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LINEAR EQUATIONS WITIT DIFFERENCES IN TWO VARIABLES
BY

ADRIAN CORDUNEANL

OQur aim in this paper is o obfain explicil solving formulas for some
ciquations with differences. corresponding to the partial differential equa-
tions g —a+ {0, and u,=auS-fle.f). using the method of the
Laurenl transferm for Lhe double sequences [1].

1. We consider the problem : lind a sequence ju(m. njl. nen = inte-
(gers =0, satisflying the equalion
1) u{m-+1. p+1r—au(men 1) — Su(m=- 1. ny4-28u(m. ny =ftm. n),
for m, =6 and the initial conditions
{2) u(m, 0y ==a(ny) Tor mz0. withn)=dn) for nz.
where «. 8 are constants and [, 9. & are given sequences. Of course. it s
assumed (0} ==4(0).

We remember that for the sequence a={a{m. n)} having the property
hat there exist g, =0, g,;>0 such thal
w w
() XX la(mon) o7Ms" <
I oo b
the Laurent transform A =-{w. 7} is the holomorphic function for w = ¢,
z >p, defined byv

B Afun X Xaimonpw v
M CUYI |

Assuming that all the involved here sequences (simple or double) have Lhe
Laurent transforms. we ebtain from (1) -2y, afier some elementary com-
putations

w2 Uw, 2) — Oy - ) a0, B)) - 2= U, 2) — O} -

(5

B U, 2) - M'(@) + 2800w, ) =F(w, 2},
where
(4) Oy = X otaw ™ Yizy= X d(m)z "

] w0

From (3 it lollows
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Ui, = —=(w2) W1~ afin) 0 Bl e, g)4-(1 Bl ()
Sl - ) M) e, O —afw) (- Bz} 1

The last three terms in {7) may be casily developed in scries of the form (4).

“Fhe first term in the right side of (7) has for w! and [z sufficiently large,

the expansion

(i)

{8 XX em M

where ¢{m, n) =0 i m=0 or n=0 und

”m w1

(n s, ny =X X M iesT i, ),

for m.nx1. From the relation (7). by identification. we oblam
{(10) alm. 0y =c(m, ) -t 4-blm)a™ (0, Oya™B",

for all m, n= 0. The assumption thal the involved here sequences have Laurent
trapsform is nol essential, because may be directy proved thal u defined
by (10). rather formally oblained. indeed satisfies the required cenditions.
Resuming, we can slale

Proposition 1. The solution of the problem (1) —(2). in which 2, § are
constants and f, @. & are arbifrary given scquences is wnique and defined by the
formula (10) for all m. nzi}

We remark that the above formula (10) suggests o dircel way in which
it mav be deduced. multiplying the relalion

(1) uip+to g+ —ar(p g+ —Bulp+l, q) —,-mﬁu-ip. q) =f(p. q).
Ogpgsm—1. Oggsn—1,

by «™'7F8*"¢(n n> 1 fixed) and summing over p and ¢. We ulso remark
thal in the case of the eguation

(12) a(m-1, n -1 —an(mn +1)— Balm+ 1. n) +yn{m n) =/un, n)

wilh ys¢ 24, the method here used may be applied. but in the solution will
appear the coefficients b(m. n) of the expansion

- v
(13) (2 —xz—3w-Fy) =S Z b(m, mu P
=0 n=0

2. It is well known [2. p. 137}, that to the hyperbolic equation U=
—a’u,, corresponds the Tollowing equation with differences

{14) i{m, -+ -—-u(m - 1.n) utm-i-1.n)u(m 1) =0.

According to the conditions z=(—oc, o) and (=0, here we suppose thatl in
the sequence {u(m, n)}. m=0. =1, £2, ... and n=0, 1, 2. .... . Then it
mnust assume that (14) is satisfied Lor all integers m 2nd R, with n 1. Instead
of the classical initial condilions n(x. 0) =e(a). udx. M) =(r) for 2 =( ca0, 00),
here we must have

LINEAH EQU ATHINS WITL DIFFERENCES - l.i-‘J

(1 wlomo AW —o(un), wim. 1) - L.
form 0. 1 20 zoand g being given sequences, For o given juiim. ny

we shall use the transtorm L z). defined by

(16) oo 2y=X X e iy Mo

which. in gencral, is holomorphic in o regivn ol the Torm - 2, = @ « 5,

- ~
- o

Mualliplving (14) by w " " (we remember that n=1) and summing
. " M B b S
over moand . owe oblain aller some computations the equation

- 1 .
{17 (z (l —-) L, 2y ==]z—m B TS NN
L i

where

{18) Gy =X olmhe ™ MWw) X Lingw™

From {17) we get
("-” l'(”’. .-) (I)(Hll {z “J) -(] 1 {ar=)} ‘(] :I_(l)(“,) lll(””).

and all what remains to do is to write for the righl side of the last relation
an expansion of the form (16). We have

‘ Yyt 1Yy ! 3 a2
(20) (1 . (l w') Y OY qmome o

for w =hounded and c.—=sufficiently lavge. the coetficients e n) being
defined as follows )

{21} clm, )y Ui e clmon) =0 il ma 1
where, Tor a lined no=0, [, is the set of integers

{22) foeed=n. —n-t20 on - 2on3,

and {, consisls only of the element 00 We also have

. 1y 1 13 2

{(23) (2w ‘(1 m-') C iy - YO ¥ amomw o

where e

(2.0 wm.my= X otm—p),  ¥Vm. n==integers, n>),
nel,

and

- Iy |

(20 {=—w) |1 - ERTO s D M- TV TN T il

“~hf . - ~ & oafben

(26} Bm.n)= % &m- ph Yo no=integers, nx ),
_I-E,"
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Taking into accounl these expansions. from {19) we easiby ublain

(27) a(m. n) a{m, n—2y-+8(m. n— 1).

for every m it -inlegers, nz 9 This formula solves the preblem (14 (13
and once obtained may be verified by direct substitution in the equation -
(14}, Henee we cun leave oul the restriction thal m and & have bilateral Laurent
transform, slating.

Proposition 2. The solulion af the probiem (10— (15). in which and
L are arbilrary givert Sequences. is unique and defined by the formula (27).

Now, we consider the mhomoegencous equation corresponding Lo (14),
namely

(283 wlm, -1 utm— 1.1 w1, n)-pr(m n—1)=[{m 1),

where i, n=integers and n21. f heing a given sequence. Without lossing
the generalily, we may assunc jum. 0) =also defined and morcover f(m, 0)
—0 for every in‘eger m. Taking for (28) the initial condilions

(29) a(m, 0) =0, ufm, 1)=10 ¥m=inleger,
we arrive. after a formal standard calenlus, to the equalion
(30) U, z) =(z ~w) (1 -1w) " F(w, o),

where [+ is the transform of the type (16) for f. We observe that the sccond
member of the preceding relation is a product of functions whose expansions
are known and then, remembering (20} and (21), we can wrile

Ty le &
(31) {z- w)"(l - l—;) Flw. 5y== % ¥ ytm. njw™:™
< S - on=t |
where
(32) wm. )= L 5 fipy).
g=0 PE]mnq

We have denoted by [, the set of all integers of the form m—y with s=
=1, . hence for >4

(33) Tog={m—n+q.m A2, e, mAR =g

while for n =¢ this set consists only of the single element m. We remark that
~v(m, 0y =0 for all integers ni. By identificalion, from (30) we find that u(m. 0) =
—u(m, 1) =0 for all inleger m (which confirms (29)) and that B

{34) a{m. n)=y{m. n--1). vm.n =integers. nz 2.

This formula solves ihe problem (28)—(29) ; no restriction must be imposed
to the sequence [. Because the equation (28) is linear, we can state

Proposition 3. The solution of the equation
w(m, n + 1y —u(m—1, n) —u(m+1. nytulm, n—1) =f(m, n},

m, n=infegers, nz1,

(39)
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with initiad condilions
{306) w(im, O0) =gtm),  u{m, 1) =g(m),
where [. . & are arbitrary givent seqrences, is unigue and defined by the formula
(37) uim, ny x(m, n—2) - By, n - D-H(m, n—1),
Jur cvery o ‘in.lt’g(’.f'.\\ !1;2 where = 5 und ¢ are given respectively by Lhe
relativits (21), (26) and (32

Remark. A similar problem with (1) —{13) was furmulated and dis
seussed Trom another viewpoint in |3, p. 214--215].

4. 1t is also well known [3. p. 203} that the homogencons heal egua-
lion u, =u*u,, conduces to the following cquation with differences
(38) w(m. -+ D) =1/2)(u{m+1. my+ulm 1. n)).

where, according 1.0 {he conditions £ =(—cc, w0) and { =0, we supposc that
anonoare integers fnd n> 0. The classical initial condition uz. 0)=4(x) for
ye( oo, 20) will be replaced by

(34) uim, 0) —o(m),

where o is an arbitrary given sequence. For a given double sequence {u(m, m)},
we again use the transform Utw, ), delined by (16). Multiplying (38) by
w-"=" and summing over m and n. we obtain afier some computations, the
equation

(-1b) AU, 2) — Dlwy) = (1/2)(w+ 1) U, 2).

where we denoted by ©(w) the bilateral Laurent transform of the sequence g,
defined by (18). From the relation (40), we easily obtain

m=0. 3, 2, ...,

(41) Ulw, 2y ={1 —1/25)(w-+1w) 1 Dlw)
Vor ry<|w <r, (ry=9) and 2| —sullicicnily large, we can write the obvious
expansion ;

1 I g ) 1y g "
(12 (1 - = (w T+ —)) =Y 27 (m-'-. —) =Y 2z Y, Ch L wet
2z uw by w0 P '

where C4=n!j(kl(n— k1) for k=0, n. Denoling 2k—n=m (for fixed n=>0),
we observe that m covers the set I, defined by (22); we put I,={0}. If we
denote, for nz0

=

i mé I, .
omagimemiz if me I,

(43) | 2(m, n) = {

with the convention thal (3=1. then we can write in the above considered
region, the expansion

. i 1W! o L
{11 (l - 2_2(w+ :-u)) = _X. E e, n}w"": L

= n=U

i — Muotematicn
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From the relation (41). we obtain

(13) Utw, 2)=(Z Z &'(p, nyw"E ofs)w ") =X 2 o (p, n)g(syp 0oz,
mon 3 pouos

Denoting p+s=m (for a lixed m=inleger), it follows from the preceding

relation

o"wy
(16) UG, 5y =X X a”un, njw "z "

w n.-0

where for all m, n =integers, nz0

(47) a(m, n)= X «{p ne()= X «'(p.nyz(m—p.
Atsom pﬁf‘

If compare (16) wilh {(46) and take inlo accounl {3} we find the final expres-

sion Tor wu(in, 1) as follows

(18) u(m. n) =2" % CrPa(m - p). G
rerl,

We remark Lhat il the sequence ¢ has no bilateral Laurent transform
(i.c. the domain of convergence for the series (18) is emply), the preceding
calculus is formal and cannol imply that (48) is the required solution of the
problem (38) —(39). However, Lhis assumption is nol essential. because may
be dircctly proved that {u(im. n)} defined by (48) really satisfies (38) —(39).
Indeed, starting {from (48) and using the clementary Tormula €51 =CE 1 CE
we have

p{m=-1.ny fu(m— 1, n)y=2"" X (W 2emt-1 - p)Lolm—1-p))
!

se
(19)
=2 P g (mo py = 2u(m. nS- 1.
ren,,

which shows that (38) is satisflied for all m, n —=integers, n>0."On the other
hand. from (48) obvicusly follows u{m, 0) =(m). consequently we can state

Proposition 4. For an arbilrary given sequence o. the solution of the
problem (38) —(39) is given by the formula (A8) for «ll infegers m. n with n=0.
[he inhomogencous equation corresponding to (38) s

(30) o, 0 D) =12 u(m+1, n) fu{m - 1.0+ fun ny,
where {f(m. m)} is a given double sequence. Taking null initiul conditions
(51) a(m. 0y =0, ¥m-=inleger,

and using the wubove presented method, we obtain

1
(32) U, 2) =2 (1 — )i {tw+ l..'w)) F(w. z).
where F is delined by -
(53) F(w. 5= ¥ § fim. myw "z,

—~w n=0

T
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From (L. (52) and (53) we hese
Uw. 2y === T 2'(p, )w 7T N X f(r, slw ")
g ros

il

SN NN N, pfu, sy ow W
Fodoror ..

aoaleny I N
Denoling pfr=m and g 5=, W also have
Ulw. z) =2 ' X 8 (m.onmyw "7
[DJ] e
where

. T ’ 5
(D6) p'(m.ny—= X Y allp, pfir, s).
¥ ggc-n phr=m
From lhe preceding relalion we deduce
(27} B(m, 1) ‘_l—l .‘.:r 2p, )f(m—p.n—q),

for all m, 1 =integers, n>0. Thus, under the :‘:ssu111ption l.lw..t. Fw, 2) -OM;E‘,S
(the domain of convergence for the series (D3} 1s nol 'cmpty), if L‘U‘nlpdl(.. (16)
with (33) we arrive Lo the conclusion Lhat u{m, i) =P (m,_n—-])‘-fm :11_! in. n=
inlegers. 1 is Lhe solving lormula for the problem (30) —(51). .-le.\' as in
the situations encountered in the proof of the preceding Propositions, star-
ving from the relation u(m, my=3'(m n—1), we conclqde' that thls‘sequmtllcc
alisfies the conditions (30)—(51), without any restriction imposed to the
sequence f. We can stale
Proposition 5. The solution of the problem (50)—(51) is gtven by the
formulu

CE 3 P "
(H8) u{m,n)= X 270 X CiarPitf(m—p, n—1—q),
g-0

pel,

o : ~A P Tl rpir Sequsiice.
for all integers my, n with nz 1, { being an arbili {f. i opiren sequeinc
From the preceding two Proposilions, casty fullows

Proposition 6. The soluiion of (he difjerence equafion
HY) 1) = ! (a(m=1, ) Fulm—1o ) - e
(59) nim. 1 = 1)+ 1)

where m. i are infegers (1= 0), with the initial conditivns

{6Q) ulm, 0) =o{m}, Y m =itleqer,
is given by the formula
n—1
: g N e E )b Y 21 5 CeElim—p,n—1—¢)
(61 u(m,mnm) =2" 2 C; ofm—p) + = = G jun—p f

rel, L

for all infergers m, n with nz 1, [ and ¢ being arbitrary giveir scquences.
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A NEW CHARACIERIZATION OF GENERATORS O LINEAR
COMPACT SEMIGROUPS

BY

104> I VIIABIE

1. Introduection. Throughout this paper we assume familiarity with
ihe theory of lincar semigroups. However. we recall for easy reference some
basic concepls and results in (his topic, and we refer the reader to Pazy's
maonograph [3] for further delails.

1ot X be a real or complex Banach space. lel {8105 Sif: X=X, (20}
be a C-semigroup on N oand let A D{A)yc N— X be ils infinitesimal genera-
{ar. Tn all that follows. in erder to simplily the nolation, and since no con-
fusion may oceur, we shall simply write UScty; (20} instead of 1S(h; Sty :
T N 1

The resofpent set of A is the sel gfA) of all complex numbers  for which
o1 .4 is invertible. and the resolvent of A is the set {0 —A)1: rEp( A}
For each 7.€5(A). we denote by R{k; A): = (pd A

We recall [hat, Tor every Cosemigroup {S(D: [0} on X. therc exist
Viz1 and w20 such that

il S(Oeg Me®!,  for (20

where ., is the usual sup-norm on the Banach space L(X) of all linear
continuous nperators in N, See {5, Theorem 2.2, po4]

The norm lopology on L{X) is called the uniform operator topoiogy.

A Cesemigroup 1St 120} s called equiconfinuous if the mapping
I—=S() is continuous from 10, -+oo[ into L(XN). the laiter being endowed with
the uniform operator topology.

A\ Cesemigroup (S0 ; 120018 called compact if S(f) is & compact opera-
tor for cach =0

We emphasize thal both equicontinuous and compact scmigroups arise
m the siudy of purtial differential cquations of parabolic type. Tor applica-
tions of such kind of semigroups in the theory of semilinear. or fully non-
linear partial differential equations the reader is referred Lo Pazy’s mono-
graph 3. Section 6.1, p. 191] and lo the recent book of the author [4].

The main goal of the present paper is to prove a complete characteri-
sation of Lhe infinitesimal generators of equicontinuous Cy,-semigroups. From
this characterization combined with Pazy’s Theorem [2]. we derive a new
necessary und sufficient condition in order thal an operator .1 gencrate a
compat! semigroup.



