116 ANGCEL GUTIERREZ, SALVADOR ROMAGUERA ,_

for every reX. By following Lane's technique and his notation, we obtain
the function

F,—G
1— F]"—G!

which is Tels.c. and T,-us.c. on X and satisfies A(x) = @) for en f.'r}-”rEC.
If @ is a lower bounded function Tyls.c. and T,u.5.c00n lhc”!,—zcro
set and T,-closed sct C then — @ is upper bounded Til.5.c. ond Ty-us.c.
on C and the resullfollows from the ,upper bounded™ rase. The proof is com-
plete. _ .
The authors are grateful to the referee for his suggestions.
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SOLVABILITY RESULTS FOB (STRONGEY) SELTF-ACCRETIVE
MADS '
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MUV TURINICL

0. Introduction. I.ci Nind Y bhe B anach spaces. Y7 the (tupelogical)
dual of ¥ and 2V the cliss of all nonempty parts of i, Given the mapping
T X—=Y, call it strong’y accrelive module o : N—2"" or, simply, strongly
s-acerefive (B row der [3]) when for each o €N there exists ¥ S —x)
with

() ' T Tu, yhze| o~

(the eanstant ¢:~0 being independent of v and ©) and. respectively. locally
stronglyi o-acereiive (K irvk [15]) in ease (A} holds locally (modulo 1). These
rather technical variants of cecretivity were introduced in an effert of uni-
fving the theovies of maoneolone maps. corvesponding to Y ==N" aund (standard)
accrefive maps, corresponding lo Y =X, with respect to the hasic problem of
determining sulficient conditions under which 7' be surjeetive or, equivalently
(with a suitable translated map) the operator equation Ta = € be solvable
in N. As remarked by Kirk and Schinceherg [16]. the increasing
inierest in these problems is motivaied. among others, by the fundamental
role of accretivity in ihe ordinary diffevential equations theoryover Banach
spaces, and. in facl. many coniribulions in this avea such as those of Mar in
18] Kartsatos [14), Reieh [24], Deimling [8 or Morales
[19] are based on sich a cennection. In paratle] to these ciforts, an essentially
differant way of attacking the same preblem is the (metrical) maximaliiy
one. slarted by K irk fsee the above reference) and subsequently developed
by Ray [23). Park and Park[20. Kobayashi [17], and olhers.
Finally, as results from ihe papers by Galica and Kirk [I11] or Pe-
tryshyn [2i]. the topological degree fechnigues can be used as  well
to derive rather deep resulls of this kind.

Conceraing our developments, it the inoment Lo specily that the main sta-
tements of the presenl exposilion were oblained on the basis of the second cate-
gory of methods we just cnumerated. applicd to a special eluss of (strongly) ¢-ac-
cretive maps, characterized as (for some couple d: [0, 00)*— [0, 0). ¢ X221,

(SA) (Tx—"Tu, yizd| Te| jjo—uh I Te—Tu . with y" =gz, u).
introduced, in a .non-direstional” conlext (d{l. s) = dl, o(x, 1) =o(x))
by Browder inhis 1972 paper [8] and cailed in -the sequel (sirongly)
self-aceretive bacause the term [ fa— Tu] appears in both sides of the compa-
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rative relation (SA). The origin of Lhis notion {under its ,.directional” version)
must be sought in the fact that. in many resulls of this type, () is necessarily
coupled witha Lipsehitz condition of the form

(L) Tre—"Tn €b r—u . ¥ &N,

(the censtant #>0 being independent of x and u) m which case {SA) follows
al once with dif. s) =(c/b) s. ot U} —p(u—1). The plan of the paper is the
following. Tn §1. the non-directional case is discussed obtaining. in particular.
Browders main result in the reference we jusl guoted. In §2 the direc-
tional case is being considered where. as a conseq uence. a surjectivity theorem
comparable wilh that of Par k and Park (see the above relerence) is
oblained. Finally. in §3. u hybrid variant is introduced. allowing us to con-
nect our devices wilh Aliman’s conlributions in this area [1]. founded on
4 contraclor direction viewpoinl, O course. the main advantage ol these
techniques stems from Lhe possibility of handling many variants of (multi-
valued) mappings @, but. on the olher hand, such results depend on rather
hard structural hypotheses aboul the {duality map of the) couple (Y. Y

Some further considerations (with a practical finality) about these problems
will be discussed elsewhere.

1. Main results (non-directional case). Lel Y be a Banach space
Tu the following. we shail denote by .J {he (standard) duality map ol the couple
(Y. Y that is. the {muliivalued) map from Y lo 27 delined as

Jpy={g =¥ o | =y (U g Y=y - ¥ i ysy

(whose exislence is assured by the classical IHHahn-Banach theoremh
Tt immediately follows by definition thal J is the subdifferential of the (con-
tinuous) proper convex function

=2y 5oyel.

Also, (ef. Ciordnescu [7. Proposition 3.5, p. 45}, J is upper semicon-
finwous from the strong lopology of ¥ to the weak’ topology of Y7, that is
(in the univaleni case)

Y-y implies Ji =Ty

to give an alternative proof (patterned alter Bar bu and Precupanlu
|3, Theorem 2.8, p. 11]) det the sequences (y,) in Y and (y.) in ¥ be such
that y,—y and y,<sJ). ne N then. y° belonging to the sct ol weak'-
adhercice points of ¢y, (non cmpty. by The boundedness of this sequence)
one clearly hos

y" g hm osup |y =l sup Y. > ¥

[

and therefore. combining with

”

y- Wr=p ¥
(oblained from

gy e Y 1€t Wy 2 T KH- Ha Yy neEN,
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through a lim inl-process) the desired conclusion ¥ =J(y) follows at once.
Now. Y, being a closed parl of V. our objective is {o find conditlions invol-
ving (especially) the dualily map we jusl introduced in order that the null
element of Y should beleng 1o Y, (For a number of related resulis founded
on variable drops we refer lo [26]). To do this, we have ta introduce @ stron-
ger continuity property for J than the above one. Let Aindicate the (non-
symmetricy Hausdorff psenda-metric on 200 defined as

AL By=sup {dist (. B iyieAl A =2t

where dist (.. /3) means the usual f-distance function : for cach p=Y. =0,
put ) )

Mgy (y=sup AU, JE G hy—s It}

and call the above deéfined mapping J, inf-continuous at y. provided M({J ;5 )
(0+) =0 (where s+ means the limit from the right. at s). The problem of
characterizing the spaces Y in which this property be valid at each point
scems to be nol satisfactory solved until now. For a partial answer, let us
introduce the so-called property (P) for a Banach space X by ihe condi-
fions X is stricliv convex and

rp—r, | x, =& | mmply z,—r

(remark at this moment such a property does not necessarily imply X s
reflexive ; a counferexample for such an assertion has been given in Fan
and Glicksberg [10]). Now. in view of the above mentioned continuily
property for .J. the [ollowing resudt is inumediate (ef. alse Cioranescu
[7. Theorem 3.1, p. 121]).

Lemma 1. Asswme Y is reflerive and Y7 (also reflexive. as'is well kneirn)
has the properly (). Then. J is (univalent and) confinuous from Y fo Y with
respecl to the strong fopolagies on lhese spaces.

In particular, the /ocally uniformly conver case — hence the uniformly
conver case is cntering in such a scheme in view of Theorem 2.1, p. 61
in Cioranescu (see the ahove reference) ; we also mention Lhat. in the
Jast case, the underlving duality map J is even uniformly continuous on houn-
ded subscts of Y (for a dircct proof we refer to Theorem 212, p. 48, of the
above quoted BarbuPrecupanu work).

For the momenl, no conlinuity property for .J is required. Let Y, be
introduced as before. The first main result of the presenl paper is

‘Fheorem 1. .Assume =0 may be found so thal
() Yolo) ={peY,: (y/<el is nof emply
(1) for each z in (0. g there exist cl(z) =0, diz) =(0.1) such that. for each

yeYp) with |y 22 a point 2= Yo {y} and «a functional y* <J{y) may be
determined with

(1) gz gy > @) | y—z
{2) dist (g, J)<d(a) e(=).

Then, the null element of Y belongs lo Y.
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Proof. Assume by contradiction ey, and. pulting
we=inl {55 4= Yo

(of course. x>>0. as ¥, is closed). let efz) ={d{=). 1) be arbitrary fixed. Given
y = Ya(p) (where, in addition. |y | =« holds). there exist. in view of (i), z€ Y\
{y} and i =.J(y) Jor which (1)--{2) be fuifilled. the second of these relations
vielding a functionid =" <J(z) with |y 2 f<e(2) c(). Let ¢ Y—HR be
introduced under a previous convention. We have. by the definition of

& =],

W) — By - Y=y - Ty Ty e
_efa) o(2) | p—2 etz gz f=(1—e(a) e(x)  y—I

and, from this. ()=, henee 2= Yo(2). In other words. with respect to
the ordering € introduced on Yolz) by

a<p il and only of (1 -e(@)) cla)  u—0 < oy —p(0)

so clement can be maximal. cantradicting the main result in Brézis and
Browder [4]. This cnds the argument. q.e.d.
Concerning the key condition {ii). it would be desirable to write it as
a local one modulo - To do this, let a(y) denote the infimum of all distances
z—y | where z€Y, fytis lakm in such a wav that (1) helds for some
y e J(p ; then. a sullicient condition for (2) is, of course

(2') MG e(n ) € dla) o)

the corresponding form of (1} being
(1) {y—=2u- > 2 2y y—z . neN, for some sequence (z,) in Yo iyt
with | 7, —y |—a(y) and some sequence () =J{y)-

In particular. when (Y, ¥’} is taken as in Lemma I, retation (27 will
be elearly fulfilled with o(y)==0. in view of M(J: y) (04)=0; if, in addi-
tion, Yo—T(X). where T is a mapping from lhe Banach space X to Y,
this corresponding varianl ol our firsl main result extends Theorem 4 in
Browder [6] based on a Bisao pPhetps technique and having a
diveet connection with the nwrmal soly ability lheory as developed by
Pokhozhayev [22] Kaechuron skii [13], Downing and
Kirk [9]. Roescnholtz and oy 23], among others.

A slight generalization of Theorem 1 18 Lo be reached il we replace the
standard duality map J by the p-weight duality map T, intraduced as

Jap=rey o i=pliy . Ky gy =ie v b opeEY.

where p: [00 00)—{), 20) 15 an increasing continuous function wilh p(0) =0.

(=) ~oc. Also. it would be inleresting to extend these results to the metri-
zable focaliy convex case: however. the hardly dependence of these techni-
ques on the ambicnt normed strneture is o serious obstacle in deriving such
4 stalement. For a parlial answer in the paranormed framework we refer
tn [27].
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3. Mai irecti ;
2. Main results (divectional ecasey. The  solvabilily  heorems
solv: ; wrems  we o Jus|

exposed were aine ]

,m{u.-;,][_l \}\[(1[: ;]ilj(kl-lllll:'ld1-}”-“'“'”[[' any asstimplion sbhout directions @ this is

ualurglsine: P““il;.iu;lmﬁi.‘: (].]_: (i) involved the yange T(N)=-Y, rulher

Y hm.(‘ |,I“- :]\ ‘|;( llll(‘.('!lf:ll:ll vase. expressed by condilions ke

). we heg “,1 wark with (mullivalued) maps »: N2 und. in such
pllowing properties are to be tauken inte consideration )

(itl) oilh)=toh). { -0, heX
(Iv) olX) is dense in Y

(V) lim sup o) oo

where | A OW Tor e Gy .

lelt, part of (\;3(()-1:(-‘ hUt,],- In;,t-;_:)l; ;r‘]ef—)}”-"“ Is clear thal, denoting by 3 the
: s A=, é = (i view of (i ; T
w0y =-{0N. As an immediate (-nnquumu'(u tew ol (i) 3o that 7.e20 (henes

Dy =inf {| A Fa(hy|iz1hax

und moreover (again by (i)
o) | 200 implies |2z
The Tollowing lemma, e [ i .
. u a, exlending that in Park ’
in ellect for our developme R o o orLtlie il o
ents, e : + Lhe j J
ool i Let V)7 denote the boundary of the unit sphe-

Lemma 2. Under the above hypolheses.

(3) inl {dist (y". oth):  hizvi=0 y ey,
Proof. Asstune by contradiction thal
b disl (¢, elizw =0, h zv. l'g:l‘ some y =Y,
; Ul I

and let (2, oG Aaran e - .:
By (I(\) tli’ljo::f’(ii?ll:l(u}md‘"”3”'";;1:‘-5) sequence in (0. w) converging to zero
¥ 5 xists o sequence (k) in N 1 e BTN i)
v €0(l,). neN, and I b) I N and asequence () n Y7 with
(9) Y =l =g NEN,
In view of (4), this tells us
Iy <y, naN
0 . - o
n the other hand. (0} gives. by an clementary desice
yr: =1 p. It E\
that is
: ’P(hu) =1 e N = N,

Ty " . oo
+ by a previous inequality involving -
- 2 I

hy ev(l—g). neN.



MITIAL TURINICI
122
{wo informations aboul {h
i 2y e=(yf | oneN.
]\'" (‘:’ h,, ) h". Iy -—(:/ i II" ) y“

<. L * oW
) we gel [y | —+. Denote no

From these

e g(ka). e N, and also

~ E ! iy

o ___,b"__ g — € == Gl

) n I I h_. ] I:
3 h, | { (8“1 (1 _,_!__.".L)) - (}.
. .i ol i

I —- neN. Therefore, {3) 15 P oved. ¢.e.d.

We have 2,

But this contradicls () sinmt k..',.
1n particular. when o 18 aniv

(v Lothy Pl Al REN.
i ark a1k {sce the above re-
above e educes 1o that in Park and Pat ' -
t.hc abov ‘;)\i‘(‘tm:n?ﬂ(l:‘ :}:)lf\e:n {]m solvability problem for Ithe operatol cql;:\tvtiltt;:z
llﬂ-en:)c)-l&l Ltltlcnmt?lti\"llucd wap ¢ be taken arbitrary lor the n;::;:lﬁt
T ' : ‘ H M 8 ST i oy 5
1‘[ imposing it assumptions like (iii} —{(v)). Ouw :>u:0}1d _lﬂ'\ln\l’ Ut e
o “'l'[iu:orhn a._ \ssume there exist a nonemply parl Xy of Xowg:
hood Xo of Ny wi fies
iahborahood Xi of N wilh l'h‘c lPﬁm_mr o
neig (\,-9;) T(X,) is closed and (N5 (p) = T(No) () # D B ——
(Vi) for e S m.\:' C(a'i‘/(;;(tfga;i(gl(ﬂ‘lund it ‘funcrion al
( isfi Tris Tirection h—h{x) € X\l
reX, salisfies ag| TT .':.':'p. a 4
aj'Er;(h) may be found with -
(6) lim inf dist (4" J(T(x4thy)sdle) e(a),
[0
s e -.._‘(
{Tx— T{x+th. gy zela) i T T(x-+ih) =0, for each 1- 3
(7 sufficiently small (with x-+ihEX0).
T Tr -0 has af least a solulion in No. ) Hial g
l”w”.}’lrr‘(;ro," U-\;;]l?n':c by contradiction 0= E'(};U) a?)d lh.,LL f:(;-)l!l[;l(aj; _t,l')}; tl{t}ose
| (ol ¢ 3 . (vi), the first part). Leb elx), - 3
_ X ()} (of course. a>0. by (i), ol - o
'rdli((:at:zd(‘g;-' ((\'ii) and pick e(a) €(d(2). 1)- Giv Ln..y_-fll";exl(%i) Si)d(rl pere,
li[1 addilion, a< | Tes¢ holds) there exisl a dn'evcllon. ]"hlc e e
L[iloml y"E;p(h) such that (6)-4(7) be fulfilled. We have, by
. jim inf dist (¢ J('I‘(:l‘—';—!h)))<c(c¢) e(a)
1+ .
h - =0 there corresponds te(0, 7) with

dist (g, J(T(z-+HtN) <e(e) c(2).
=0 so small that 2, =x4theXg. By

and this tells us to eac

(8)
Of course, one may choose =
first part).

y—yo ¥ (@) LYY

(7) (the

where 5, =T(x) € T{X5).

alent and (v) is relaxed te !
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It v Yo It be intraduced as in the preceding section. As J &Y. one has
W) wydz Ky oo S edy).
hences in particudar, with 27 taken in accordance with (8).
W) o = Yoy T Ay e YD
{r'(q) =1, (1 etadpe() |y oy,

ela) el2) 4y,

As @oconsequence, Gl )<o(y) ore in olher words, g, ¥y <z giving
.= T(Xg) {2) H.\t:)‘(?J. by (vi). the second part: mercover, by (7) (the
second parl). y#y,. This tells us Uhat. wilh respeel Lo the yrdering < inlro-
dueed on TEN) (2} by the convention '

2w il and ondy iU (1 ey edz) 2w <2 i)

no clement of TNy} (2) can be maximal. in coniradiction lo the Bz is
Browder ordering principle we already quoied. This ends the argument,
g.e.d.
_ Concerning the key condition (vii), some remarks are in order, aboul
s component relations. Namely, when camparing (7) with (SA). one might
he tempted to ask this incquality of (vii) be satisfied Tor all he NN {0} and
all £ 20 small enough. But, in this case. its immediate vonsequence

ol | 2ot for all ha X 0!
would give

i sup | oy 2 e(x) 0
bt

a relation which. in view of the reasonings following (v}. cannot be aceepied

u? valid. This impediment could be avoided if we demand that {for some
b{x) =0

{Tr—Tx . vy = oz h Tr—Tir+ihy >0, and h W),

Jor each =0 sufficiently small (so ux r+-lhe Xg)

o I olher words, Lhat (7) be satisfied wilh ¢(x) repliced by e{a) b(«). Of
tourse, the same changement must be operated in (68) : concerning this last
aspect. we note thal. in view of -

'_\(f."’(h)‘ ‘f( T(-T'i'”l\”)gi(';}“f) I( '['J‘” .LA([( "‘.[.)‘ J{ T(.l‘-Hh)))

plus the properties of the lim inl~ operator. o sulficient condition guaranteeing
s validity s, c.g.. that

) inf M. JOTY s h 2ha)i<didz) ofx) bx)
and
U0 sup {lim il AC/(Tan SO R 260 1< dutx) o) Ba)
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be simullancously verdied. for some couple d,(2). ddz) in (1) with o (af -
A4 dofz) =d(2). To disciss the First of these inequalities. let us accept that
{ii) — (v) uve fultilled : then, by Lemma 2.
inf ddist (g 57 g7 (i) LR Iz} 00y e J0ED
which. cembined with
7 = whenever greJiTy) and o< Iy
gives us
inf idist (g, etid: A izval- 00 g €J(T)
proving that () holds with blx) = va. dyfx) A pron ided o Is vnivalent. 1L is
natural to ask whelher multividued muppings o are allewed in this treatment ;
{he answer is positive os it results From the consideralions below. Assume X
is (Lopotogically) applicable on Y by means of a1 continuous Hnear surjection
[. and pu!
Gy =J(Lh), h=X.
It is firstly manifest that condilions (iii) plus (v) are verified ; secondly, by
{he well known BishopPhelps densily Lheorem (see, e.g, Ho lmes
112, Section 20. E. pp. 168 —169]) plus the surjectivity of L, condilion {iv)
holds 100. Now, let 2N with a<|| T |, be arbitearily fixed., There exists
he XN 40} with Lh=Tx (as L(X)=Y)}; this fact. combined wilh
agi LR L A o{h) =J (1)

tells us (9) will be fullilled with b(e) =/ L. |, dile) =0 I parlicular, when
N =Y. a good candidate for ¢ is the duality map J which. in general, is multi-
valued unless Y is strictly convex {¢f. Barbu uand Precupanu
[3. Proposition 2.16. p. 197).

It remains now to study what happens with (10) ; Lo this end, let Qq(z, h)
(the inf-oscillation of T at the poinl ¥ € X in the direction h = X) be defined as

Q(x, By =lim inl | Tu-— T(x+1hy |
f el

and let us admil in addition that

(viit) Qqlx, h) <o for each x & X with | Tz |gp, and cach he
e XN 0}
In view of

AT, F(T(z+)< M 5 T2) (| Te— T+ ). 120

(where i—M(J ; 1) (f} has been introduced in the preceding section) we have,
passing to lim inf us {—0+4,

lim inl A1), J(T(x-+h)))= MG Tr) (Qele, )+)

s=lE

and consequently, a sufficient condition for (10} is

Y SOLVABILITY RESULTS FOl ACCRETIVE MAPS o = Pk

(107 M T (Qpla, 1)) <dalx) (e ble).

In other words, if M{J; T2) () is sufficiently smoll around Lhe origin and
Opfe. ) ls‘snfhumptlv\_’ small in eacir dircetion, then (10) kukes pluce. In parti-
cular, Lhe inf-continuity properiy of the dutlily m pping

MU i (04) =0, ey,
and/or the inf-conlinuity property of the ambient operaior
Qg (e, =0, heX {0}, whenever | Tx i<z,

enter in such a scheme bul it is fo be expected that many other choives of
couples (J. 1), not reductible to the sbove ones, cxist for which {107) should
remzin valid.

We cannol close our consideraiions involving (vi) without soving
what happens with (7). the second parl. Concerning this Iest relation, a !k\'pi\h-,-
cal condition under which it holds is that, indiceting by ¥ ihe clegs of oli n-
creasing [unciions f: [0, a0} [0, o) with f{0)={(0+)=0, the uaderlving
operator T': X—Y be lucally F-cxpansive in the scnse : each x eX husu n'v-viﬁh"-’
horheod V(r) and an wssocialed function j(x) I with :

(1 lx—u gf{x) (| Tae—"Tu ), ueV{z).
It is worth noting that. condilions Lke the above ont may sugg sb ns a non-

trivial procedure of determining different couples (X, Xi) for which (vi)

{the second part) be fulfilied ; in fact, 7, =X heing srbitrary fized, the courle
Ny=DB{z, ©), Xi=Iz, &)

there, B(x, ) stands for lhe clused sphere of copicr &N and redivs 1 >0)

with O=z<e’ and _1)(1‘0, £)c V(x,) (the ueighborhood of 2, atluded fo i

(11)} has the vequired properly provided jlag) (|| Txo![4p) <tz Ilowever,

the first part of (vi) cannot be obtained in such = way unizss F11) hoelds
uniformly in the sense

(1) v < 1(2)

fu—TeW), u, veVir},

and T is continuous on its existenve domuin; Lo prove this, ol (g =T(xa) ;
1 &N) be convergenl (hence Cauchy) in T{X) then by (1) (uritlen for
T =1ty (x.)isa Cauchy sequence in X, and, from this, 2y <X, o reln-
tion which immediately gives (by continuily) g,— T(x) e T(X,). This closs
of continuons unijormly locdlly V-cxpansive maps is particularly invelved
in surjeclivily results ; to illustrate the power of these lechnigues we shall
formulale such a statement comparable with Theorem 2 in Park =and
Park [2u] (For the saks of simplicity we shell admit in the sequel oa inf-
conlinuily property for the dunlity mapping J ond the charzetoristic pro-
pertics (i) —(v) plus univalence fov the ambea’ mapping o).
e ial:z-.‘(?rom 3. Suppose the operator T: N ¥ [aken as brjore, Lus a closed
N (ix) for each yY, there exisl oly) =0 = d () =0 such Uil wiheiever
Te—y [ <a(y),
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(—Ta+ Tlx+t). oy zcyy 1 h b =TTty L for each

(12} : -
he X and (=0 with a+th sufficientiy rear .

Then, T(X) is all of Y.

Proof. We have to show that, for cuch p,=Ta,=T(N) there exists
po—2(yo) =0 with By, po)<= T(N). Let oe=c(yy) >0, c,=c{y) >0 be the
constanls appearing in (ix} «nd fo—f(xol Ve=V(x,} the funclion in . res
pectivels, the neighborhood of x, given by the uniformly local F-expan-
stvensss properly. As | Ty, =y =<0 <o, there exists, by continuity, an £>0
such that || Te =y, | <ea for each w & By, 2z). which may be supposed to be
contained in V. For this e >0 there exisis now a 2, €{{. 5, such that fol 254} <
~¢: we claim pg is the desived radius. In [act. lel 2= Bly,. 2o} be arbitrary
fixed and, (N, Xg) being introduced as before (with 2'=2z). et T, stand
tur 1he translated map z— 7. By the arguinents we just exposed. TN =
PN s closed in Y oand (in view ol

L) =l r— o< o0 fo2p0) <5}

TAXE) (go) = TN} (26}, proving condition (viy is fulfilled with 7, replacing
T. On the other hand. (7') (hence (7) ilseli} is immediately obtainable from
(12) with ¢(«) =c, and, finally, (6) follows at once via (9 +4-(10} by Lhe pro-
perties claimed for the couple {J. ¢) pius the conlinuily of T, or. in other
words, (vii) also holds with T, replacing 7. Consequently, Theorcm 2 applies
and, by the conclusion of that resull, the operator equetion T.{x) =0 is neces-
sarily solvable in X,. This ends the argument. g.c.d.

An interesting remurk, again suggested by (11), about lhe result we
just proved is the following. Let G denote the subelass of all fel satislving
the super-addilivily property

ji—s)<f() —f(s), Oss<,

and assumie in Lhe above rewsonings I s lo be restricted to G 3 then, the Y
ordering proccdure which the proof is based on muy be translated info an
N-ordering one, in view of

pooxp (€ o o= T < folhp( Ton) — byl Toa )<
Fol kDT vy — folkb{( T2} with & =1/(1 —elz)) cy).

the signilicaticn of x, r,. being that conferred by Theorem 2. Fhis facl which,
of course, cannot be applied to Theorem 1. shows us the oppoesition between
the directions! and non-directional case is not only terminological. At the same
time, it provides us with a vaviant of Theorem 3 which, techuically speaking,
is the most appropriate one in deriving a lrue varianl — in the cxtended
sense — of the main result in Park and P ark we quoled before. as well
as ol the ones obtained by Kirk and Ray (ef. the introductory part);
some Turther deluils will be given elsewhere.

3.\ hybrid variant. The (sirongly) sefl-accretivity  properties  we
handled until now are. in a verlain sense, exireme variants of the general
one expressed by (SA). IU would be not just of a theoretical interest to formu-
late solvability results in which the ambient {ultivalued) mapping ¢ should
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depend, in a genuine way, not only on the direction & but also on the posilion
¢ and, in this context, X and Y being endowed with their general meaning.
{iie most appropriate hypotihesis aboul the operator T : X—Y we shall use
in the sequel is that concerning its Gateanx derivative
iR =lim (10 (T(x4-th) —Tx) exists for all @, he X,
P-+0 5

Of course. this new interprelation is applicable to Theorem 2 as well Lut,
in that setting, it brings a formal gencrality only ; the main advantage of
the assumption we just made is thal, in view of

TLhy =L T, (h), 1=0, h zeX,
a non-lrivial choice of this mupping is being suggested, namely
(13) w(h, 2y =J{— T.(h) J(T,(h), hreX.

For Lthe moment we shall assume, however, ¢ : X#=—2"" is introduced
withou! imposing it any addilional properties. Then, as an immedicie conse-
quence of the second main resull, we have

Theorem 4. Assume there exist @ nonemply part X, of X, a p=0 and a
neiyhborhood X of X, with the properlies (vi}y and
(vit) for cach a<(0, p] there exist c{x) =0, d{x}=(0,1) such thal, whenever
reXN, salisfies x<|| Tx [[€p, a direction h=h(z) e X\ {0} and a funclional
i <(h. ) may be found with (6) plus

(14) (= Tyh), y™> Z2c(a) [ Ty (B) >0

Then, Tax=0 has al least a solulion in X,
Proof. Let ¢(0) >0, d’(x) €(0,1) be such that

(o) <e(%), d(e)<d'(x), c(x) d{@)<c(@)d’(w).

It is clear,by (14),-that (7) holds with c(a) replaced by ¢'(¢). Moreover, by the
last of the above relations, (6) holds as well, with (c'(e). d’(«)) replacing
{e(e), d(=)). So, Theorem 2 applies and the proof is complete. q.c.d.

As in the preceding section. it is desirable that (14) be {aken under
the form (for some b{w) >>0)

() (=T, g = e (R T[>0, and A T2b()

that is, (14) be satisflied with ¢(a) replaced by efe) d(a) (Lthe stme changement
being applicable Lo (8) (in the context of Theorem d)). Fiaving these in
mind, assume

() A(x) —inl § TR 13~ h =110, xeXN

and, 5 X*—2' is taken as in (13); Ucn, it results from
| TAR =AD& b 2sX

that {14") holds with

¢(x) =inf {A(z); agi Tz}, O<a
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Under this chotce for o{a) plus the developments of (he preceding section it
is now clear that (6) in Theorem 4 is futfilled whenever (10y plus

(10) mb (AT Ty, JiTe)) i h !i;kh(a)}éd,(a)t:(y.) I}

were simultancousty sadisiied, the sigailication of d,(«). ({z(a)t-(().l) heing
the same, Since the whoele discussion ahoul {(10) muy be carried oul in Uhis
contexi, il remains to discuss (193, As inferesting particular cuse in which
it holds with (=)0, mav be deseribed as

(157 T Tr, for some heXN, |z Ha). whenever | Tx iz

Conditions fike Lhis one were used by Ajtman |2, Ch. 5, Section 2] in
building up a contlractor direction solvabilily theory based on the transfinite
induction principle or its variants; cf. also Downing' and Kirk [9].
As remarked in these papers, results of this type have a close connection with
Pokhozhayev's normal solvability theory [22] subsequently deve-
loped by Browder |3, 6]; so, we closed the circle between these three
scetions. For a number of interesting applications we refer to the above quoted
Browder's contribulions. .

REFERENCES

1. Altman M. Coniractor directions, directional condraciors and directional conlractions
for solving equaiions, Pacific J. Math., 62, 1 -18, (1976).
2A1tman M. — Conlracters and Conlractor Directions. Theory and Applications, Marcel
Delcker, New York and Basel, 1977
SoBarbu V. and Precupanu 1. — Convexily and Optimization in Banach Spaces.
Fod. Acad. Bucuresti, Remaniaf/Reidel  Publ. Company,  Dordrechi-Boston-
, L.ancaster, 1986,
o Brezis Ho and Browdoer F.o X — A general principle on ordercd sels in nondinear
fundional analgsis, Advances in Malh,, 21, 355361, (1976). ’
Browder FE. - Nermal solvability and existence theoreins for noenlincar mappings i
Banach spaces, in .Problems in Nonlinear Analysis™, pp. 19335, Edizion! Cremo-
Jhese, Roma, 1971, N
6. Browder I E. — Normal solvability and -acerelive mappings of Danech spuses, Bull.
“Amer. Math, Soc., 78, 1862192, (1972).
o Ciluvrdneseu 1o Duality Maps in Nonlinear Funeleonal Apalysis (Rumaniun), Ed.
Academicd, Bucuaresth, Romanio, 1974,
8 Deimling W, — Zoos of deerelive operalers, Manuseripta Mualll., 13, 365 374, (1974).
o Downing b and WKirk W, A — A generalization of Corisli’s theorem with appli-
calions to nonlinear mapping theory, Pacific J. Matl., 64, 339316, (1977).
1. Fan 1. and Glicksheryg Y. — Some geomelric jroperties of spheres in o normed
linear spuce, Duke Math. Journal, 25, 553 — 588, (1958).
1t Gativa JoA and Kirk W. A — Fixed point theorems for contraction muppings with
applicaions to nonexpansive and pseudo-contractine mappings, Rocky Mountain
JooMatln, o 69279, (1974).
12. Holmes 3. B. — Geometric FFunelional Analysis and its Applications, Springer Verluag,
New York-EHeidelherg-Berlin, 14975,
o Kachurovskii R L — Evlension of Fredholm  theorems and theprems of lineur
eperators with clesed range of palies lo some classes of nonlinear operutors (1iussian)
Deki, Akad, Nauk SS551%, 197, 520523, (1971).
L Wartlsates A G. - Some mapping theorems for acerclive operalors in Danach spuces,
Jo Malh. Anal., 82, 169--183, (1981).
15, Kirk W. A - Caristi’s fixed point theorem and the theory of normal solvability, in
»Proc. Conf. Fixed Point Theory and its Appl., pp. 109—120, Academic Press,
New York, 1976, ]

ol

g e e T AL A BLITY EESULTS FOR ACCRETIVE MADS

13 __ IEERA SULTS FOR

129

i i sttlls seuda-coniractine mappings.
Wo oA and Scvhoneberf [3. — Some resulls on pse i

vacific J. Mall., 710 8100 (1977, o . o . -
Kol ll‘l: ;:!: \l‘ surjeclinity for a cluss of dissipulive cprrators. PProc, Japan Acar
17. Kobayas e i for
copies AL g0 bl 16, (1981, _ o _
1 ‘?‘l;‘:(5l-|\" y :,'.:u!ml,r'ri-":‘nr-' thearem  for aizlonemats differenficd equotions in
P T el Shiiers, | N toc.. 26, S07 315 (1970
i spuers. Proe. Amer. Aatl Soc. 26, 07—l a b N
M 1 Hi”m(’f ' ‘P/"’;; [[:1:'( arcreline aperaiors salisfyag errtain boundaryy canditions. ]
'- rales (. — Zeros A e
11 ora AMatl. Anal. Sppl. 105 167 - 175, (198D . ) .
Irark l. A, oamd Park S Surjeetivity of p-ueerclive operatars,
T acl a0, 280— 202, (10811, _ A
s Pedrvshyn Wo V.o Stricture of the fired point sl 6
Mleeh. Anal., 46, 312328, (1970), _
Pokho 7 Bavev 3 L — Normal solpability  of non-lincer cylia
U \knd. Nauk S5sii 784, 40— 43, (196D I
I4 ay \\" 0. — Phi-acerelive  operetors and  Eheland's theorem. b Mathabal. i
o ]8 566 .--A71, (19820 _ o o
tolveich ‘: ) (')n I;fl'(‘d potnt Hhcorcins obiaincd from 1(.1:5().“”' thearems for differenti
S et “iali : 51, 2636, (1976). )
¢ i talin, Anual, Appl. 54, 2v . i _
iqi’t(;!{n;m.I J.'a;\IZI‘ |;’ ay W I(). — Muapping theorens | rl‘ritl,f;'crmttrzbfc aperalors,
25 loesenh AN PR vay W b e g o T
sudl. Acad. Pol. det (5ér nen Slatit ), =4~ : £ e
[F i iIL‘ui” \:‘ ) Vapping theorems pid puriable drops in Bapnach spaces, [end. 1
o~ rin AL — Mo / i :
- | ombarda Sei. Lett. (A) 174, 161—168, (1980).
= Turinici M — Mepping theorems in paranormed sioces.
o a1, 106115 (1981).

16, Kirk

Prac, Aouer. Malls
{ k-set-contractions, Arch. Ral

fions (RRussiany, 1okl

Hev. Union Mal, Argentina,

Feculig of Mathemalics
University of Tasi
E6U0 Tasi, Romenia

Teeepned 20V 1887



