ave almost-congiuent,
then  J(M) =j(Dy = (A = /(D) FOAry =i (DYy=25 MYy =2j(D") and fer the
elemenl ¢ =6, implicated in the delinition of the relation of alinost-congruence,
we shall have = (jiM1 - (M)

¢) Normalized submanifolds. A submanifold (M, j) of (6. I}) s nor-
malized if there is a C*-immersion v : M—G, called normalizalion of (M, ),
so that movesj. (M, j) is almost-normalized if there is a dense open subset
D of M. so that the submanifold (D, j [ ) is normalized. T

Two normalization v. v of two submanifolds (M, j), (a1, jy of
(G, B) are congruent il there is a C=-diffeomorphism f: M—M' and an ele-
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ment a G so Lhal vof =l ev. (£, 75 the leli-translation of & delermined by
aei). :

Obvicusly. i two submanifolds of (G0 1) are wormalized or alimost
normalized and the implicated normalizations ave cengrueni then these two
submanifolds are congiuent or abmoest-congrient.

We shall use the [ollowing resull which is o diveet particularization of
fhe Lheorem 2.3, po 2380111

ll_ (J(. By and (AL ) are two normalized submanitolds ol (G0 1), the
normaiizations being v and v, then the nocessary and sullicient conditions
in order that the normalizalions v. v 0 e congruent, are: the existence of
a  Cediffeomorphism [ AT M we thal W% (@) (Ve R @M o] .
.\\h(ﬂ‘l: oy .".).1_']’ l} is an 1.1[‘hill';n'y fived bhase of the linvar space ol lefl-
invariant dilferential exterior 1-forms of (.

§ 2. Regular homegeneous spaces and regular submauifolds of them.
In this seetion we shall define the two netions mentioned in the litle and we
shall esiablish that every regular submanifold of a regular homogenecus space
is ahnost-normalizable.

. a) Regular homogeneous spaces. Let (G, B) be a homogeneous space for
which a preferential atlas o, is fixed (see §1, a). For an arbilrary pair of natu-
ral numbers (i, £), 1sm=<n--1. 1<k, we shall associate to (G, #) a real,
2o . S ey ) .
finite dnnenm:)nalﬁ. C nm_:.lfo!d_. denoted by DY, (135 <t,), defined as Tollows :
Lel (o by (dh, Zhaw - Toe)) Do @ system of arbitrary elernents where:
nu, ,()Ef'l.,: rel, i=i. 0 a, oa=lm oand (2, o) ERY Two such
systems will be equivalent, ic.

(2 (x, B (oo 2 e D~ (X I, (200 o 2d L a))
if
3 =, I ==£—zf.‘, o ----—-d—.—"‘?—i-z" i —-_—éiz‘
g TN g gt T TR g MY
hor a‘?i . o e . .
where foar is the partial derivalive of the function 2" =gf(z ... 2",

ecalenlated in x= 3. The lunctions a=g'(x, ..., 2") r:l, n represenl the
transformation ol coordinates from A Lo i'. We remark that there functions
are also Uie Jocal representation in b orin f” of the transformation 7,41 : B— B,
where =, (h)y=h".

- The relation defined by (2) and (3) is an cquivalence-relation. The gene-
ric point of D (L ; <ty). denoled by [(2. b (4 s Tar.a))]s I8 an cquiva-
fence class determined by the Tormer relation, :

The differentiable structure of DE(B; of,) is determined by a (v
al,_las % associaled to the preferential atlas ef, of . The atlas off, is deter-
mined by of, in this way: lo h(U, 71 we shall associate the local charl
RECUR . 8y of wlb where VA = by (Gl e dha )] xS Ul and 75 ([(x
I C A A D ) EEY LT L= RPN it R A :';‘:,',;“',,)E !!""“"‘"“"f”"”‘“ﬁn—}— ‘
Otherwise, the alas off is an adapted atlas of the fibre bundle (DE, k| Ié).

We shall use [requently the surjeclive open C¥-map "

mk DB, oh)— B where =¥([(x, b (@, .., %, e ))]) =2
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Definition 1. An hemogeneous space (G, 1) is reqular if for every natural
member m., (1sms<n . il can be delermined o« minimal natural number
Ky k=1, and at upen subsel 0, PR o ) so thal :

1. =fn (W) is a dense subsel of B.

9. I is given « Ce-map v, : A, -G s thal srevy, — ke LR,

b) Awxifiary remarks concerning lhe differentiable manifolds, [10]. A
stmplicial complex K is a sel. ol simplices of the Euoclidean space F, 0 so thal

1. livery luce of a simplex of K is an elemenl ol K.

9. The inlersection of Lwo elements of A is an clement of K.

3. Fach point of [K]. ([N} is Uhe polvhedron defined by K, ieo the
set of poinls which belong to simplices of K) has au epen neighbourhood in
I3, , intersecting only a finite number ol simplices ol K.

A weak-triangulation of a real m-dimensional manifold M is a homeomor-
phisin F: M—F(M)cE, ;. msn+1, where F(Ay is a polyhedron [K] (de-
termined by a simplicial complex K), endowed with the induced topology.

In [10] is presented a detailed proof of the following lemma :

Lel M be a real m-dimensional puracompaci connecled with (or without)
boundary manifold. If a weak-triangulation of M is given then u dense open sub-
set of M contractible fo « given point T M is determined by means of this
riangulalion.

This lemma is fundumental in our consideralions.

In the present Note, by a simplex of 7. we understand the inverse-
image in F of a simplex which belongs to [K ], ([} = F(M)).

IFrom the proof of the furmer lemma, it fullows that if , belongs to the
interior of ithe m-simplex A,€F, then lor every olher m-siniplex A€F there
is a unique sequence Ao, A, .., Ay=A, sn that A€l a;=8;0 A% &
{j —0_,_!:_1-), (where o is an (m—1)-simplex of IF) and the open subset of M,
int Ajuint .U int A Uint 5,U...1 int A, is included in D (D is the dense
open subset ol A, conlractible to x,, determined in the proof of the lemma,
by means of F).

We remark that by barveentric divisions of triangulations and by
refinements of atiases of M we can obtain a weak-lriangulation I of M und
an atlas i p of M so Lhat there is a bijective map from F to oty For every
m-simplex A of F the corresponding local chart ha(Uy, ya)=cf, will be
characterized by the iuclusion A= U. Moreover we suppose that every Ua
intersects only the m-simplices of F which have common faces with A.

In the following we shall suppose that the above circumstances are
satisfied by F. We shall say Lhat the dense coniractible open subset DcM
determined by means of I and the atlas of . are associaled lo the weak-friangu-
lation F.

¢} Regular submanifolds.

Theorem 1. Let (M, j) be an m-diemensional submarifuld of the homo-
geneous space (G. B). For every natural number k=0 there is a dense open
subset DeM so thal « C=-immersion . : D—~@DE(B; ol,), sulisfying the con-
dition ko =j | D. can be delermined.

Proof. By virtue of [10] we can determine for I « contraclible dense
open subset DcM, consequently parallelizable. (IF M is parallelizable then
we shall take D =M.) For the set D we shall fix a parallelization {e, |a=
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1, m} and with this the linear connection 7, uniquely delermined by

Ve, 0, (a==1, m).

The C*-map p.:l)-—;(l)#,(li; cfy) will be determined in this way:
for an arbitrary point g, €D we consider two local charts, hy (U, ya) of
Moo= Uy) and MU, py&dd,, jlu)= ). The local representation in by, h

of the immersion j will be @' —oi(u', .. ™), i=1,m. By means of the
fields {e, w=-1, m}, ol the lincar conneclion 1" and of the functions {o
(u's oo™y i1 m} we shall determine Lhe realb numbers

r $

ip . :
(1 o= (-—-—] R 1 NS | == iyt

R Jag e, S, AERLE. TR | R TR Fe )

au!l " 1 ! k 13 &
and

-t 1 p%, £ —pt x 0%
&) B Y e 2y o Tl 8 Gl ks
3 e

(ty sty =21, my oy, 2 =1, my i 1. n).

Here Ya,18 the covariant derivative of y,, by means of ' and (ef(uy))
(= ==1. m) are the local coordinate of ¢, in fiy,. We remark that the real num-

bers z(';l. S oy ATE delermined by the poinl u, =D, the vectors e(u,),

(a -—-1-,_n_1). and the locul charts h;;. h. These numbers are invariant to the
change of h,. Il we change the local chart h=cf, by another one, M ed,.
(x,€ U’). then the numbers (zF. ..., 50 o) will be changed by the relations
(3). Consequently, we associate Lo u, = D the point {(jluo), b (7 v 2y DIES
eDE(B: of,), point uniquely determined by the fixalion of the paralle-
lization {e, | @ =1, m} of D. In this way the C”-map p: D-—DY(B; of,)
is determined. The condition =hopw==j { D is obviously satisfied and it
assures that g is an immersion. Q.E.D.

Analysing the proof of this theorem, we again remark that the obtai-
ned C=-immersion p: D—D4(B; ct,) is determined by D, {e,} and j.
We shall say that u is associated to [D, {e.}, jl-

Pefinition 2. Let (M, j) be a snbmanifold of « regular homogeneous
space (G. B). This submanifold is regular if a parallelizable dense open sub-

set DM and a parallelization {e,| a==1, m} of D can be determined so that
the C=-immersion w: D—D%(B; of,) associated to [D, {e.}, j] satisfy the
condition : j(D)c(H,,.

Corollary. If (M,j) is « reqular submanifold of a regular homogeneous
space (G, B), the elements D, {e,} being [ixed, then (M, j) has an almost-
normalizafion given by vgpop : D—G.

For a regular submanifold of a regular homogeneous space, the con-
dition of the existence of structure D, {e,!, . is not restrictive (every smooth
manifold has weak-triangulations). The condition p(D)~//, is restrictive,
implying a cerlain ,regularity” of M.

§3. The almost-global existence und rigidity of regular submanifold s
of reqular homoyeneous space. a) The almosi-global existence. This problem
can be formulated as follows : Let be given two real C*-manifolds, M and
B, dim M =m, dim B=n, m<n. What properties must M have and
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whal structures must be given on M so Lhat the existence and the deter
mination of a C=immersion j: M—1DB should be assured ?

) We solve here this problem but the immersion j will be defined oniy
on a dense open subsel D of M. Tu this way we oblain a theorem of almost-
giobal existence.

Theorem 2 {of almost-global existence). Let 1D oand A be lio real
puracompaet Cemanifolds, AT is connecled, dim fi-n, dim M-=m., mzn,
If we suppose the following geomelrical objeets giver:

1} a weak-friangulation I of M,

2« conlraclible dense open subsel DM and an allas edoof M. both
associaled 1o F,

3} « paralldization e, a=1.m} of D and implicifely the syslem of
m exlerior 1-forms {&* a1, m} determined by the condilions «®(¢)) =0g,
a, b=1, m.

1y « syslem of Ce-funelions {dah: D==1 | i =1, n, a=T, m}
and for the lust {wa system the followiny condilions are sufisfied :

(6) YueD Jrang {ag{u))—m
and
{7) d(@iet) =,

then. for every local chart KU, y) of B, ihere is a C™-inmersion j i i
— Uc BB so thal he local representufion in hy, h of j, where hyis arbitrary
from ol g, satisfies the relalion ('] du®y du* =aie".

Proof. We consider an arbitrary local charl hy(Uys, 7a)Scty and
the product-manifold U x U, having as giobal chart h:chy. On the mant-
fold U/ x'U, we consider the involutive m-dimensional differential system
{Chevalley-distribution) given in hoxidy by
(8 \-'a-=—d—-}~—a{,co§-a—-_; a, a =1, m; i=1, n;

au® ax'

where in hae® =widu®. For every Ael we shall consider the maximal
integral manifold of (8), uniquely determined in Lhis manner: for A, =F
we consider an arbitrary fixed point (@, ue)€ U xint Age U Uy, The
maximal inlegral manifold of (8), defined on U x U,,, will be uniquely
determined by the condition that it contains the point (x,, uy). For an arbi-
trary m-simplex A€’ we have au unique sequence &g, Ay, o, A, =A which
joins A to A, (§2, b)). The maximal integral manifold of the system (8)
associated to U< Uy, will be uniquely determined on by the condition
thal it is contiguous with the maximal integral manifold of (8) associated
to UxU,,_, as.0. (We remark that UxUynUxU, #@ in virtue
of relations o, =By Ndy UxecUX Uy, nU» Uy, In order Lo
be contigunus, it is sufficiznt that Lhe considered integral manilolds liave a
common point {(z, &)= U xint Gpoa)e

I'he maximal integral manifold of (8) defined on U » Uy, can be local-
ly represented in hxh, by the relations ut =1, x=o'(ul, ..., u™) and S0

"

it defines a C®-map j,: UanDnA—U. The funections x'egt{ut, ..., u").
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i =1 n. obviously satisly the relations do'fdn® = @iw; and by virtue of

(6). rang (8p!/du*y=m. so Lhal the (= -map j, is an immersion. For all the

pairs A, A"€ 7, having as inferseclion an (m-1)-simplex whose inferior

is included in ). the immersinns fy, ja.. are contiguous, It follows that

we can define Lhe C=-immersion j: D= U by the relation j | UanDnA =
ja Q.E.D. '

by The almost globul rigidily. This problem can be formulated as follows:
Let (M, ji), (AL, j.) be two submanifolds of homogeneous space (G, B).
What are ithe conditions which being salisfied by these two submanifolds
they should be congruenl. 2 An answer can be obtained immediately putting,{
together the theorem 1 and the proposition presented in §1, ¢) as a parti-
cularization of the Lheorem 2.3, po 238 from [11]. Obviously, in this way
we shall obtain only the alinost-congruence of the considered sulmlanifold'sj
We shall have:

Theorem 3 (of «lmosi-global rigidityy. Lel (G, I3} be u regular homo-
geneous space. We shall suppose thal a base (& | p —-_,-_;} of the linear space
of left-invariant exterior 1-forms of G is fixed.

Let (M, jy), (M, j.) be {wo submanifolds of (G, I3). Let I} be a paral-
If'{‘fznbie dense open subset of M with a parallelization {e, | a=1, m} fixed.
We shall denote by iy, pa: D—Dr (B, ol,) the Ce-immersions associaled
fo [D, {e}, j1l, respectively to |1, {e,}, j.] (Lheorem 1).

The sufficient conditions in order that the submanifolds (M, j\), (M, ju)
be almosl-congrueni are P

(9) P'I(D):mm‘ f’“2(r))cmr.n

(10) BAV(E7)) =ua(vn(@)) 5 p =1, 7.
Proof. By (9) the submanifolds (M, j,) and (DL, j

_ 3 , h , ju) are regular sub-
r{mmfolds of (6, B) and they are almost-normalized by the (™-immer-
sions v,op, and vyop, (Corollarly of theorem 1 and Definition 2). By virtue
of (10) ;md above. mentioned proposition from §1, c). it follows that the
sghmanlfolds' (D, j; | D) and (D, j» | D) are congruent so that the subma-
nifolds (M, ji). (M, j,) are almost-congruent. Q.E.D.

Remark. If in the former theorem the submanifolds are complele
(equn’alently, Fo{ DY =] (M), Jo(M) ==f(M)), then they are congruent. In
this case the theorem 3 is a theorem of glohal rigidity.

¢) A fundamental syslem of invariants. We shall consider a special
class of regular homogencous spaces.

Definition 3. A special regular homogencous space is a reqular homo-
geneous space (G, B) for which are fized : a base {&® | p=1, r} of the linear
spuace of left-invariant 1-forms of G, « preferential atlas ot, of I3, for every
nafural numbers m (1<sm<n 1) it is delermined « natural number k, =0,
the open subse Rpw=Dra(B; ot,) and the C*-map v, : H .,—G. For these
elements, in the atlas o fm of Djm associafed lo o, the folluwing two condi-
lions are salisfied : .

1y The relations [{x, h, (z.-f,""’ z;l._.ak))]EQt:_._. are writfen only by
m@z:‘ns of .the ;uordr’nalcs Zo s 27, - We shall denole these relations by

y oeey I¥
LY [ TET e
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i ¢ vy (@Y wrilfen
2y The coefficients of the exterior lr-fnrm.\ wi (@Y. pe==1. 1, are wrill
» ivales o6, 05
s of the coordizates =4 A N -
Sl e f is a S)eciql regutar homogeneous space then in
G o gg*ls ffDI* '(‘B- oA ) we shall have v, (&7) =GP da’ +
. Coatlas mm 0 mm H o) i e iR
a local ehart f & I Sion 2 from the Definition 3, 67 an
by 7 w eondilion 2) 01 A
X6t Pya where, by

b g - - - [ 5 o 1‘01.
i N 1 i 50 y [ o ! . ]3\' Ieans 0!‘ i h(,'!\l IU l"l(‘l 13115,
G ar flll]Cl’l()n. _]1!_ 0[ ”'1. aren A ey 5

L, o o 4 ( ~ imersion L .D G(" B
every re i T ! ma I() (l ” lO h ch e L 4 —

lla [l nt l 1 Wil l lh L 5
vin we can Lai( “I(l[‘. th Ill[l(.l!ﬂ]ls qa - J_)—‘?]‘- delln(.‘d I) lhl.- reld b
g] ¢, y L] ‘I ll[(]llﬁ

’ : '-11 o p(‘)n- o Kb " cl -
’ (v'n(a{])l)tl ?*:e preparations being done we are able to slate the fundamen
: 108 H : g

. “’llfl(;;it::::n 4. Lel (G, B) be « special reqular hor;w;{;mm;g(—.jpaceqiwill;
. finition 3 fized and with the relations Rz - 2,
all elements from the Definition he -
- s 37) determined.
and the coefficients Gf. Gh . of the 1-forms vm(().) P ——
Let M be a real m-dimensional pur({cmnpud. eonnecled (.
for which the following four structures are Jived :
. . ; 7
1) a weak-triangulation F of M, ’
2; @ contractible dense open subsel De M and an atlas ot of M. both

as‘wﬁgt)mfa lg-f;;:rallelization 164 | a=1, m} of D and implicitly the system of

1-forms {e* | a=1 m}, defined on D, determined by the rr_lfﬂins w{(er) =53

) n of € ] i=1,n, a= , ans
4) a system of C=-funclions {d: I?—%R |i=1,n,a=1,my. By me

of systems {e,}, {w"} and {ai} the functions

B : i ==zt et ) ptiptapTa
f—g'. = =) a ghe®r, I '_(" @/ ety Ay Ux Ry
(11) z“—Faﬂ’ “aa, (‘umal) 2 %a) ) 0,88, @ 1/ % 4y

are calculated. By means of these funclions the coefficienis
(12) (. D—R jp=1,7; a=1, m}
* () —=gPw®, are calculaled.
defined by W (v (@) =g, @ |
If for the systems 3), 4) and the funclions (11), (12) the following four
conditions ‘ ‘
) = 2 28 e (i)
C, . rang (€i(w)) =m, (vueD) G, d(ate®) =0, Cs.R(z% PRI
C,.dg2 p I =C£1p’g£; . g{,’:m"' Aw™
i ; £yl
(where CZ ,, are the constants from Maurer-Carlan equations wriflen for o bH
whe 7,Ps J

s B being fixed, there is a
{ BU, yyEcty Ucrmgn(@y), being . lhe
i the?;ioft 19?¢}l)jhgi B (so f:}tl)ﬂf thg submanifold (P, i s ;;?rmahzed by
g:‘:z-rn(}”njiennmrrs{o‘f: v =vnop where p is the C7-immersion given ol

w2 ue D—{(jla). by, (35 :il”_at))]ef%m.
All the submanifolds (D, J) obtained in this way are congruent. If the map

i: D= B can be prolonged in a map j:M— B, then the submanifold (M, j)
J: {
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is almost-normalized and two such submanifolds are almost-congruent. 1f the
sultmanifold (M. jy is comiplele then they are congruent.

Proof. The structures 1)—4) (fixed for M) and the hypothesis (13),
Cy, G, assure, in virtue of theorent 2, the existence of a C™-invmersion j: D—
=Ue BBy weans of (11) we can determine for (I, j) the C=-immersion
poous D—|{ju), b (s, ...,zﬁl,_.,,km}]E-’l),,‘“{m(H, cly). In virtne of (13), C,,
u{D}yc @, and so (D, jjis a regular submanilold. This submanifold is norma-
lized and a normalization will be the Ce-immersion v=v,op : D+G. For
this uormalizalion we shall have v*{(@&) =gho®. The conditinns (13), (, are
Tplicated by the Maurer-Cartan cquations satislied by {&" | p—1, 1}, Con-
sequently, for Lwo submanilolds (D5 j) and (D, j.), determined by the
given structure of M, ihe conditions of the theorem 3 are satisfied 1nd these
subnmanifolds are congruenl. Q.E.D.

In order to apply the fundamenlal theorem for Lhe submanifold of a
given special regular homogeneous space we must cover the following step
(we have to realize something like an algorithm) :

Step 1. The fixation of G, H, B, {6}, by, by, Dlm, R, RE, ...
:i,...a.xm)’ Vi Oﬁ!ﬁm’ V;r:((‘bw)

Step 2. The lixation of M, F, D, ct, {e}, {ai} and the verification
of conditions (13) C;, C, by these elements. We remark that the siep 2 is
independent of the homogeneous space considered in the step 1.

Step 3. By means of {e,}, {af} the calculation of the functions (zf, ...,
23 ay from (11) and by means of these functions the calculations of the
functions {g8} determined by the relations p*(v},(&?)) =¢2w® The verifications
of the conditions (13), C;, C, by the former clements. All these steps covered,
in virtue of theorem 4, we can coneclude that the structure (FF, D, ctp, {&}
{ui}) (from the slep 2) given on the m-dimensional manifold M, constitute a
complete (non-minimal) system of invariants of M respeclive to the homoge-
neous space {G, B). This structure assure the existence of a C*-immersion
jiD—=UcB and all submanifolds (D, j} of (G, B) oblained in this way are
congruent.

§4. Examples. We shall apply the fundamental theorem (i.e. the forms
walgorithm™) to the study of submanifolds of affine and projective space, the
both being special regular homogeneous spaces.

a) Affine space. Siep 1: The fundamental group is GA (n, R)=
={(¢, &) i, j=1, n, a, a*sR, det (&)#A0). Ha=(d, «'), b=(di, ') then
a. b=(afl}, aq}t*+a'). The group GA (n, R) has a global chart h (GA(n, R,
%) where y((di, a"))=(X}, X)SR™'* and ! =X}, a'=X". L

The isotropy group is H={(a}, a)=GA(n, R) | a*=0, i =1, n}.

The fundamental space A, =GA(n, R)/H=R* because (af, a')~ (i, b?)
if and only il a'=b* (i =1. n).

In the global charl h of GA (1, R), the flixed base of the linear Space
of left-invariant 1-forms of GA (1, R) will be &} =XidX% &' =XidX" where
(X}) is the inverse matrix of the matrix (X#). The Maurer-Cartan equations

e dj =—aiAG!, de'=—&{Ad" and lhe structure-constants Cigf=
=M. i
33865, Ci, =0, Cif* =0, CH=--5i31,
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1

The prefurcnlial allas of .1, =1" wilt be determined by the canonical
chart ho(®*, Tr)-

The natural number &,
les ChpCBantorr+ Ol = - m QG

@D kn i5 the Co-manifold defined in §2. 2)-

M, = Din is the open qubset constituled by the points [(a oo (zhe

P AL SR
~::.-.-m,,.))]*—@," for which. in the canonical chart hy

(mn det (2l on Zh Ty oo T e Sggn oo :gl_'_bhn);&().

(1= msn—1) will be determined by the inequali-

(the indices of the - 0 final columns are {ock in the lexiengraphical order).
We remark Uhal =ia(@,) -4, and ihe relaticn (1) represents the relation
R(E, .. z;l‘_‘akm).

'The map v, : ™ —GA(n, R) is defined by the relalion

{15) vu({(@ for (55 oo 7o )] BTG PR ye GA(n. R).

We shall have novy, =mam | Hn-
The natural number k,, the open suhsel @, cPin(Ays ofa) and the
map vn: @a— GA(, 1) being [ixed, the velations  mEa(C,) —A, and

rov,, = wam! (9, being salisfied it follows that the liomogeneons  space
(GA(n, R), 4,) is regular (Del. 2).

The atlas ctim of Dkn, associated to of,, is delined in §2, a)

The C*-map v, will be represented inthe tncal chart fi, & cf bn (associated
to hysct,) and in b of GA (m. R), by the relations

(16) Xi=zf, X;==£§,’. ooy Ky =Ty Xy =2l o X 3;,..‘5‘."1- Xi=xt i=1, n.
By means of these relations we can determine the coefficients of the
1-forms V(&) va{@" in the local chart h,. We shall have

(17) v (%) = XEAXE, v =NHdX",

where X}, X', X, are determined by (16). .
The relations (14) and (17) writtenin the local chart fig
(GA(n, Ry, «4,) is a special regular homogeneous space.
Step 2. For a given real m-dimensional paracompact connected €7-
manifold M the following siructures are fixed: A weak-triangulation I7, ie.
a set of indexed m-simplices {Bomeeny, 1gm<m4-1, 1<my, m,<m} s0
that they covered M, Agm, .m, 1 Bomamy, g m, is an (m—1)-simplex of Fi
and the union of the open subsels int A,Uint (AenN Ay, U int Aym,U ..U int
Bogy..omy, is a dense contractible open subset, denoted by D, of M [10};
An associated Lo F atlas oty ={homm (U gy..mp’ o1, p) | Aony.m, EFY
L of D and the associate system of 1-forms,

of D fm show that

a parallelization lea @ =1, m
{o* | a=1, mj}, defired on D, determined by the velations @ (e,) =9, 3,

a system of C°-functions {ai: D=R]i=1, n; a=1, m} . 8
For these eleinents we shall verify the conditions (13) Cy, Cu
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.S'[i’p 3. By omeans of {e b {ei} and (11) we shall caleniate the functions
(Tar -+er a .rh,,,)‘
. In (:-I;(lcf'r!f('l))(‘zi[llll?1(‘ the (=-funclions gl g D—IU delined by the
relations u (v (G0 = gh". u*(v(67)) = ghes. we shall us : '
wanted expressions will he . ' - shaltpgre (16 and (17 The

(18) ge— NEIXE(e,) g =X, dX"(e,).

it i i

where d X' s and we must replace (X3 by (2f, = . 2,0

We she seup Far L e i g S0 o (T

: P lmll'_ v .:f_\. 1 he conditions (13), €y Gy by the obtained lunctions
i e e 44 Fhe vonditions (13), C are

“dl. -
1

(1M deia N 0"+ ghede - — glaghw® Aw™, dofb A e 4 gide” = --gi, G ™ A wt
. (.n.n('!zi'sir-n. The svstem (FF, D, el o) @i} defined for M, satis-
ving (13) G, C.. (14) and (19) is a complete system of invariants fn;' M"‘II
H.w_uffnu- .‘i[:‘.l('.(’.(lll(i homaogencous space {GA{n, ). A0, The local clla;‘i'
hili. ]'/_) J‘.P.l»..nll‘llf.v(] i Lhe theoreny 4 15 hiere he casanical charl ho(l{;' Tyv)
(-1()) ]rrq]r‘r.fu-(' speee. Step 1.0 The Nipdamental group is Gl’(:rr l{j;—-
iL(n+1, W/ D@10 B where GLn1, Ry=(«}) | | . 1
A\ ’ Wi AL . =« A, =1 n+1, i
(b{_fl:))#()}ndnr! Din+1. Wy ={(z81) | s =R 2#0}. An arbilrary (zlenj;nt dﬁf
t] (n. R '\\Ili be denaled by a=(gd%). For GP(n. R) we shall consider the
a 2;0(;’:1\5&1;111‘:(1 };.\'B(n | lgi local charts AB(U4. y%) where U ={ae GP(n il)|
ab£ 0L y5 o= UE-o (XD el (C;é-.-i, D+ 3, X2 =ab/a® Ve shall
the local chart A2 and for this charl X ==X¢ ,\'“(“‘”1 —GJ%;{“A). e shaltuse
o ! " ; i ; L #h g g == .
' llhc isolropy  group is He={{(za)= GP(n, R) | a4, =... =5, =0}
In h,:f,‘ the subgroup I is eharacterized by X'=0. (i =1, n) B
I'he Tundamenta! space [, is GP(n. R){H. Because (gal)~(2b%) if
and ouly il af =gbf (A =1 y it T PO
3 E=ebf . 41y it follows thal P, ={(z4) | Hi=R
A ],]n-4—], ceR. 0, (BARE£0] ' ‘
u the Ioeal chart A% of GP(n, R) the lixed Iu i
of lell-invariant ‘l-{.ﬁ.l-]]ls“\\lﬂl he (. ) tire fixed base of the linear space

~

& = 10 X2 - T XN, + SN, AUX, 6f = ALdXN

Gy NpARINAL (U NGARXEY AN By, k=Tl )

where A% = X5- N;N' Ay s i
et é;“[';\[{fzm .\JI.\ IL:ind (.f\_;)_l.s l!h!c inverse malrix of (%), The Maurer
dartan ¢ saredfl = — O A G —-BEAH; 5800 ot SHENS 5 —
B — (-J'ij i g i B GG BEA G 830 Gy, dé G}, | @t déy =
The prefereniial allas o i i
e [ . ;t]. dlla'.s cly of Py will be determined by the local chart
o (Ui 70 ) where G, =1GEA) e P, [ 120}, ;
aa [ : . el T AT ‘wi') —,&(]}‘ /J‘l:(‘cmd)EU S
L0 LY OGN, /i L Ry P gy S
The natur iher [ i i
. -1['['11“‘“2'\':”»&‘] 2011’:(1.1;_[:1 Lo :-v1|] be determined by Lhe swmne inequalities
» space. [DFe s the C7-manifold defined in §2, a). A, s is the
b = m

open subset consti T i
constituted by all Lhe peints [(z, Aoy (zor s 2 e €D hm

f()r 14 M B ¥

hav:: hl_(*h. in the local chart Ry, of P, the relation (14) is satisfied. We shall
man(( )= U, . and the relations @, ... zt ) ar : nt

also I (14). R ¢ repesented



146 D. 1. PAPUC 12

The Co-map v, : Mp—GP (n, R) is defined by
Vm([(:‘:: hn+1! (Zi. Q0] z‘i‘x---ﬂkm))])=

zih odoob o Ht
(20) “F P P11 b bim O ) EGP(N. l‘)
00 00...0 1
The ailas cf in of D En associated to of is defined in §2, a).
‘The map v, will be represented in the local chart k., €<l in(associated
10 M, =chy) and in M3E] of GP(n, R} by the relalions

i ) T __wi "f i i . | [}
Nf sty Ximzho Xbezh, Xby =zl o0 Xb=2b o,

(21) . ——-
X'::.’L“, Xj ), i_. ‘.=:19 .

By means of these relations we can deterine the coefficients of the 1-forms
vi(68), vi(&9, v (&) in the local chart h,, . We shall have

(22 vi(@8) = Xid XY, e = NidXE,  vi(é) =0.

It is obviously that (GPn R), P,) is a special regular homogeneous space.
Step 2 is the same as in the affine case (we remarked thal in general
this step is independenl of the considered homogencous space). We shall
suppose that for the considered m-dimensional paracompact connected C=-
manifold M, the structure of Lhe slep 2 (F, D, ofy, {e}, {di}), satislying
the condilions (13), C,, Cy is given.
~ Step 3. By means of {e,}, {ai} and (11) we shall calculate the functions
(#. oy 254, ) In the same way as in the affine space, utilizing 21), (22),
we shall caleulate the functions gi,, ¢i. gi,- We shall have

(23) Hﬁa:}zni dX';(Ca)» g:=5<h‘ dxﬁ(ea).- Tia 0

where d X! < ziw® and the elements (N} are replaced by (c}, ..., 2 5,,,) from
(21). We shall verify the conditinps (13), C, (implicated by the Maurer-Cartan
equations salisfied by &}, &', @;) which here coincide with (19).
Conclusion. The system (£, D, ot ;. {e,}, {ai}) defined on A, satislying
the conditions (13) €,. C; (14), (19) is a complete system of invariants for
M in the homogeneous space (GP(n, R), P,). The local chart ulilized in the
theorem 4 is here f, ;. We remark that this sysiem and the conditions satis-
fied by it are exact the same as for the affine space (GA(n, R),A,). Thereasons
are: the affine space is subordinaled to the projectivespace insense of Erlangen-
Program (i.e. GA(n, R)c GP(n, R) and A,c P, and for the projective space
the relations v, (#.)c GA(n, R) and =2a(N,)e U, ,=A,=R" are satislied.
‘I'wo submanifolds (D, j,), (D, j.) will be congruent by a projective transfor-

mation which preserve the set U, (ji(D)c U,y fo(D)e Upsy), i by an
affine transformation.
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