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A NOTE ON COMPLLEN SUBMANIFOLDS OF CERTAIN
NON-KAEILEDR MANIFOLDS
BY

JAL SIRRREA

& 6. Introduction. This paper completes the work of M. Kimura [3]
about complex submanifolds ol corlain nou-Kaehler manifolds.

E. Calabiand B. Eckmann [3] proved that the product of two
odd-dimensional spheres earries o non-Kaehler Hermilian structure, and Al
Morimaoto |7} generalized this situation lo the product of two Sasakian
manifolds.

In §1. Lhe Hermitian siructure of the manifolds similar to the Calabi-Eck-
sannn manifolds is studied. In §2, complex submanifolds immersed in such
manitolts are considercd and we prove that they are totally geodesies and
iscally o product of two minimal Sasakian submauifolds.

& 1. Preliminaries. Lel (M, o, & », g) be a {2n +1)-dimensional Susakian
manifoid. The structure lensers verify [1}

o' =—1+q®E, 9&=0. nop=0, 7(§)=1,
gloX. o¥) =g(X. ¥)=5(X)n(¥), %(X)=g(X. E).
A0, di(X, V) =g(X, o).
it is easy to prove that the vector field £is a Killing vector ficld on A,
b, g0, where £ denotes the Lie differentiation.
(ot N be an invariant submanifold of M, that is, for all X <Z8(N),
eX & #(N). It is well known the following
Lemma 1.1 ([6]). For dll X, Y&U(N), BieX. 7 Yy=—D{X Yyuwlere B
denotes the second fundamental form of the submanijoid. Furthermore, Noby piti-
mal.
Now let (M, o B %o gi)s 17212, be Lwo (2n;4-1)-dimensional Sasakian
manifolds and let 3 dencte ithe Riemannian product manifold M, X A, with
the prodact metrie g. The (1,1)-tensor J given by

{(1.1) J(NL XN =§'_s».-‘£1--'4=(x2)21. Csz:‘}"'m(_xl)Z:)-

i"nr ail (N, Nu) = 56(;\?), defines a complex structure on AL Tn [aet, (AL, J, gf)
is u non-Kachler Hermitian manifold {7}, and by consequence, the following
relalion holds (4]
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(1.2) (J. J](N. ¥Vy=0. VX, Y e (),

Clearly. the Calabi-Eckmann manifeld S270 - 85200 s &n example ul

this situation.

Let £, ==(%,. O E,=(0. £,) be two vector fields on 3 Remark that J2, =5
Furlliermore, since £, € &) i -1, 2, are Willing veetor fickds. b is easy
to prove the following

Lemma 1.2, £, and &, are Killing vecler Jields o M.

§2. Complex submanifolds of certain non-Kuehler manifolds. f.et N be a
9n-dimensional complex submanifold of 3. Then, using (1.2), (N, .) is ngain
an Hermitizn manifold such as 3. and M. Kimura proves {51} Nisa
minimal submanifold of M ; ii) the veclor fields 2, and £, are neeessarily lon-
gent to N.

Example. Let PC" be the complex projective space with homogencous
coordinates (Zo..., Z,). and consider the natural [ibration §3%+H1 0 S50 PO
% PC*. Let M be the complex hypersurface of PCr e PCY defined by the equ-

"
ation ¥z =0, and N be the torus buudle over M such that the foliowing

=0
diagram is commutative

N o8t St

! l
A —— P PCP

Then, N is a complex hypersurface of SPFxc S,

Let ;“ and -};2 denote Lhe covariant forms of £; and £, respectively, i.e., for
all Xe&W), 54X) =g(Z. X).

Sinee M, and M, are Sasakian manifolds, we have

Lemma 2.1, For all tangent vector fields N. Y e U(N) the fullowing rela-
fions hold

) AR IY) =did X V) i 12 i dRE, Nt 2

Furlhermore. sinee N is a Hermitian manifold. using (1.2). one can prove
that £z J=0. i-=1.2 and we get

=
-

Lemmma 2.2 £, and £, are analytic vector fields on N.

Now. let {2, 3 Nooow Xy} be a J-basis of A(N). Nole that (d74% 11,2,
vanishes on N by Lemma 2.1, On the other hand, the 1-forms «; are of maximal
degree on M, and considered as 1-forms extended to the product manifeld
they verify #, /g2 2 (dg)® 5 (dige) 0. Hencee, there existsr,eZ.orign; i=1.2,
such that (d7)#0, (d7)r ' =0 and 7, / 52 (dg)" /. (d%.)": 50 with r 4.+
+1=n.

By consequence, using Lemmas 1.1 and 2.2, we conclude that N is an
Hermitian bicontact manifold [2]; and. using Theorem 4.4 in [2] and Lemma
2.1, N is locally the product of two Sasakian manifolds N, and. N, of dimen-
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wons 2r, -1 and 2r. 1 respeetively. Such wanifolds are. in fact. maximal
itegrat submanifolds of the distributions

D, N BN =0, 1T, =0} ie=102

where o« denotes the inper preduct operalor.
The normal contact metric structure (. 2. 4. ) on Ny s given by

Ji ""ri"lr':';.:(i)—':i- ‘5:5—- =T =0

i

2nd ene can compute (hat for all XN e0(N. N =(0. 9.X.) =0(N.). Hence,
{his structure ou N, coinvides wilh thatl induced from Al as submanifold,
and clearly N, is an invariant submanifold of the Sasakian manifold M. ; then,
nsing Temma 1.1, N, is minimal.

Analogousty, N, is & minimal Sasakian submanifold of AL,

FHence, we have

Theorem 2.3, Lel M =M, > M, be lhe Riemannian praduct of fwo Sasakian
manijolds with the almost complex strucliure T defined in (1.1} and let N be «
complex submanjold of M. Then N is locally the product Ny X Na. where Nai=l,
o s o minimal Sesalian submanifold of M.

Corollary 2.4. Lvery complex subman ifold of a Calabi-Eckmann manifold
Gret e 52 iy focally the product of two minimal Sasakion submanifolds, otic
ant each  sphere.

Now, using Theorem 2.3, Jot N=(X,, Xy "=(Y,. Y.) €G(N). Using
Gauss formuta. it is easy to prove that

(2.1 BR. V) =(B(N,. Yo) - Ba(Naw Vo),

where 13; denotes the second fundamental form of the submanilold Ny Clearly
we have the [ollowing

Proposition 2.5, The complex submanijold N is lofally yeodesic if and only
il N, and N, are flolally geodesic.

On the other hand, using (1.1). (2.1) and Lemma 1.1, the following re-
tations hold:

(2.2) BUX. TV =B ¥). BN, ) - JB(X. V),

for all X. YeZ&(N). and we have the next

Theorem 2.6, FLel A == M, M, be the Riemannian producl of two
Susalian manifolds wilh the almosl complex structure J defined in (1.1), and
let N be a complex submanifold of Al Then N is tolally geodesic.

Proof. It follows from (2.2).

Remark (hat N is necessarily minimal, which is the result of M. Ki-
mura [d]

Corollary 2.7. Every complex submaiifold of a Calabi-Eckmann manifold
is tofally geodesic.
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e L oprima (The Oy Press, 1079y =1 pina la prezenta (@ trejay ecitie a
acestel fucrari de relerinii, se poante urmari efortul auloruliui de a mentine la zi
informatin din domeniul serierii s publicarti lucrdrilor stiintifice, de a se mentine
ob instier in pas €1 neutafile tehnice care an invadat lumea editorilor si, desigur,
cu tot ceosen madificat gratic acesior noutati. Attorul propune schema IMRAD
(s rietion -Methads-Tesultenne-Niscussions) pentru alcatuirea oriciirei luerdri sti-
intifice care urmeaza A i propusa spre publicare sait sustinere orald si sc ocupid,
in canitale distinete, de desericrea fiecaruia cintre aceste segmente. O seric de 6
anendiveure sioun plosar de termoeni stiintifici incheic Juerarea. Noutatea cc tre-
Litie in mod special semnalata in acenasii orbitie a cartii Jut B AL Dad este legatd
o positilitatile peocare clectronica i lelinica computerelor le ofera — incepind
cu ultimii ani — in pregativea manuseriselor s in erearea tabelelor si ilustratiilor,
Sl oeartn esie interesant, onirenaat, eaptivant, iar prefitul pe care oamenii de
wiiinca Bloaun din Jecture saoeste apreciabil. Fra neveic de o astfel «e lucrarve si,
it acum ca existd, inoa treia editie adaugitd, pentra a fi de referinti celor
interesati.

Dan Stoica

. MILLATL [ AMILLAR, 1 MILLAR, M. MILLAR : Chambers Concise Dic-
innary of Seientists, Chambers Li Cambridge University, Cambridge, Edinburgh,
New York, New Roche'le, Melbourne, Sydnev, 1889, 161 p. £ 1493, US § 2995

Dictionarul prezinta biosrafiille a o mic de oameni de stiintd celebri, cu acu-
ritele 51 on bogate referinte hibliografice. Este o carte necesard studentilor i pro-
feanrilor, deet utila in orice bibliolecd.

Mirela Stefdnescu

DYLAN AL JONES, RUSSEL WINDER (Editors) : People and Computers IV,
BCS Workshap Series, Combridge University  Pross, Cambridge, New York, New
Lochotle, Melbourne, Svdney, 1988, VIIT 4 594 p. £ 43, $ 79.50

A d-n din soria conferinfelor sccuunii profilate pe interacjiunca om-caiculator
4 Seciotatii Britunice de Tehnrica de Caleul si-a desfasurat fucrarile intre 53—0 sept.
g la Universitatea din Manchester. in cadrul eforturilor de a prezenta starea
curentd in acest domeniu re inserie si editaren acestei cirtl in care cele 31 de
nerari prerentale sint gruosate dupa  domeniile majore de interes identificate :
1) aspecte ale projectind JUmpnrii, 2) metode, indtrumente si procese in proiec-
Lurea sistemelor interactive, 3) instrumente de implementare, 1) suportul sisteme-
lor, 3) activitatea de intrarc/iesire, 6) proiectarca dialogutui, 7 aspecte de inteli-
conii ariificiali. Din problematica abordata spicuim : struclurarca cunostintelor (1),
medele abstracte (1) si caleulatorii (6) ale sistemelor interactive, modele predic-
tive ale utilizatorului (1), validarea specificatiilor (2}, Wstiluri* de interfete (2, 1)




