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RECENZII AB[0, B] ={A®C; C< B} = [A\B, AUB) ' ;
I F is the family of finite sets in O, the family &' = {4<Q; A'eg}
is directed by inclusion and if Q is infinite, then ¢z’ ia a filter on Q.
Colectivul de redactie : = : o~ For every Ae@(ﬂ), the family
B(A) — . ;
Prof. V. Barbu, prof. Gh. Gheorghiev, prof. A, Haimovied, (4) {AQIG' F}: Fez }’
prof. D. Iesan (redaclor responsabil), prol. C. Ignat, conf, "I'. Jucan, | is a base ol neighborhoods of A for the topology O.
prof. R. Miron, conl. T. Precupanu, lecior C. Croitoru. loctor V. Popescu d Assul?;‘mg R of Q(Q) = said to bea quasi-cx—fing of sets of Q (see Hay-
P on [8]) iff for S disjoint sequence (Ap),ey in @ there cxists an infinite
lector C. Zilinescu subset M of N with U A,€®@ (N = {0,1,...} and N' = N\ {0}
Seeretari de redactie — lector C. Croitoru, lector V. Popescu ey
lector . Zitlineseu : Let X be a Hausdorff locally convex topological vector space, < ils to-
a . s s v
Tehnoredactor — valeria Dumistricel [ po ;EYU I_Id @ a b_ase of a_bsolutely convex closed neighborhoods of the origin
in X. Using notations as in [3], <#(X) is the family of all nonempty subsets

O — - A of X and €(X) the family of closed sets of X, respectively.

A denotes the closure of A in X. If we defi ! - .
“o, on of(X) by efine the equivalence relation

(1) APBHE-——E,
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then the factorization of the semigroup {4 {N). =) by g, where + is the usual
addition in X. may be idenlified with (6(X), +). where the addition + s
defined by

(2) A4 =0 F B

Il ¢4 is the invariant uniformity on X compatibic with = then unilor-
mity @ on <(X) delined by the following base of vicinities.

U = (A, Bec(X) « A(X): A= B » Ui, Bed 4+ U, Uew,

is said Lo be the exponeniial cxlension of U Lo A(X).

The Lopotogy on £(X) induced by ¢ will be denoted by =

Using the cquivalence relation (1) we may identify (<{(N}) 3)/z with
(2(X), 7) and (€(X). ¢iy with the separaled uniform space associuted with
(cH(X). ).

If X is melrizable, then (X)), 26y becomes a semi-melrizable space
for the Hausdorll distance between sels. IE in addition, N is complete then

so is €(X). 10 (X, @) is a complete uniform space then so is (€(XN), @y,

I (Eney is A sequence in ¢f(X) we say thal the series X I, is -
: -

" .
convergenl if the sequence S, .Y E,;, w-converges in cd(X) and we write
kool
(=) T E,. We also denote by'Y a finite sum or n series with respect Lo -
nol

It is easy to sec Lhat (€(X), | ;72%) is = Hausdorlf uniferm commu-
tative serhigroup with the unit {0}. Farthermore the semigrottp @(X) has the
important property that the jaw of canceliation. :

(3) Y Ao

holds in il. e SE o

According lo a result of Weber [15] there exists a family 72 = {p}
of semi-invariant pseudo-metrics, taking values in [0, 1} which generates
{he uniformity (. We recall that the pseudo-metric p is semi-invariant if.:

B+ (= A= B for every A, B, C=€(X), _.

h) pd + C B+ € <plA By :
for every A. B, C=€(X). H peP is an arbitrary pseudo-metric we. denole by
)] 14l =-pl4, 0).

where O represents the set {0} from a(N). o

Since every p is semi-invariant, it is casy to verily the folowing proper-
tieS: . : i S
)] |4 + Bl < |Al; + | Bl for every ‘Be@(X); - !

(7) AL B> 1], — Bl for every A, Be@(X);

T

if
L)

93

NYKODYM TYPE TIHECREMS

pid  BEC AR ROz A=A p(4, A)=2|B|;—
¢l —1C', fur every A, B, €, A n, Cel(X).

I

(8)

In the following we shull consider the correspondences from a ring @
of subsels of Q to the loeslly convex space X, that is sct funclions from @
to c(X) or (X))

Definition 1.1. A correspondence from @ to X ts said lo be:

) additive (respectively subadditive) it '

(V) u (AU B) = (vespectively <) u(A) +Lu(B).
for every A, Be® such that A7 B=4.
1) g-uddilive (respectively o subadditivey iff

(10) A A —(resp. =) BI'E_u(4n),

for every disjoinl sequence (An)ien in @ with U A,e®@.
nEN

Definition 1.2 1) A family (porier of correspondences from R lo X is
said to be uniformly cxhausting iff for every disjoint sequence (An)nex in 2,
ul 4,)—0 us n—oo, uniformly with respect to i=l.

11) In particular, if the family fuy; isT}={u} (it consists of a single
correspondence p) we say that g is exhausfing.

Definition 1.3. A correspondence p from ® to X is said to be a multi-

measure il
1) w(®)=0, where O denotes the sel {0} in €(X), and
1) o is additive.
Let u be a multimeasure on 2. Put

(11) (A) = sup {|u(An B)|,; BE®R},

for every A €@, This function ,I @ — R.is called the p-semi-variation of y.
ILis easy tosee thatl pis a bounded exhausting submeasure on @ in the Drew-
nowski sense (see [1]).
§ 2. Theorem of Brooks-Jewett. In this section we establish for multi-
measures a version of Drewnowski-type (see {2]) for Brooks-Jewell theorem.
Theorem of Brooks-Jewett. Lel R be a quasi-c-ring of suhsels of Q and

let (8(X), + ; W) with the above signification. If (wa)aey is a sequence of exhaus-
ting muliimeasures from @ fo N such that 1im ualA) = ug{A) for every A =R,

H— L
then the sel {u,; nE N} s uniformly exhausting.

Proof. We reason by conlradiction. Assume therefore there exists a
sequence (wa)s ey of exhiusting multimeasures su h that for every A €2 there
exists the limit.

lim pa(A) = wolA)

n—+ o
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but the set (wajnene is not uniformly exhausling. Then there exist a pseudo-
metric peP (P is the family of pscudo-metrics which generates the unifor-
mity d on C(X)), an € >0 and a disjoint sequence (Ay)qey in @ such thal

paldn) 2 & for cvery neN |

Since @ is a quasi-g-ring of sets of ), @ satisfies the Subscquential
Intcrpolation Property (se¢ F. J.Frenichi [6]) and Lthea taking into
account that i, is a submeasure in Drewnowski sense Lhere exists B,€ @ and
an infinite subset N, of N such that

ol Bo) = —,

12
A, By, for every n€N, and AN B, =@ for n €N\ N, Indeed, to see that
it is sufficient to apply the arguments used in the proof of lemma 3 of {6],
considering a partition (E);ex of N with infinite subsets of N. Inductively, we
can construct a decreasing sequence (B)),ey in @, a sequence (Nex of in-
finite subsets of N and a sequence (1n));ex of natural numbers such that n,=0,
ny;eN,_ . n;is strictly smaller than the first element of N; and N;c N, (N, =

—=N), BjnA,=g it neN\N, and 4,= B, i neN;, s.n,,j(!3;)< < and
12

|m

Z_ p([—'-nj(".inr)l ELD(AM)) < _1:::?

<)
Let us denotc by
R[B,)={An B,; Ae®}.

It is easy Lo sce Lthat ®@[B,] is a Boolean algcbra conlained in @. Since
the sequences {(B,),exy and (A,);ex belong to @[B,]. using Theorem 4 of [6]
we can find an infinite subset A of N and an element A < @ |B,} such that
for every heM, A=A, u{U{d,: 1M, f<kHu(AN(uld,; i) i B
where (AN U{d, ; t=M, i< k)< B,. Taking inlo account thal wu, and w,
are additive sel funetions, from (8) we obtain

plua(A), po(A)) >~ -é L. =2

for every k<M. which contradicts the pointwise convergence of the sequ-
ence {J,)sene-

§ 3. The equivalence betwecn Brooks-Jewett, Vitali-Hahn-Saks and
Nikodym theorems for multimeasures. In this section we shall point oul the
relationship belween Brooks- Jewetd, Vitali-Hahn-Saks and Nikodym theorems
for exhausting multimeasures [rom a quasi-g-ring & of sets ol Q to a locally
convex space X. In the proof we shall use some ideas from {2}.

First we recall that a topology T on a ring @ of scts of Q is a Fréchet-
Nikodym topology (abbreviated an (F-N)-topology) if (R, @) s a lopological
group under I' and Lhe operation of intersection (., B) — An B is uniformly
continuous on (R, @; 1.
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lach (I'-N)-lopelogy s associaled with a family of submeasures and
converselv, given a family (7 i =l) of submeasures on ®, {he 2; are quasi-

norms on the group (@. @) and therefore determine a unique topology I

compatible with its group structure: " is ebviously an (I*-N)-topology.
11 is an (I-N)-topology on . then we say that. T is order-confinuous

if for evepy decreasing sequence (A)wey in @ such that (1) A, =4, then
"nEN

A, — ¢F (with respeet to 1) (in particular. this is the case for the order
topology on D).

We say that U is cxheusting if for every disjoint sequence (Ansex 10 2,
A, — & (with vespect to I).

If -+ is a multimeasure. we denote by Ty the (F-N)-topology induced
by u. that is the (F-N)-topology determined by the Fréchet Nikodym ecart
(A, B—u (4 AB). We say that the multimeasure u is order-continuous iff
I'y is order-conlinuous.

1t is evident the meaning of family {un,: &N} uniformly order-conti-
nueus.

Now let us show that the following statements are equivalent :

(N} (Nikodym theorem). Lel @ be a quasi-g-ring of subsels of  and

(@(X), +; Ly as above. If (ua)uexs is wsequence of exhausting mullimeasures
jrom R fo X such that lim uy(A) =po(A) for every A e® and w, is order con-

R an

tinuous for every n < N", then the set {up; NEN} s uniformly order-continuous.
(B J) (Brooks-Jewett theorem). Lel ® be a quasi-o-ring of subsels of

Q and lel (€(X),+ ; -‘f{) as ubove. IT (La)aene i @ Scquence of exhausting mulli-
measures from ® fo X such that lim () =uo(A), for every Ae@®@, then the

sel {u,; n €N} is uniformly exhausting.

(V I 8) (YVitali-Hahn-Saks theorem). Lef R be a quasi-g-ring of sub-
sels of Q, (B(X), + 5 () as above and let I be an (F-N)-topology on R.I] (za)uexe
is a sequence of cxhausting mullimeasures from ® to X such that lim an(A) =po(A)

for cvery A=R, and Y, is T-confinuons for every ne& N°, then the set {ua;
neNY is equi-U-continuous.

Prooj. (N)=>(BJ). Let (uy)neye be a sequence of exhausting multimea-
sures from @ to X such that im p,(4) =u.(4), for every A€®, and (A)rex

4 disjoint sequence in &. Let pe®P. We define the [ollowing equivalence
refation on €(X).

() E~F o p(E, F)=0.

If we denote by &' =@(X)/~ the space of all equivalence classes, it
is easy to see that @’ is a semigroup, the function p’: €' — R4 defined by

p(IEL [FD = p(E, F}, for every [E] [Fleé’,

is a semi-invariant metric on €', and the cononical projection w: (€(X),
p) — (€', p’) is continuous.
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Let (a, ;;) be the complelion of the metric space (@7, ph Extending
the addition to (é, 1’;) in a natural way, the space (é. ;;) becomes a llausdorff
complete uniform semigroup.

Let A, =mou, [or every neN'. We observe thut 2, 15 @n exhausling
additive set function from @ to ¢ and lim Yol

RIS

Using Lema 2.2 of [10] there exists a subsequence (g Jmey of (A)yex
a quasi-g-ring & containing (A Yucx and conlained in e, the s-algebra ge-
m

7.0(4) for every A€ el

nerated by (A ey, and a sequence (va)wgye of c-additive @-valued functions
on of with the following propertlics :

a). for every neN", v,(4) =R (), (NAEeRnel;

b) if (A)aeN" is pointwise convergent on @ then (v} 1s pointwise
convergent on &

¢) the restriction of v, to & is exhausting.

Now, using Corollary 2.3 of [11] it follows that each v,| 5 is order con-
tinuous. Since & is a uasi-g-ring. § has the Subsequential Interpolation
Property (sce Erenichi {6]) and then, by virtue of hypothesis (N). the set
{wnls s nSN"} is uniformly order continuous. Using again that & is a (uasi-
g-ring we obtain a subsequence (.-lkmj)je,,- of (A, ) such that U Akmje' &.

JEN
Let E’= U Akm"
(3]
decreasing sequenjce in & such that N E;= and EJ:A*',., U Ej Thus

=1

for every j=N. It is easy to sece that (Ej)jey is a

we have
| (As, )l € 1alB b & DBl

where the sccond side of the last inequality tends to O uniformly in neN".
But then Do{d; )ip — 0 uniformiy in 1 €N and hence [2(Ag) | p—0 uniform-

ly in ne N. From the evident equality | A(AR)lp=Im e ol Ap) p =1 [pnlAx) il =
= |ua(Ag)p we oblain that Tu{Ay,— 0 uniformly in neN" which invol-
ves 1ihat the the set {u.; nEN}is uniformly exhousling. Since po is also
exhausting we see that {ps; neN} is uniformly exhausting.

(BJ) — (VIIS). Let {ua)nen be a sequence of exhausting mullimeasures
from @ to X such that lim p{(4) = pe(4) for all A =@ and ., is [-continuous
for every n €N". g

According to (BJ) the set {u.; 1 e N*} is uniformly exhausting. Using
now lemma 2.4 from [10] which says: If @ is a Boolean ring, S a uniform
semigroup and M a non-cmply uniformly exhausting set of additive set func-
tions trom @ to S. then for every neighborhood V of 0 in S, there exisl a fi-
nite subset K of M and a neighborhood W of O in S such that p(A)e V for
all p €M whenever A =@ and fu(B3n 4); Be® and peK}c W, we see that
the set {u,; n €N} is unilirmly [“continuous.

(VHS) = (N). Let (wa)nex be a sequence of exhausting multimensures
from @ to X such that lim (1) = nq(a) for every Ae® and g, is order

n—r o

continuous for every n&N.
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~1

I ot us show (hal every q, is g-additive. bet pe? and (Aiex dis-

(&

joint sequence in @ with U ,e®. Let A U .. We remark that

EEN At

"

A (AN U AU A
(2] a1

. : .
and B, =4~ ) A, is a decreasing sequence in R with M Bu- &
Pl : . y mEN

We have then

Ll

plutd). B 2 (AN I By, Tor adl 1&N

and since lim ‘w{B,) ,=0 we obtamn that u, is g-additive.

M e

We observe that if (1)), ¢y Is a decreasing sequence in @ such that (A=
3
=g then u(.4;nB) =0 uniformly in Be®@. '
Indeed. if pe7?. since '

.,L,;(:h i B);.< ':In(l. "1 B< 51,,(.‘1{5'.

by virtue of Theorem 2.2 of [11] we obtain thal &, Is order continwous which
assures the above property of ().

Let 1% be the supremum of all order-continuous, exhausting (I*-N)-to-
pologies on 2.

It is clear Lhat [y is also order continuous. exhausting and an (F-N)-
topology [1]. By virtue of the above consideralions, for every n e N, the lo-
pology I, is order continuous. Since I, 1s also exhausting it follows that
I', is weaker than T, Henee w, is 1" ,-conlinuous.

According lo the hypothesis (VHS) the set juy; neNt is equi-Te-
conlinuous and therefore uniformiy order continuous.
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{JBER DIE EIGENSCHAFTEN DES RAUMES Py(F. fF)
VON

KERIM KOCA und CLAUGDIO WITHALM

‘ If Einleitung. Es scien D und D, cinfach zusammenhingende Gebiete
in C mlt_DCC_D[.. (d. h. Dc D, D ist relativ kompakt in I,.). Man weifl, daB
in der Theorie der pseudoholomorphen Funktionen, der in D,=C erklarte
Erzeugendenvektor E:=(F. G) den Vorausselzungen

i)y A Im(FEG)>0; i) v EeH} x Hb,
€D, €N,
geniigt, wobei H},, den Raum der hilderstetig 1-mal differenzierbaren Funk-
tionen bezeichnet. Die Menge der Erzeugendenvektoren wird aligemein mit
Ep, abgekirzt. Es sei Q,, der Raum iiber ¥ der in De <D, reellen Vektor-
funktionen w:=(}) =H} x H}. Wir nennen dann w=E. weEQ), in D eine
E-pseudoholomorphe Funktion 1. Art, wenn fiir 2=x+iy, z,=Ty+iy, =D

4] Z.:IED i =-d—r;:lf-)(;0)v_ =lil}1[E(z)‘.(_.°E{_-(:°)] .

Z—<g

existiert. Wir bezeichnen mit P ,(E) den Raum ilber R der in Dec D, erk-
larten E-pseudoholomorphen Funktionen 1. Art. Man sieht leicht ein, dafj
fiir den Spezialfall A :=(1, i)€Ep, die Funklion A. o holomorph ist. Wir
werden daher zweckmiBig den Raum Pp(A) als die Menge aller in
D holomorphen Funktionen hezeichnen. () in (1} heilit die komplexe Ab-
leitung modulo E oder die komplexe E-Ableitung von w an der Stelle z,, Wenn
we Py (A) ist,.so ist

d,qlﬂ/dz =li)=w,,.

Nach L. Bers [2] nennt man die durch E =(F, G) erklarten Funktionen

2 ag: = —(FG;—F.G)[A, by :=(FGi—F;G)/A,
Ap:=—(FG,—F,G)|, Bg:=(FG,—F.G)[A
die charakterischen Koeffizienten mod. E, wobei A: —FG— FG ist.

"Es seien E,, E,€Ep, dann nennt man E, Nachfolger von E, und E,
Vorganger von E,, wenn dic Relation az, =ag,, bg,=— By, gilt.



