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Introduction. D. 1. Bleccker [2]  considers mops Trom one
€~ connected and compact Biemannian mauifold M to anolher €7 Bienn
an wmanilold N which are ervitical for all invariantly defined funclionals
the space of maps. Tu define this notion. the avthor considers _# {resp. ()
to be the space of all €= Riemannian metrics on M (resp. Ny studied by
D. L bin in [3] the space DD (resp. D(N)) of diffcomonrphisms of A7
(resp. N) and the lefl action ¢ of D(M) s D(N) on A3 Co(M. Nyx N
civen by :

Fae ) (0 [ gD =™ g, mofoa, 4 ™ g').

IL(N. gy isTixed, (M) x I, acls on the submanifold % w2 €= (M. N) =
={g'} in the same way as hefore. Let ¢ this action. The isotropy subgrou)
Iy of D(MYxD(N) at (g, |, g H XO(M, NYy=@U consists of all pairs
of isometries (o, v)e {,:: 1, such that nofes ],

The following is the Bleecker's definition - )

Definition. Lef (N, g') be ¢ Riemannian manifold. We say thal : f : (M, ¢)
—(N, o) is erilical if for all pairs (s, ®)=SHM) Cy(M, TN) which are
normal lo the orbit of (g, f, ¢y under the uclion e oat (g, [, 4"y and are left
fixed by the isotropy subyroups Ie we huve @ =11,

Here S*(M) > Cr (M, TN) is cannonically identified with the langeut
space al the point (5. f. ¢') to the wmanifold 4 . C=(M, NYx{g'} (see |7],
[8] L.e.).

In this intercsling work, Bleecker shows that, whal is really needed 1o
~Justify™ the previous definition is a slice theorem for the uction of D(M)
2o on MO (M. N)x{g”t und indicates one crucial properly needed to
produce a slice.

In this note, in analogy with the slice theorem for the aclion of D(M)
on (3], we shall prove that the orbit F(D(M) % 1,, (g, f. ¢)) is a smooth
submanifold of # x C=(M, N)x 19'}, as well as Lhe existence of a slice for
the action &. These facts justify the Bleecker's definition.

In order to sharpen these notions, we work in the corresponding Sobolev
Spaces. A superscripl denotes the Sobolev cluss wWei=L} (see [3)).
We always assume that = (gf2)41, g=max (dim M, dim N). Specifically,
We need the fact that D+(M) is a manifold and a Lopological group in whieh
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right mulitiplivation is € and thal Lhe aclion of (X)) on 4 is continuous.
'['Eus DY . Bs also a topological group which acls al the left on the
manifold 4> (M. Ny}
§ 1. Statement of the results ’
e At : ; T and (4, g, B
Theorem Lo Let (g, [Lg)=s \'H (M. N) : N
its orbit ander WMl Then .0 © He . HAM. Nyw (gt s
@ (7 closed submuaifold with favgent space al (4, [ y") given by
Tpar Diapugn =t(-logye Y of ~ T{oX. 1) for ol N&= bt (AD)

and for «ll Killing fields ¥ on (N, ) - ‘
Theorem 2. If{y. f. g)ys A" IP(M, Nywdfstro rz o, {hen the aclion
of (DT Y MY, on AU UM, N = (¢} admils a slice S al (g. f, ¢, i-e
S is a submanifold containing (g. f» g') such thet :
1) I'f {(c, T,)Efr. ;((ﬁ, 'rJ), S)ye=S: B ) N
N if Aa. 'Q)Eq)x MY f, and g{{me 1) Sy S# 0 then (5o s,
3) there is a local cross-seelion v : 077 (M) > 1, [1,—=D T (M) X I,
defined on « neighborhood U of the identity coscl such that (|, 1 I (g2 fie 9=
=20l 7). g fuyNisa homeomorphism of U .S with a neighborhood of
(9. - 4" _ ) -
§2. Prool of the theorem 1. Let Yo e "(J{) S - ALE ¥
« HY(M, Nyw»{¢g’t be the orbit map through (_r]: /- .q'): ‘1‘{_0, ) ;=;((a,rn),
(7, f. g N=(c""g. rofoc™, g = (Fi(o), Welog). Y 3(11))..]‘0!‘ flrxed (. f. 9=
e A7 1M, Ny x<ACH, the map't has its values In M s HP (MM, NP'K
{g't. and is of the class C", rz 0. Indeed, the map ‘jl " is €7 ill l:ha“.r maps .I',.
Yo 4, are €. The map ¥, (resp. ;) is the composition of the C" mapping
Dt (M= D) (resp. D77 (N)=DHUN)), 66 (resp. -C,—A'q'l)s:\r':th
the Cr-mapping A, DAY < AT~ AL (Tesp. Ay @‘rl(i\')érf]( —
). Related 1o the mapping'l,, it is the composition of C7-map @ M) —
DM (e — 57T) willih C=-map Rs1: HAAM. Ny (ML N (1-1811?!11:‘,)
and with C7temap o, 0 I N)= 1ML N) {o-lemma). However, 1t =
unknown whelher, in general, Uie composition of Lwo [F7-maps s again .
Bul in all known proofs one needs that one of the maps ~he a diffeomorphism
or be €7, [ence the composilions in the definitions of W, present no problent.
Morenver, Uhe mapping 1, is €7, r20. For rz1,'1" has tangen! (derivative)
in identily given by :
T 'l s €03 TP 57T 1N )= SYM) < HY(AL. T'N),
(X. Y)=(—Lxy, Yof—TfoX)
Here. 47 F4{N) stands for Killing fields of the class 1yerrt related 1o ¢
on N, Sf;zM) denotes the symmelric two tensor of class We and HY (M, .FN)
the vector fields along f of the class IV* because T,H (M, Ny~ H}(M, TN). L
denotes Lie differentiation.
At the peint (s, n)€@D™ 1 (M) x1, we have:
(T 'F) (Xoo, Yor) —(s*(~Lxg), TnoYof =~ Tr0Tf>X),
which is just Ty, il extended to be right invariant. Thus ker Twenmt
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is ker Ty, 1 extended (o be right invariant over D7 ANy xT,.. But
ker T, Y is a finite dimensional C7 subbundle of 7D ™71 (M) < 1,) beeause
the prineipal part of the first order operator T, is — L.y which is
known to have an iunjective symbel ((TD). By splitting lemma ([1]), the
range of T, Wl s closed  with a elosed  complement. Then, (see |7]), H
resnlls  Vhat D AN 0 T, ) == 0 is an imiersed  submanifold of
AT, N dg'h Po linish the prool we need to verify that Y7 is open
onborils image and has closed range. The sulficient condition for Y to be open
\\ilhi('lnscd range was pointed out by Fischer and Marsden m [3];

a) The renge of ¥ near (g, )€ 77 YBI) x 1, depends only on
Wi, ), Le if Yo, @) ="T(5: 1), then W (U) =¥ (L)) for some necighbor-
hood U, of (g,, 7,) and U, of (54, %)

b) if Wi, 7.)—(q1, [ g then (o, ».) has a convergent subscguence
in DMy x ;..

By ihe right invarianee of ¥ the condition a) holds. The condition
b)Y results from Prop. 6.13 [3] applied for Y7, and "1,

§3. Proof of theoreme 2. Togellher with the result from Theorem 1
i the proof of Theorem 2, the first step will be to construct the norinal bundle
of O . in AFx<H (M, N)x{g'}. For Lthis aim it is needed to define a
weak and strong Riemannian structure on A* <IF(DM, N) > {g'} and we show
that the normal bundle induced by the weak Ricmannian strueclure is siooth.
Therefore, for each (g, f, )€ 4 x1*(M, N)x{g'}. we must define an
inner product <, > .,,4 on the tangent space T ) A7 HE(AL, N) =
sy b SYAM) x T13(M, TN)Y which induees the J{%lopology on SYAT) =1}
«H3(M, TN), and an inner product <<, >{,,,, which induces the I7'-
Lopology on the same space. Indeed, we have: <(s,, ), (50 P> (000 =
=<8, H>f+<®, P>, < (5, V) (55, DY) >0, = 8 S5
<®,, ®,>° where <§;, S3=¢, <S5, S:>§ ure the inner products defined by
Ebin in [3] on ¥, <@, Oy > = [4 ' (P), Po(2))p, < Py P> =
=l <®(z), Do()> o
The smooth weak Riemannian structure on A2 . H (M, N) i’} sueh cons-
tructed permits to construct an affine connection and the exponenlial map.
Since the proof proceeds in the same way as in [3], [4] and [8] (similarly
with the existence of a spray for the metric on “D°(M)), we shadl omit the
detaiis.

Now, we use suggestions from [2] and the proof of Theorem 7.1 from
[3]. to show thal the normal bundle of %, . in A8~ H (M, N)<ig'}
with respect to the previous weak Riemanntan meiric, is a smoolh subbundle
of T(H «H (M. N)<{g'} | 0,5, We shall find a smoolh surjective
vector bundle map P T(H*xH M, N) {4’} | Ol.p.00 — T(0l.1.4, ) whose
kerne! is this normal bundle. Let P outhefiber al (g, f. ¢') be P(s, ®)=
=2 Div ()% —fid. Tn [2], Bleccker proves that ker P is Lhe chosen
normal bundle. Proceeding along the standard lines of the Ebin Slice Theorem,
it is straightforward to show that the action of D1 (M)x [, on M*x
X H'(M, N){¢'} has a slice. As in {3] one can also allow s=oc0. This com-
pletes the proof.
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SURMANIFOLDS IN LAGRANGE GFEOMETHY
BY

VASILE OPROIU and NECUT A PAPAGEITC

In this paper we study the differential gecmelrvy of the submanifolds
in Lagrange spaces. Recall that a Lagrange space is a smooth manifold carrying
4 regular Lagrangian i.e a smaoth function defined on the tangent bundle,
sucht that the Iessian with respeet to the tangenlial coordinates is nondege-
nerate. Using the Fuler-Lagrange equalions associated with a regular Lagran-
gian, we can oblain a nonlirear connection. Next we get a Riemannian metric
on the tangent bundle. similar to the Sasaki melric. For a submanifeld of
the given Lagrange space, ils tangeat bundle is thought of asa submanifold
in the tangenl bundle of the Lagrange space. A sonlinear connection is indu-
ced on the submanifold from the given nonlinear connection but the induced
meltric on the tangent bundle 1o the submanifold is no longer the Sasaki metric
oblained from lhe induced noplinear connection and the indueed Lagran-
gian. However some inleresting resulls arise from ihis sifuation. Writing
down the Gauss formula, we get the linear conneclion on the tangent bundle of
the subuonifold induced from the Levi Civita ennnection of the Sasaki metric
an the tangent bundle to the given Lagrange space. as well as the second
tundamental form. Next, from the Weingarten forinuias we get the linear
connection induced on the normal bundle to the tangenl bundle of the sub-
manifold. Finally we get the relations between the curvature tensor field
of the Levi Civita connection und the curvature tensor fields of the induced
chnneclions.

Funclions, veclor lields and geomelric objecls we consider are assumed
o be smooth (i.e. C™). Throughout this paper we vse the well known summa-
tion convention. The ranges for the indives used in this paper are: {1, ..., n}

-~ A A A ~

A

~ -~ =
for hoijo kb opoas L anden A1, 2n} for Mo, jo b Lopoa
~ ~ A~ A
{, ...om} for a, B, v o, =i mezn, {1, ., m} ={n-
A
i

X 1, ..., n+m} for «, B,
o ::, . s dma0, Landforas by e d, s fmT, L :;}: fn+m--1. .., 2n}
for (?. 1‘; (J'\. :1.

1. Lagrange spaces. Let M be a smoth  p-dimensional manifold
and dencle by TM its tangent bundle. The naturat differentiable structure
is considered on T and lel (v .., 2. y's ..., y*) he the Tocal coordinates on
TAf indnced from the local coordinates (z°, ..., ") on M. Recall that the local

coordinate transformations on TM have the following special form :



