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ON A CLASS OF P-VALENT ANALYTIC FUNCTIONS WITH
NEGATIVE COEFFICIENTS
BY

S M. SARANGT, M. R. KRISIHNA MURTHY

1. Entroduetion. An anaiviic function jis said to be svbordinated to
an enalytic Tunclion g (denoted [ <g) if there exisls an anzlytic [unction ®
with @ () = 0, [®(z)]| <1 for 2l <1 such that f(z) = g[®{(z)] in [1]. Let

Q,(A. 13) denote the class of functions f(z) =% — X |tpipla"7(a; > 0) that are
71

p-valent and unalytic in the unit disk E={z: |z| <1} and satisfy the subordi-
nation
) apz~y =1+ A1) w here—-1g A< B

Let Thze) be a class of functions [(z) that salisly ['(zo) =pz {0z < 1)
For given .1, B and z, fixed. Jel R4, B, ) =0,{A. B)}n Tp(ze)-

In this paper we obtain a few sharp results concerning coefficient inc-
gualities, distortion theorem and radius of convexity for the clws Ryf4, B,
z.). Further we show that the class R (.1, B, z,) is closed under urithmetic
mean and convex linear combinalions.

The techniques adopted are of H. Silverman {3).

2. Cocificient incyualities,

Fhearem 1. A funchion [(:):af,z’“~}f o2 (ay>0) s in (A, B)
1

if und only if -
; , p(B—A)a
i1} n-+ Apipl S [ 4 Sl e o)
21( P atpi 13 B

Proof. Suppose (1} holds. Ther
()27t = payi— | Bf (2= — Apa,! <0,
provided

¥ —(n 4 pYligey| i — A B—A) pa,—BXZ (n 4 p}taspiz'i <0
ne= n=1

For 2! =r<1 the left side of {he above inequality is bounded ubove by

5ty 1A p)+ BE (Gl (4P — (B=—4) D
ELS 1

= B gt EpI1 L opt—{D—~A)ap

nel
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-’L laysy,i ()14 B) - (B—~A)a, ps0.

=

Henece f&0Q,[A, B]. Conversely. suppose that

5,(—:,) —pi, : ' )31 (4 p)|tpep 2 |
!E{,"‘_‘(;— - AP“;! —I;(B—A)pa —5‘: Bin 4 p)| @y, 2"  <hisE
| =« P 1) 5
Since Re zg|z] for all z, we have
(2) Re[él{n +p) ey 2" (B —A)pa,— E B(n-+p) @y 7] <1.

Choose values of z on the real axis so that f/(z)/z*77 is’ real. Upon clearing the
denominator of (2) and letting z — 1 through real values we get

= pPUB - Aa,
n4 g /2t
L, p) [y | < T

*

Fheorem 2. A funclion f{z) —u, _,L [ty Y (4, >0), fEeT,(zy) isin

R(A, B. z,) if and only i

“n - pll-- B
[ - _zﬁlwh-i-p!Sl.

B—A
Pronf. Since [ =1=u,— i z -i—.p Ipapl2y"
pi? a1 P ‘
the result follows by substituting
(3) =1+ E_, |c1n+pi23

ne=l
in the statement of theorem 1.
Corollary. If f(2)= R, (A, B, 2,) then
p(3—4)
n+p{(+-B)—(HB—. nay
with equality for the funcltions of the form
) = (n+p) 1+ B) 2 —p(B—A)z"*
(+p) (14 B) —(B—A)

[p] €

3. Distortion theorcm.
Theorem 3. 1f f(z]:apz”——zj tatpe™t® is in Ry(A. 13 1)
nel

then
(4) @< {(14+p) (14 By = (B—A4),3 [(14-pi(1 -+ B) 4-rp( B — A} ]

he
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witdd
{d) I7'@) 1€ pre (14 B) —(B— 4)z] P (14 B)+r(B—A)}.

Prooj : From lheorem 2, we have

S e, < p(B=4) {(1-4+p) {1 +B=(B—A)z]}
=1
and

S (n-p) syl p(B—A) 11+ B)~(B—A)z].

ne=l

Further we have from (3)

IR = L lﬂn+p1='6=é(1+B)/[(1+B)—(B-A)zu]-

ne=l

Therefore,

.
(< G+ E (s

<rP{(1-F B+ B) —(B— Az +rp (B—A)[(1+p)[(1+B) —(B— )z}
That is,
1)< {1+ D) (14 B)—(B— 2] [(14+:p)(1 + By +1p(B—A))-
Hence, (4) follows. Further,
1@< pay” i+ E @+p)laets -

Also [rom theorem 2, we have

S (1 4-p)|aatyl < p(B—A)/[(1+4: B)— (B—A)z] and hence (5) follows.

K=l

The bounds are sharp since the equalities are attained for the function
R )ﬂ[(1+p)(1+BJ”’ —p(B— A)Z‘”’]/{(l +p) (14 By~ (B—A)x]}-
lladlus of eonvexity. Lel f(z) =a,2® ——5..‘ |a »|7**? be analytic and p-va-

lent in E={z: |z} <1}. Then f(z) is said to be p \alenlly convex if and only
il Re(142/"(z )/f( 2)) >0 for z€E.
Theorem 4. If f(z) € Ry (A, 1B, o) then jlz) is p-valently convex in the

disk
z] < R, —inf {(1+ B)p/((n +p)(B— A}
Proof. It is sufficient to show that
114z () =) —pl<p for jz{<R,.
Now.

142/ @If @ —PI< z n(n + p)lasyl 2"/ (pas— T @+ p)|utpizt*]:
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Therefore.

[T4-=f"{(=){](2) —pl<<p i
§' n =4 p)ldasy = "<p[[)+ (n "'P)lan 'pru— 5 (” + P).a!t"‘pilz ”]
n=l

and

o gl e

From Theorem 2, we have
2on %‘P( 1+:H
wal P B—-A
Hence, (6) will be true if
w Iin n = 1 1 B ) ,
E [( +p] 2" — +p .,n] Ian'l"p < Z +p( + - :3) ﬂrl-'-'pi
=1

n= n=1 *‘l

e :3) }dn-}.pih{_ 1.

or
@D (@4p) Pz — (PP <@ )1+ BY[p (B—)] =0 +p)p .
Solving (7) for !z] we get

2| <41+ B[+ p)B—AP (n=1. 2.3 )

and hence the result follows.

3. Closure theor ems.

Theorem 5. If [(z) = auzF — B [, and g{z) = L by, 279F
n=1

are in R{A. B, 2} then h(z) =c;z —1/"L (l@gap| + bpsp )32, -pz(ap—%-b,,)/
is also in R, (4, B, z4)-
Proof. Since f(z) and g(z) are in R,(4, B, z,) we have.

(8) % (n+p){1+B—(B—A) 2] lay;/<p (B—4).
n =1

and

(9) T (n+p {1+ B—(B—-A)) b, <p (B=4)

n=1

From (8) and (9) we gel

Z(n+p)llr8 (B Aty +1basy 1<p (B—4)

n=1
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which implies that A =R (A, B ).
Theorem 6. [} f,() =27
fopl5) =1+ By = B—(B— A)z3] " —(B— Ap=7{(n +p) [14
— B—{(B—A)a]}
(n =1. 2. 3..0Mhen fiz) & B4 B 5o if and only if if can be cxpressed in the form
112) ir Dl p(5 WhETE Yoy 0 and"; Prsp=1

Proof. Let J(2) = X haspfnis{z) where 2,420 and I 2, ,=1.
3]

1953 s

Then
& (1 Bk, “' P (B— A)yhy ptd
e S o, P PV
1B —(B—-A)z ZimEp)[14+B— (B—A)z3)
Note that

)‘n(:n),-'(l):op M= 20)\»+p A (:ﬂ)!f(pzﬂ p—;) 1;

we also have

Z‘ , __ pB-4) (n+p)[1+B—(B-A)3] _
S (nap) 1+ B—(B—-A)5 p(B—1)

(K ]

= )\-n'?'p—l"-’\p‘(l

n=]

Il!once. from theorem 2, /() € Ry(.A, B. z,). Conversely, let f(z) e R, (4, B, =)
Then

Guip €p(B—)[{(n+p)[1+ B (B—A)z]}-
We may set
Mo =(AEPY 1+ B (B—A)R] [p(B—A [awip] (1=1, 2, 3...)

=

and ,=1— I 2,4, Then on account ol (3)

no- b

1) = T hutolaey(2).

Remark. Putting p=1. and taking A= 22— 1, =fi=1, where
za=1in the above theorems, we get the rosulls obtained b} the same aut-
hors in [2].

The authors arc greatful for the suggesiions of the referee.
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\ POSTSCRIPT TO .G-BINARY RELATIONS AND PAIRWISE
NORMALITY" '

BY

ANGEL GUTIERREZ and SALVADOR ROMAGUERA

We shall use the notation and terminology of [1]. Throughout this
note. when we are concerned to T, and T;for a bitopological space (X, T,. T2,
we suppose i#j and i, j=1, 2. :

In a recent paper [1. theerem 2] we prove an insertion and extension
lheorem for pairwise normal spaces. From this theorem we derive, among
ather results. the following [1. corollary 2.2]: Let € be a Ty-closed and T,
closed sel in the pairwise normal space (X, T, T,). Let & ho a upper (lower)
pound 'd function on € Tl s.c. and Tpus.c. on C. Then there is a real-
valued function h on N Tibse. and Tpus.c. an X such thal W2 =Dd(x)
for every re(.

Unfortunalelyv. this result is nob correct as we prove in the nexl variant
of a Lanc’s example.

Erample. Lel X be the set of real numbers. Lot T, be the discrete lopo-
logy on X and let T, consist of the veid set and complements of countable
sets. (X, T, T, is a pairwise normal space. Let C be the set of all negative
integer numbers and fel the function @ on € defined by ®(x) —z for every
re . We have that € and ® verify the hypothesis of {1, corellary 2.2] but
® does not admit an extension T-1.s.c. and Trus.c. to Nsince X is uncoun-
table.

In [2. proposition 11] Lane proves an extension theorem for T, and
7'-zero sets. By using a similar technique to that in Lane's resull we obtain
the following modification of corollary 2.2 in [1].

Theorem. Lel C be ¢ T-zero sel and Tclosed set in the pairwise normal
space (X, Ty, T.). Let & be a upper ({ower) bounded function on C, Tols.c.
and Tru.s.e. (Trls.e. and Tew.s.c) on C. Then there is a real-valued funclion
hon N Tels.e. and Truse ATLs.c. and Trues.c) on N such thal h(x) = @(x)
for coery v

Proof. Let @ be a upper bounded function on the Ti-zero set and Tj-
ciosed sel (.. Then € is Ti-closed and T-closed. By hypothesis, @ is Ty-1s.c.
and 7 -us.c. on €. Let =®/(14]{®[). By [2. thecorem 2.6] there exisls a
Tr-ls.c. and Tus.c. function F on X such that —1<F<l and F(x) ={x} for
every r&(C. Since d is upper bounded on C it is clear that there exists a con-

stant 21 satisfving —1<d(z)<e for every reC. Henee. 1< F(x)sa <l



