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£ 0. Introduction. The locaily [I-copves spaces were introduced in
[8] as a generatization of the spaces whose {opologics are given by norms
induced by inner products {as locally convex sprees generglize Lhe normable
spaces). Tn the last years, these spaces have bren frequen’ly used in different
works. beeause they ofier a natural framework for Lhe genoralization of cer-
tain known results and metheds of Hilbert spaces. We remember that the
puclear spaces {3} [4]. the spaces endowed with weak topology induced by
+ dualily, the Tunction spaces of type L3, [9]. and ebviously the countable
hilhertian spaces [1] are localty I eonves hecause Lhey have hilbertian cali-
hrations.

In the case of locally H-convex spaces there appears a “sironger” Lype
of convexity [8] which permets Lo give a chargeterizalion theorem of Kol-
mogoroy Lype by means of Minkowski Tupetionals (which aie hilbertian sermi-
norms). Also. with respect to a fived calibration there can be developed
a geometric theory using certain orthogonalily relations defined with the
aid of the family of semi-inner prodacis corvesponding to the calibration [97,

In Lhis peper we define Lhe H-barrelled spaces by analogy with the barrel-
jed spaces in the class of Jocally convex spates. We point cul some properties
al Lhe same type as for barrelled spaces and also, results which depend on the
hilbertian structure of the space (Theorem 2.2). We precise the place of H-
Darrelied spaces with respect to the class of barreiled spaces and fhe class of
locally [f-convex spaces.

$1. Preliminaries. Lel X be a linear space over 1' the real or complex
number Tield.

We say that a function <. N« XN—T' is a semi-inner product 9]
(hilbertian bilinear functional in [8]) i it has the foltowing properties :

(5 (x. 2y 2 0. for all reEX.

{8g) G )y =Cy. xy, Tor all @, yeX,

(53) Cantby, =y =alx. =5 +B{y. 2 for ull x, y.zeX and
a. bl

1f we denote p(x)==Cx. x> then p is a seminorm on X. Every such
semingrm is calied a hilbertian semirrorm. 1l is clear that a seminorm p on the
linear space X is hifbertian i and only if it satisfies the parallelogram law

(1.1) pilr gy 4+ prla— ) =2[p @) +pi ) for all z, yeX.



132 TEODOR PRECUPANU 2

A non-void set MeX is called H-convex [8] (or H-smoolh in [7]) if
for any «=0, 0>0. x=all, y=b}M there exist a,2 0, 6,20 such that

{1.2) rtreEq M, c—yeb M,
(1.3) aE4DE< 2at +b?).

‘I-T}erc we d:cno'w D.‘..r'={x; for each t =0 {here exisfts a=(0. §) suek fhat
ceaift. I AL a convex set. and 0€M then 03 is jusl the asympiotic
cone of A, i.e. OM=YIM =), ‘
. . > C
It is _{;b\'lous that each fl-convex set contains the origin. Bul a Ii-
convex set is not neeessavily convex, cireled or symmetric, However we have
the following result. . o

. Theorsm L1. f[?]. [f}}]. Let M be an absorbent and Jl-convex sel of X.
Then the Minkowsky junclienal py, of M is a hilberlian seminorm on X.
A sct Af is said Lo be siarsiiaped ol y il 2 =0 implies th
& 4 < I i g t L « =
€M for I=][0,1L } s

- Proposiien 1.2, If Al is H-convex and slarshaped af origin. then M
is convex. ' |
Proof. By property (1.2) any H-convex sel }M is absorbent in span
M (Encar subspace generaied by Af) and so. the Minkowsky functicnal p
is real valued on span M. Since M is starshaped al origin we have {a:g
sspan il parfx)<<1}< 3. Morcover, py, is a hilberlian seminorm (sce [8]
prop. ). Thus, for any 2, y=AJ such thai py(x)<1 or pu(y) <1 we hm'(:
pyltx+=(1—8 <l for all {=(0.1), and so ix+(1—{) y=3. Therefore, it
is 511H1cn:;nt to consider the case py(e)=p{y)=1. Since M is a H—con;'cx
sct, tuflnngE a=1{ b=1—1{ we gel {24+(1—-Hysad, iz— (1= ysb 11
where af +-57< 212 4+ (1 —0)2]. I we suppose by contradiction that ix-+(1—1) lr,l $,
& A, then ¢, >1 and so, we obiain 050, << 2i—1 |, which ssserts that pr.,(l:r—
—{(1—=8 <] 2t—1|. But, on the other hand, we have p_u([.l‘.—('l—:[) [
Z pyulie +{0 = Hy) — 200 — Hpyly) > | 20 — 1 | which is  impossible

(we can suppose > —i.
2/

P ward:, I i apd AT 1 : ~ye ™ Test A
tx+(1:f; Jlewfthc :CL M s .stnrsh;:p\.d it origin and H-convex, then
yyeid for all {eR whenever = yeil and z—ye OM=M
. . - :. =
Also. M s sirictly conwver vnd each point 23 with py(r)=1 is an
exireme point of 4. .

_ A lincar topologicel spuec is called locally H-convex (l.H-c.) if there
s a base of H-convex neighbourhoods of the origin,

' A c_a!abm{zun for o locally convex spaee is a family of seminorms which
induces ils topology. ' ,

. Acccrd‘ipg to Theorem 1.1t follows thet « linear lopological space is a
L -C. spece if af'zd only if ils opolegy can be generaled by « family of hilbertian
seminerms, Le. the space hos o filberticar calibration. I~ is a linear loneclogy,
we (Tcnotf: by =y the finesi L1-c. {opoiogy coarsest as lopology <~ It is clear

I3 NS R - P R o 0 0 . .
il:gh th§ family of oIl <w-coniinuous hilbertian seminorms forms a hilthertian
calibraiton {or 4.
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Proposition L3, {11]. Lel (N Y) be o dual pair and et M be a H-con-
per sef in X. Then ifs polar M =ipeY: (1. )11 Jor all y=2l} is also
@ H-conwvex sel in Y.

Proof. We suppose that the sel M s also civeled {the cireled cover of a
Hl-conves sel is obvieus H-convex) and so pyis o hilbertian seminorm defi-

ned on span M. Tei XNy be the completion of the space spanr My pyy. 1
is claat that (Nyp.ps,) is o Hilbert space. Using lhe Riesz Theorem it Tollaws

that the polar M® is a [f:convex sciin XYy tsee [11]). Consequently. M is
H-convex in Y since the image or (he inverse image by a linear operator
conserves Lhe fl-convexily.

§2. Basic praperties of [l-barrclied spaces. A sel M inoa locally
comvex space is called a [l-burret if 1L is H-vonves. circled, absorbent and
closed. A'tocally convex space is called JI-barrelled if every H-barrel is a neigh-
Linurhood of Lhe origin,

As in the ease of barrelied space [2], [5]: [6]. [12]. we have a [irst
characlerization resuil of These new spaces.

Theorem 2.1. The foliowing {wo properiies are cach of {hem necessary
and sufficient jor a l.c. space to be H-burrelled :

(i) any lower semicontinuons hilberlian seminorn Is confinuous ;

(i any H-conver and pointwise boundred sel of linear continuous func-
fionals qre equicon{inuons.

Proof. 1t is clear thal a scl M is a ff-hurrel il and only il there exisis
o lower semicontinuous hilbertian seminorm p such that A =2 plry<i}.
yorcover, M is a neighbourheod of the origin if and only if p is continuous,
Thus, the preperly (i) s a characteristic properly of H-barrelled spaces. For
(if) we remark that a sclin the dual is pointwise bounded if and only if its
polur is absorbent. The proofl is finished nsing Proposition 1.2,

Corollary 1. A l.c spuce (N. <) is [l-barrelled if and only if the polars
af Il-convex and pointwise beunded scls in dual form a buse of neighbourhoods
of the origin in (N, =p).

Proof. Since the weak topology is loeally H-convex, a linear functional
on X is t-continuous if and only if it is =4-contlinuous. On the other hand,
in a joeally comvex space a sel is a neighbourhood of the origin il and only
il it is contains ihe polar of an equicontinnous sel. Thus, it is sufficient
to apply property (i) and Praposition 1.3

Corollary 2. A separaled continuous semi-inier product on a H-barrelled
space is continuous.

~ Proof. According 1o definition of the hilhertian seminorm and the
characteristic property (i) it is sufficient to prove that if u semi-inner product
is separated continuous, then the corresponding hithertian seminorm is lower
semiconlinuous.

Indeed. if (2:);e; i a net convergenl lo x such that plag<sl, viel,
then <1 10> 1< play) plad < plrg), where <...> is the scmi-inner producl
generated by hilbertinn seminorm g Using the separaled continuity we
cbtain pag) < p{xy). ie. p(#)< 1. which proves that p is lower semiconti-
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nuous. By property (. it follows that p is continuous. Conseguently, the
inner-product < ... > is also conlinuous.

Now i is natural to ask whether a Le. space having the property that
every separaled continuous semi-inner produel is continueus is F-barrelled.
In Lhis line we establish a characlerization of [{-barrelledness with the aid
of a .continuity” property of sejd-inner producls.

Theorem 2.2, A [.r. spuce N is H-barrelled if ond only if miy semi-
inner producl <..= is continuous whenever it hus the followng property :
(i} for any y=X" ker p and &0 there cxisls a conlinuous seminorm g such
{hed
(21 =y, qglry =R - 2pHa). Viz L Yre XN ker g
where p is the hilberliun  seminorny of <.

Proef. According lo Theorem 2.1 it is sufficient 1o prove thal the
seminorm p is lower semicontinwous if and onty if the property (i) 1s Tullfilted.
First, we suppose that p is lower semicontinuous, i.e. the set {rsX; p(x) =1}
is opeu. Thus. for cach ye¥ with p(y) - | there exist a conlinuous seminorm
¢, and a positive z, such that

(2.2 (NS o= ply +u) =1,
Il reX - ker g, we have trf2afig TS 20 V22 1
and $o p(y+zaqin 1) 1. Since p is a hilbertian seminorm we nhtain
gty [prap o 1] -2heggata) Re (oo gy -+ zgpia) =1
whenee
Qhze | x. P qdX) <R I pra — 1] 4 ().
for all reX™ ker ¢, 22 1
Consequently. the inequality (2.1) is proved for e =(p*(y) —1)1* with
| .
g== () —1] ¢, Now, for an arbitrary = € (0. p(y)) laking # == {p*(y)

a

s“)n": v owe oblain (2.1). where g =22 Mp*y) — &8) gL g = N> ker p.
Conversely, if p(y) > [rom (2.1) Tor e=(p*(y)—«*)'/* we have
228 ) 4 2ng(x) Re (oo yd -Hr3gla) =0,
or. cquivalenthy.
PHES gy Ty pin et =at Ve e XN ker g 2l

Therefore, plu-p)—a whenever o)<zt q)#0 1T gla) =0 we consider
an clement u, % ker ¢ and so g(u + k) 0. ¥E£0. T is clear that g(u +kuol< 2*
if |k < e3g(u). whenee p(u-Fhia+y) =a Bul we have plu +yzplu4kue+
4 i) —kplug) >a—kplu)=a’ for cach «'<a taking k>0 sulficiently small.
Thus we proved the lower semicontinuity of p. The proof s finished.
Remark 1. It is sufficient to prove the inequality (2.1) only for =
= (pHy) 1)t whenever p(y) =1, In fact, it is obvious thal {2.1) always
holds for every =>p(y) since we have ‘

2na. gy gl 2ip() ply) flos ‘r.ﬂq“(:ry-}-p*(_.v) piy). VreE X,

~
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Remarl: 2. 10 the semi-inner producl s separaled continuous, then
for each ye X ker p lhere exists a continuous seminorm g, and a posi-
tive constant I such that | {voyd | <hq,fr). Yr=X. Henee the inequality
(2.1) s verilied for g =g, with @y o =i, 2k1. Obvieusly. in lhis case the
seminorm ¢ can be sclzcled independent of 2 =Ah This las! property Is spe-
cific to separated continuity of semi-inaer prodnet.

1L is clear that any barrelled space » also H-bavreled bl there are H-
barrelled spaces which arc not barrelled spaces. In fuct H-barrelledness is
specific for the class of locally [-convex spaces. But even for his class of
spaces H-barrelledness is coarsest as barrelledness.

Proposition 2.3, .\ locally conovex space (X, = 15 H-barrelled if and
anly if the associaled locally H-conver space (N. =) is H-barrelled. .

Proof. We recall that the Jower sepicontintovs seminorms are the
same for all compatible topologics (with lhe nalural duality). Also. a hil-
pertian seminorm is <-continuous il and enly if it is < pecontinnons.

Remark 3. The above proposition can be also proved using Corollary
1 of Theorem 2.1

Finally, we remark that the induelive linils and products of H-barrelled
spaces are also II-harrelled.

In particular. a quolienl of « H-burrelled sparce s I-harrelled.
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