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SUBMANIFOLDS IN LAGRANGE GEOMETRY
BY

VASILE OPROIU and SECUT AL PAPAGLHITG

In this paper we study the differential geemelry of the submanifolds
in Lagrange spaces. Recall that a Lagrange space is a smooth manifold carrying
4 regular Lagrangian i.e a smaoth function delined on the tangent bundle,
cucht that the Ilessian with respeet to the tangenlial coordinates is nondege-
nerate. Using the Fuler-Lagrange equalions associaled wilh a reguiar I.agran-
gian, we can oblain a nonlirear connection. Next we get a Riemannian metric
on the tangent bundle, similar to the Sasaki melrie. For a submanifold of
{he given Lagrange space, ils langent bundle is theught of asa submanifold
in the tangenl bundle of the Lagrange space. A wonlinear connectlion is indu-
ced on the submanifold from the given nenlinesr connection but the induced
melric on the langent bundle {o the submanifold is no longer the Sasaki metric
ablained [rom e indveed noplinear couneclion avd the indueed Lagran-
gian. However some interesting results arise from ihis situatinn. Wriling
down Ehe Gauss formula, we get the linear conneclion on the tangent bundle of
the snbmonifold induced from the Levi Civita ennnection of the Sasaki metric
an the tangen! bundle to the given Lagrange space. as well as the second
tundamental forimn. Next, from the Weingarten formuias we get the linear
conneclion induced on the normal bundle 1o the tangent bundle of the sub-
manifold. Finally we get the rclations belween the curvature tensor field
of the Levi Civita eonnection and the curvature tensor fields of the induced
conueclions.

Functions, veclor lields and geomelric ohjecls we consider are assumed
{0 be smooth (i.e. 7). Throughout this paper we vse the well known summa-
tion convention. The ranges for the indives used in this paper arve: {1, ..., n}

A ~ -~ A A A ~ A
for I i j. k& poos il nd =in 4 1,20} for hod, job L Py
A~ ~ A A
m—n, {1, ..., my={nit .., n+m} for , B,
A A
th Gy me s dmAl Lo for a b, oo dy o imT, Ll e [nbmel L, 2n}

A ~ Eal A
fov e, b ¢, d, ...

1. Lagrange spaces. Let M be a smoth  n-dimensional manifold
and denole by T its tangent bundle. The naturat differentiable structure
is considered on TAL and fet (ot o2 gt y*) hie the local coordinates on
TAl induced from the local coordinates (x', ..., %) on M. Reeall that the local
coordinate transformations on 7'M have the following special form :

{1, ...m! for =, B. v o5, 7o
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ae=l
~ = dx
. .
() =2l L), oyt — yt =1, .., 1
ik

A reqular Lagrangian on M is a smooth real valued fopelion 1. defined on T
such thal the matrix with Lthe enlries

- 2L
k-_- - -
aylayt
is everywhere nondegenerate. Throughont thiq paper we  shall make the
supplimentary assumplicn that the malrix g, is posilive. A Lagrange space

is o smooll manifold M carrying a regular Laoorangian. Recall thal from the
Euler-Lagrange equations associated \\|1h I, we can oblain a nonlinear con-

nection on M deflined by

(2)

i1 Q(_'_.
(3) N=; 2 ot ,
where
0 E"‘( ol - F_ﬁ)
deJ {"-.‘I‘h

A nonlinear connection determines a direcl sum decomposition ol the langent
bundle Lo TM

() TTM VTSI TH.

A local frame in the vertical dislvibntion VTAL s (@i, .. ,é/0y") and a loeal
frame in Lhe horizontal distribulion fITM is (3/32', ..., §/82™) where

(5) _§. - _c'i_ _Nk g
3zt ar! oyt

Remark that the transformation rule for the local frame (¢/2y', 8/32%) adapted
to the direct sum decomposition (4} is

d oxF @ 8§ 9xF &
{6) — i — — —_——— ——,

&yt ext 05’*’ Szt aat 8%

Scalar (inner) products, denoled by Lhe same leller g, are defined on VTM

] a o ) i g .‘—) : q
. ayl : ‘:y‘- Ji ' 8.1:‘7 ' 8,1:; i

The complele integrability of the differential system delined by nrm
over TM is equivalent Lo the vanishing of the lollowing Leasor field

~ 3N 3N®
(7 R,
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obtained from the computation of the brackels [4/3x', 3/5x'|. The loeal

Irnmo‘u!' l[;v cotangent bundic to TAT, dual o the loval frame (¢/8y". 3/da"),
is (ay', da). where

(") Byt =dy'+ Nidat.
Considering {he 1-form
(L
{8) 0 c— dz.
ay'

alobally delined on TAF we obtain for its exterior dillerential

() A0 =q; 3y
The following identities obtained tromn d20 —0 are valid on a Lagrange manifold
(10) GinTt-gn R+ g0 Rl =0,
Sgg Squ ~ ANE < QNB
(L "J‘i-:— ,‘i_f!h ‘5—.’1511(—1—.‘ -
2" gt oy’ dy’

Next on TM we may define a Riemannian metric & of Sasaki tyvpe
(12) G —gudride + g sy sy~

It follows thal the distributions VT, [ TAI are orthogonal 1o each othe
with respect to G and the scalar producls on VTS, HTM induced from @ by
restriction do coincide with the scalar produels ¢ defined above.

I [6] the first author has obtained the local coordinate expressions
of the Levi Civita connection D) of the melric 7

(13) Dyl o A W) -‘)—=<I>* I, L
ay’ ay* 32t oy’ oy "ok

(14) IR, LI S S S
b F St gyt stV sa Yoyt

where f);_—ﬁ(,_.-oy., b,-:f)m,. and

2' 3!1i, MRS Sal 0 s gab
- IN® e L e
(15) S N TS Y, L
al}' 1) (¥ u-i 2!] Htlhi

n=iult . (T4 B).

~Dennte by f/ the linear connection induced from D) on the distributions
VTM and HTM over THM
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- g = ¢! ~ ~
(16) ‘757";' = (,?}.T._# I ey B 5. o
Yy i iy ay
s A ~i g ~ 8 = 8
(17) Vi o Dyo— . Vi P
A &t 3 St

Next the local coordinale expressions of the curvalure tensor ficlds of D and
V can be oblained. Furlher, the first author has oblained in [6] the relations
belween these tensor fields.

2. Submanifolds in Lagrange spaces. Since we study the local pro-
periies of the submanifolds in Lagrange spaces. we may assume that such
submanifolds are given as geometric images of appropriate injeetive immer-
sions. Let M be a Lagrange manifold with the regular Lugrangian L and suppo.
se that f: M= 2] is an injective immersion with local enordinale expression

(1) af et u®y, ie=1, ... 0, 21, L, m

The differential of { is a smooth mapping Df: TM—T M, given in local coor-
dinates by

(1 r=xi(u®).  y=— ",
Y -

where (47, »*) are local coordinates on TA induced from the local eoordi-
nates (%) on M. The images of the nalural local frames of TM by Df ace
given by

L 2t - B i -,
200 Dy —-) gz i e 3 Dq(—_‘—)_—-"—x- 2,
&t o ex' dutdu* Ay dotf a2yt

Since D?*f is injeclive, we shall identify from now on, Df(é/du®), Df(3/v=)
with 8/au®, 8/dv™ respectively. Further we shall usc the notalions fromn
the theory of submanifolds in Finsler spaces:

5t . dixt , atxt

ox
Bi= T = . I, — e,
Y o ¢ durdud e
Then
& P %] g
(20’) _a = Ba: J_ BO:I s < == .B‘
aut aat Jy' e oy’

Consider the restriction of L to (the image by f) of M. Since we suppose that
ithe matrix [g,] is posilive, the matrix with the eptries

ey

) Il o o
1 T, = g, B
(21) a8 P Fix Dz Oop

is posilive too, hence nondegenerate. Thus the restriction of L Lo TM defines
on M a Lagrange space structure. From the formulae (20) we see that the
image of VTM by D*f is a vector subbundle of the restriction of VTM to
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Df(TM). Denote by VTATL the orthogonal complement of VT in Df*(V TM)
with respect {o the inuer product ¢ and lel

{22) N,=Bi— . a=m+1,..,n
3J

be a tocal orthonormal frame in VML Then

(23) FaByBi =0, G BilE 3,

The change matrix from the lecal frame (&/#y) of Df*(VTAD Lo the local
f1 ame (c'J/dv Xo) is determined by laying by the blocks [Bi], [ Bi]. Denoie by
A%, A7 the entries of the inverse of Lhis change malrix. Then

(21)  AIDBE =85, AGBE=0, AIBE=0, AZBE-3% DAY BiAT_Si.

Denoting by g* the entries of the inverse of ile matrix [§,:} and by ¢*® the
entries of Lhe inverse of the matrix [g,p] we get

(25) grxﬁ g’iﬂ‘[i?‘,l{:, 8'10 I ~“‘-A-a.45:. () ~FL/lT
(20) Giv = GanATARLZ, ASAL ™8 135 B 6““8,113,,,
(27) Gas AL =G Bi, FUAF g™ By, AV =Fu B Bi=§"A?.

We shall now obtain the induced nonlinear connection on the submanifold
M. Since the first formula (20"}, we get by using the local frame (3/dy°,
8/3x%) on THM :
d 3 -~
= v By =— - | B}, + BEN}] —
an* x* y!
On the other hand, in DV TM) we may nse the loeal frame (¢/d0%, X,)
and denote by NB, N% the correspondinsr coefficients

. B — +Nﬂ—+ NEX,.
Ju* sx ank

Using 207, (22) we gel

(28) Bl +N{BY=D4 NS+ DiNE .
Then
(28) NE=ABE, + NIBY), Nt==AY(Bh,+ NiBY.

It follows easily that N? define a nonlinear connection on M. This is the non-
linear comnection on A induced from the nonlinear conuection defined by
M on M. Then the horizontal distribution # TM is delined by this induced
nonlinear conneclion and in A TA we have local frame
] .
(29) ._.8__._(’_._ \’f d =5 i_}_,{\ﬂx
3u* A v St

Thus the image D*f(HTM) is no longer a subbundle in HTM.
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Finally, denote by NTM the vector subbundle ol Df*(T TM) defined
as the m‘t]m(fon’ll mmpl(,ment of VIM@HTM®VTML with respect to
the metric G. Then it follows that in NTA we have the local frame (Y)
where

3

Y,= B
sz’

(30)

Thus we get the following direet sum decomposition :
DT TADN=YTM@®HTMEGVTMLONTM

and (3/av*, 3/8u*, X, Y,)is a local frame adapled Lo this direct sum decom-
position. Though VTM aund NTAM are orthogonal each other and both
orthogonal to HTMG[-)\ TML, the terms I THM, VTML are not orthogona]

each other with respect 1o . In fact we have

@1) (,(_3“ Xa)z_‘\-’;.
su®

From the formulae (20'), (20) we get
(32) a:’] A3 -a‘;gu}-,v;xa, si AT (82 N x,,_}--: A%Y,.

We shall introduce, for later use, the following notation
{33) Ci==BiNZ.
Then the formula (28) may be written in the form :
(28") Blo-t NiB2=BiNg+Ci
and we get easily the following relations
{34) N2 =A2Cy, ABCL=0.

"The relation between the tensor field RY; and the tensor field R}, defined

by the complete integrability problem for HTM and HTM respectively
is obtained as follows
Propesition 1. We have

k ('k Ch
(35) RY;BLBY — (B, CJ—C'B)ﬂm!}*RzB+ s 3
ay Su*  suP
Proof. Usc the definition of R and the formula (29)
F3 & &
_.R;rﬂ._a-_[ 8 , i]= 8Bg _ ﬁ_l?_) _,+(°CB 8_(}_,)_6*_ )
T du® 3P su* suPlsxt \ow®  duP) oyt

3
" sad

+B‘B’[ 8 ]+(Bici

d
ByCE -
)[8 ! 6y’]
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Since B does not depend on 0%, the coefficient of 8/3a% vanishes. Then use

20°) and
[)‘_ _??..]:._ﬁr.i [3 &
szt 8xf Yoy ax’ Hy"]

1o get (35).

Let us study the relation existing between the induced nonlinear con.
nection and the intrinsic nonlinear eonnectien on M defined by the restric.
tion of I, to M. Denote N§ =(1/2) 3G [3v® where G*is obtained from 1. by using
the Euler Lagrange equations on TAf. i ”

Nt
ay oy’

Propesition 2. Denaofe
- ) N a
(36) G - AYE+ B, V-l &
2 ar
Then
an . A
(37) N"—Nﬂ+ A} 9B, N;:--N;+_An3_3c G
* 2 a

Proof. After a straightforward but quile long computation we get

(38) 2 A3(G*+ BY).
Thus
(39) G'4- Bly=BLG*+ BiG*.

Next differentiate with respect to +*

§iBA+ B, =By NE+ BiNG + ; 9B: .

a*
Using (23), (24) and (28) we get (37).
Finally, we obtain some other relations satisfied by the induced connec-

tion by using the restriction of the I-form 6 to TA!. Firstly remark the
following formulae :
dzt =Bidu®, 3y’ =(Bl+ NiBY)du*+ Bidv® = BiSiA -+ Chdue.

Then differentiate O ~=Df*(0):
d0 =7, BY BA3v™ A\ duP +§,. BENG Bhdu® A duP =g,050° A duP.

Using this expression of d6 we get the following identities similar Lo (10)
and (11)

(40) 920 RE, + 985 R3atgys R =0,
‘ °yaB Sga aNB dN
(1) Y | s P ga s Y ==0),
st sut T am T

Finally, differentiate in (28) with respect to o to get

TY 13 Y
) ONY_ NI B} e chNB 9AY ALy 3AY oy

ar vt avP ot v av®
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(43) (_:V_-, ok NE s o f3 NE_ ¢ b \E ¢ ll i 1—11(
drt et fE T

3. The Gaess-Weingarten equations. The tangenl bundle TM of M
is thought ol as a submantfold in the tangent bundle 727 of M. Tlowever let
us remark that the nooma! bundie VIALGNTAT o PTM in I)/*(TT.{:[)
is nol orthogonal to T wilh respect Lo 6. Indact, according Lo 31), VAL
is not orthogonal Lo II'TAM. The Ricmannian metric G =(Df)* G induced from
G by D/ has the following local expression

(44) G - apdi*du® 4 g0 807 31°,
where
(45) .q;(ﬁ ==zl f 3{1'- '\T;‘\.Il‘: 1

Remark that G is no longer the Sasaki melric defined by the induced nonki-
near conneclion and the sealar producl on VT corresponding 1o Lhe Lagran-
ge structure induced on M. However it is quite interesting Lo study the resulis
arising from this situation. Obviously, these results are similar to the corres-
ponding classical results from the theory of submanifolds in Riemannian
space but we should point oul some differences arising from the Tact that
the ,normal® bundle VITML@NTM is not orthogonal to TTM.

Let X. Y be two vector fields tangent to TAI ie. X, YEI'(TTM).
The veclor field 5;{}’ has a component DxY langent Lo TAI and a ,,normal”’
component (X, Y). Thus the Gauss equation is written as follows

DrY =DyY+ B(X. V), X, YEI(TTA), DxYel(TTM),

46
6) WX, VYeT(VTML@NTM).

Just like in the classical case we may prove
Proposition 3. D is a linear connection on TM and b is bilinear.
Now we should express the local coordinate expressions of ) and b.
To do this we write

~ d . 0 3 . o

D& a;ﬂ ‘—"(413 a”-r %- bgﬂ SHT -!" II;é‘ .Xa+I§§B Y";

D _.a_zq)v _a__H_)v 3 LHS X, K% Y, .
“at g T R

(47)

~ 8 3 d A v e v

Di 5o =i g™ P gy Hhis ot MG Ve

- ] d . . 5

D, -s—ié:f;’;ﬁ _BTIY-}-(J;rﬂ -*37.; +f’;ﬂ‘\“+l\:3yﬂ. i

The condition that D is torsion fre¢ implies
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(gl Wy =bf. Hi% =Wz, Ki = K.
(18) FYg—=Fly. lg=fa—Rly, Hig=H},, Kig=K§ ,
aNT i
pr. NS gy Dr=bn. 1% =l K =K°:
= o e =p ek xR Ba ° af fg "

The condition that ¢ is preserved by 1) gives us

g

rD:ﬂyBT'{”(DgTUﬂ: = S ]
I

- s
falley - Cletle = — -
)

Ga D% 50 Dy - 3un (12 NO 4 12, NBy = TT07

(49) er
L Lo ) . B
Toy ¥ 30 Fay 4 S I NS4 HIE N = =77
ol
Pl =l bnt B0l Gg Ny, — g0 = Yoy Dt 8a Tl NY.-

The explicite expresions of I and b are given as follows
Cla==A[CEIBLRL, Y, = ATbE B[, H;B' =A;E£‘,- BBy — N2Z,
K%« ASBNBABY, Oy == AY(Bh + 4 B B4 CHCEBY),

DY - AYDEBL B BEBLCY, 105 < AN BYy - FL BB+

]
FONCEBN—NaDS, , Kog = ANDY B B+ 05CE 25),
- 1);3“‘41(1"55}1;;1;,;— ‘:(“5 4753;(?5), g = AY (Bl FY BiB§ 4
- DY CE B4 DO BB G,
5 1:(:(”‘5 Ao R I - PRCERFR B CE CR O CEY
3y =18 (ZT LB - PRCLA T G f::,r:;cg.)—N;F:a,
K8y = AS( By~ T4 B lig++ DY C I+ DA CLBEF B CLCH).

_ The expressions of (g, €03 as determined by the induced metric on
A can be obtained if we use the [ollowing result
Proposition 4. The following formuala is valid on TTM
= 1{ANY N
(51 P ij;\_" AN ,
: o2l ek
Proof. Differcntiate with respect to o8 in (28" to obtain

NS TO - i - i
B (Gi\s a:\a)"i_ ‘qg? - BC, )

i . T ST - - -
ant At ar o
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Next consider
o 1 o~ o .
13— ATEH(CED - BACH — - AL 4 (G Pic.
yl

and use the formulae (33), (23)- ( 27) to gel

r 1( Y gy ,,”) I(m\' aNg,r)
E T o 4!‘5 oo Ja e —— -

2 dn* Jit 20 dpr arf

Thus Lhe torsion of Y is completely determined by the induced non-
linear conneclion. Next we obtain just like in the classical case ;

Cig= ; gvo Yo 3.]53 ('DYB =--I—"]Y° (ay_oﬁ+ ‘_3_.’}30 _ _8@) +

L * ke . o
(52) an 2 ou du du

-
5 (L 07 000 T2+ 07" 020 T2p)-
The obtaining of DY, I7¥ is much more difficult.

Now lel .XEF (I'TAl) be a vector field tangent Lo TA and let Ye
e '(VTMLi®NTM) be a shormal” section to 'l;\f The Weingarten formula

is obtained by decomposing DxY iu the tangent port and the ,,normnal® part:
(53) DeY- DEY —AvX; D%YEF(VTMJ'@NTM), AvXeT(TTM).

Proposition 5. DL is «a linear connection and A is bilinear.
The local coordinate expressions are as follows :

= E’, b 5 d 8, 3
DX, “F;éx,ﬁ-f‘;an—. e i A‘i?g::s ,

DX, _-r“’ X, + T Y,,_la‘* G
sz 78 | drgs
(54 3

- » 6 ¢ S
I)aya o XU+1 Yb A“ﬂépﬂ- . '161 811‘9‘ !
3 s . : 9 . S
DaY¥o=TaeXy+ (Y, — Al ~ Ak =5
where :

~ aI.t
AL, o= Aﬁ(; +Ch B Bf) Al — AR, BB,

ax

R BB" % L T
«—-A -{—C“B‘B’ +N3AL, T =AWBiBL,

A
Ab =—ap (SSB B‘B’+C C'B‘), AR —— AY(DLBLBI+

+ BACLBY), rﬁ;:Ab(SSB

+F} BB+ Eg.c;Bg) +N2AS,,
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.~ ANDLBIBI+CIBY), A 3 = ASPL I, 133,

(55) A —— A% (aam Bg,ng), 1" = AYPYBLBI |- NBAS:
rh - A (%::i + D} B: Hf) Ab = — ANl BLBI—PHCE).

3 B"

i*

A8, ﬂ—,-l’d( [k 13 B’-{—D*('H’) 1%, = Ay BLBS —

38,

—~ BACLE)+ N3AZ. 1‘36—4"( 1«
L

+ Y, BLBI+ DA B:;) |
From the orthogonality conditions satisfied by Lhe local frame 4/av”,

3/8u®, X,, Y,) we get some relations satisfied by the coefficients.  Since the
condition G(a/év®, N,)=0 one oblains:

(56) Hoo gag AL, — N2 . I =gpe A — NEDE,

. . . ~f J .
Nexl, sinee the condilion 6| — , }',,) =(), we oetb
Jp®

(57) Kgé :gﬁaAja‘ 3 ‘K:E’o =g5°A2; 5

. L N .o~ f 8
The foltowing refations involve the derivatives of N§, since G(S—B , X“) =N§.
i

oNg " - 3Ne
HY =2 4 g ad- NoDG— Y MIIS,, Hig= au:
b=t 1
(58) ‘ X
AL~ NEFH— ¥ NITY, .
bomdl
. ) L o=f 8 .
Next, since the condition & ok Yo ) =th we get
14
(5% Kh=gdn— Y, M., . K& <gidAl— Y MIY,.

bt b=mt1

The last conditions G(X,, Y,)=0, G(Na X,)==8m, G(Y, Y,)=38, imply*

(60) Tho 1% =Nadr s T T8 = N3Ag,
(61) 1“’ + r“' = NEAS L N2AL , Th 4T =NIAL4-N24S, ,
(62) I +TE =0, I%+1%=0.

4. The Gauss-Codazzi structure equations. Denote by K the curva-
ture tensor field of the connection D aud by K the curvature tensor field of
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D. Denote also: (V.b) (‘— 7) ='-D.li'(b("'v’ 2= (DY Z)- WY, DxZ):
X, ¥, ZeV(PFM). the mixed eovariant derivalive of the (VTMVL@NTAD-
valued bilinear mapping b I we use ihe definition of K:
K(X. YYZ=DyDiZ— DyDxZ - Dyx,y 7 N, Y, ZsI(TiA).
and the Gavse-Weingarten equations, we gel the Gauss-Codazzl structure
equations :
KX, Y) Z=|N(N, Y) Zoiridyxon Vo duo X1 [(Vad) (V, 2)—
(Virlb) (X, 2]

for X, ¥V, Z«I(TTM). We should remark thal Uhe first brackel in (63) is
the tangent parl of K(X. Y} 7 while the sccond bracket is the ,uormal®
part. Thus. by denoting R(N. ¥) Z=K"(X, }’)Z+I{"”(X‘ Y12, we get-

(63)

K(N. Y)Z-RYX. Y)WZ- Apen Y by 2, N
(Vab) (Y. Z)—(Vih) (N, Z)=KYN. Y)7Z; X, Y, Zel(TTA.

For WeT(TTM) we mav use 1he metric 6 lo get a relation similar to the
classical Gauss structure equation :

(63")

(KX, Yy 27, 1) =G(K(X, Y)Z, W)y4-Gib(X, 7), b(y, H)) -
—GB(Y, Z), BN, W) —(ViGYIF, B(X, 2))+(VxG) (I, b(Y, 2)),
where (Vo) OV, WY, %y« NGOV, by, ZN— (D W, Y, 7)) GGV, Di
oY, Z)).

Now we can get easily the local coordinaic expressions corresponding to
the Gauss-Codazzi structure equations. Denote

K (_a._ . a ) i =K‘;&f3 _L+1(:., __‘L_
avr k) Gur Y apy T YRyt

and so on and nse similar notations for K. Then the first few local coordinate
expressions of the Gauss-Codazzi equations are given by :

®1)

Toom A REe B BIBE A ey AR K g g
K= AR Kl BLBIBE - ALHE — (G124 AL KE — ATKE,

(T e AT e R HEe= S 1 g A% K
Koo = Ky BRBEB, — A Hy, — A HG + AL K — ARKE:

~ » 3 s N
ST, ATE i ik FOARIE DY TE ol ) T rre o T 'E,.
Ry =AsKG BaBi By b ARG Ba g Cob AL HE — AQHE A+ ARKE - A5K2

KZa =A% Rhs B+ R;;;}cg)ﬁg Bi A% HE«Y - ARG A AGKE —A% K%, -

Next, from the second relation (G37), we get:
-3, o
KéA;\&aHaf-—.— an

oy O R TG T kE — 1% K 41
e A ay T lan 5 — Do K, + HL GGy —

& a -3
— Hi3CE, 4 Heéxbg, - HobE,
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L o g I
" [ ]\afr J ;; 2 b & I « I3 R u
Con — SRS T RLEN F LU AR ¥ I DTS NS M AL SET AR g
’\’Yﬂiﬁ =— = Pab gy — Vaelley - Vo lNg DiaRG, 0 Nax (G
ot ai

.. L a
KigCo TNk, KAk,

FThe other local coordinabe expressions are oblained similarly,
Next, we get the Bicel structure cquation by expressine the corvalire
tensor field tnduced in VIMLI@ N PAL Ffrom the cursature tensor field of D,

K(X. ¥) Zas] Dy g N =Dy, Y 40,0V —ad a X808 Y4
(65) X T
+ [DXLI.)}“Z !);;L)‘{'-Z = !"{;:Tnj']/‘-i- b(\ - /-\-) b(_\l. ld‘-)l 5

X YeD(TTAN., Z<D(VIML@ NT), where the tirst bracket is the tau-

gent part of K(X, ¥) Z, while the second brackel i5 the Lnormal™ part. Denote

by KL ihe corvature tepsor ficld of the ,normal® liaear connecltion L

Then (63) imphies :

(66) RLX, W2 7\"'6‘\; Y)Z40(X, AV) - nY., A, XY N, Yel(TTM),
ZePVTIML NTM).

For W el(VTML® N TA) we may use Lhe metric ¢ to gel a relalion similar
to the classical Ricei structure equation:

GORMN. VY2, 1Y = GUSH(X, V)2, W)GLXL AyY)
(67) —G(AY, e N) 4 (Va6) (AN Y — (Va6 (A Y, T
N, Yel'(TTAD, Z<1(VIML@NTIM).
Finally, from lhe relation (66), we can get easily the iocal conrdinate expres-

sions of the ,,normal” curvature tensor field K4 . Denote

-U\'I‘: ) ] .
azy o ana so on,

K[, L) Xa=KEA X, K
ot e el

Then, by using (66), we gel
L3 A o R T N N7 LA U TLINNNE A 7 (AN A 7 LI
Rpg= MK BuBIB; - Ne R BB AR+ AGIEL - AL - A Hy

1 R 1 BB AG K b AT KE . — ALK ALK
K,;;Erf"lhK;Ti}H;BB By -l- :\QSI\&Y--,- “431{'&\’ "'a’xKBY ‘iaahay .

The other local coordinale expressions of K4 are obfained similarly.
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ALMOST SEMIQUATERNION STRUCTURES
ENISTENCIE AND CONNECTTONS
BY

GHECHGHE MUNTEANU

An almost semiqualernion struelure 15 a degenerate, hipercomplex
structure defined by the semiquaternion algebra [3]. The study of such a
structure is similar lo thal of the gquaternion and antiqualernion slructure
[T, 16, 17. 18, ...}

In the present paper we deal with fwo problems : examples of the semi-
quaternion structures and lincar connections.

We are indebted to professor V. Oproiu for valuable advices during
the preparation of this paper.

§1. Definitions. Lel M be a differentiable manifold, dim M —dn (the
necessily of this assumation will be seen lefer in the paper) and %¢M) the module
of tensor fields of type (p. ¢) on M.

Definition T.1. The struclure SQ=-(F,. I,, F,), oA 0 1. 3. sa-
tisfying :

(1.1) i ] . Fi=F%=<() »  rank F,=12n
P F, Foly ==k FFye=—FF =—1,; Iy =F0, =)

is called an almost semiquaternion strucfure, shorfhly (SQ)-structure on M,
f.ct us consider slruclures defined by two lincar complex tensor fields
gy Jas< (M), satisfying:

(1.2) Jo o dy Ji=ad (@ R, Te (M) identity).

Such structures appeared firstly in JIL W akakuwa {13] and a
study of them was made by F. Tricerri in [13], [14]

I «?-=4 we have almost quaternion structures, if = =1 we have almast
anliqualernion structures. Finally, the case o =4 is strongly related to the
almost semiquatern‘on struclures. However, the later case is nol studicd by
Tricerri. Hence, once again, we see the importance of the present study.

An (SQ)-structure is a hipercomplex siruclure defined by Lhe semi-
qualernion algebra ([3], p. 325). In fact, using left regular representation
of semiguaternion algebra in a 4n-dimensional space we obtain [10]:

0 --I 0 0 6 0 0 0
-~ lr 0o 0 o 0 0 0 0 G
So=lon Si=1o g o g S=|; o o of %N
0o 0 I 0 o6 -f 0 0



