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1. Tntroduction. Throughout this paper we assume familiarity with
ihe theory of lincar semigroups. However. we recall for easy reference some
pasic concepls and results in this topic, and we refer the reader to Pazy's
maonograph [3] for further delails.

Tel N be a real or complex Banach space, let {563 Sih: X=X, 20
br a C-semigroup on N and let A D{A)e N— X be ils infinitesimal genera-
{ar. Tn all that follows. in erder to simplily the nolation, and since no con-
fusion may vecur. we shall simply write 15(0); 20} instead of 1S, Sty
: NN 12 0]

“The resalpent set of A is the set g(.4) of all complex numbers 2 for which
oA is invertible. and the resoleent of A is the set S0 —A)1: et
For each n=p(1}) we dennte by R{3n; A): =(nf—A) .

We recall (hat, Tor every Cpesemigroup {S(0: 120} on X. there exist
V=21 and w=0 such that

i1 S = Me®!, for 20

where ., Is the usual sup-norm on the Banach space L(X) of all lLinear
eontinuous nperators in N. See {5, Theorem 2.2, po4]

The norm lopology on L{XN) is called the uniform operator lopo/oqy.

A Cesenmigroup 1St 1z 0} s called equiconfinuous il lhe mapping
l—=S() is continuouns from 0. 4oof into L(X). the laiter being endowed with
the uniform operator topology.

A (-semigroup (S(f) 1 £2 0} is called compact il §(4) is a compact opera-
tor for each 120

We emphasize thal both equicontinuoeus and compact scmigroups arise
in the study of purtial differential cquations of paraboliv type. For applica-
lions of such kind of semigroups in the theory of semifinear, or fully non-
linear partial differential equations the reader is referred Lo Pazy’s mono-
graph {3, Section 6.1, p. 191] and lo the recent boek of the auihor [4].

The main goal of the present paper is 1o prove a complete characteri-
zation of Lhe infinitesimal generators of cquicontinuous C,-semigroups. From
\his characterization combined with Pazy’s Theorem [2]. we derive a new
necessary and sufficient condition in order that an operator A gencrate a
compact semigroup.
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Before proceeding o the statcments of our main resulls. we recall the
just mentioned theorem of Pazy [2] which we will need later.

Thearem 1. A Cpsemigroup — will the infinifesimal generator A — Is
compacl if and only if it is equiconiinuous and R{}.; AY is a compact operalor
for euch nEp(A), or equivalently, for some A€p(A),

For the proof sce [3, Theorem 3.3, p- 18], or 4. Corollary 2.2.1, p. 33].

We conclude this section with a useful observation. s

Remark 1. Lot 4 be the infinitesimal generalor of a Ce-semigroup
£5(8 5 £ 0} satisfying (1). Then, the operator Ao A —afl is the infinitesimal
generator of the Cg-semigroup {S,,(y; =0}, where S (O =¢'S() for (Z0.
In addiiion, by (1), we obvieusly have

IS, (Dlo< M for £20.

On the oiher hand, fel us obscrve that {(S(0; =0} is equicontinuous
il and only if {S.(f); =0} is cquicontinuous. Therefore, since in all that f¢l-
lows we shall consider only equicontinuous semigroups, we may assume with-
out loss of gencralily that in (1) &= 0. or equivalently that J0. + o[ <=p(A).

2. The main results. The main results in this paper are Theoremns 2
and 3 below. We note that, as far as we know, Theorem 2 is the first full
characterizalion of the infinitesimal generators of equiconlinuous Cp-5emi-
groups. See [3, p. 206]

Theerem' 2. A Co-semigroup {S(i); {=0} — with the infinilesimal genera-
for A — is equicontinuous if and only if for cach =10, 1], we have

(2) Iim([ J A) =S5(),
sew e n
in the norm iopology of C{[=, 1ja]; L(X)).

Remark 2. By the Exponentinl Formula of Hille we know thaf,
whenever A is the infinitesimal generator of a Co-semigroup {S(); > 0} we
necessarily have

lim(I—tuA} r=S(Da.
H-ron It
for each x&X, and the limit is uniform in £ on bounded subsets of [0, Feof.
See {3, Theorem 8.3, p. 33]. But, in the relation above, we may imagine se-
veral Lypes of convergence as for insinnee:
(i) jor each a € X. the limit is unijorm in t on bounded subsets of [0, +o0{;

(i) for each £>0, the limit is unijorm in (t, x) on bounded subsels of
fe, doo[ XX

(iti) the limit is uniform in ({. x) on bounded subsels of [0, +oo[ x X.

As we already mentionad, (i) holds whenever £S( ; 120} is a Cy-semi-
group and conversely, while (i) holds if and only if {S(f); =0} is uniformly
continuous ; i.c. 111.12' S(t) —Iil, =0, or equivalently. if and only if A is every-
where defined and bounded. The condiiion (ii) which is ,somewhere between”
(1) and (iii) is equivalent to:
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{ i .
{vy fer rachze |0 1. Iim(l A) Sy in the norm topology of
) Boeor n

Cifetiz] s LOX) .

Thus. (he neeessary and sufficient condition in Theorem 2 is very
natural.

An obvious instance of Theorems 1 and 213

Theorem 3. A Cosemigroup {S() 5 {20} - with the infinilesimal gene-
rator A is compact if and onlpy if for each 210, 1]

lim ([ = A) ' =8

EE 1t

o the norm lopology of Cilz /2] LX) and R{x; A) is a compact operator
for cach neg(A) or equivalently for seme res(d). 2 oo -

3. Proot of Theerem 2, The proof of Theorom 2 is inspired Irom thal
of [1ille¢'s Exponential Formuia {3, Theorem 8.3, p. 33].

We begin with the following lemma which will prove-usefal Iater.

Lemma 1. For cach a=}0. 1] and b=]1. 4eof. we have

a
LS|

lim-——&(uo sytdo =0,
naw N
0

and

oo

lim %(nc‘") rdy=0.
new RV .
h

n'H

Prouf. Since {—le ' s nondecreasing on [0. 1], it readily follows that

o
[ {ve")'dug a(ae™ )"
n

On the olher hand. ve™"<e™! for cach v =0, v#1, and therefore

h lim pn(pe="e)” =0, for p=0. r#1.

Tecalling that

. ﬂ"(‘. n
th fin ——— =
weomo 1]

we obtain
a
.oy : . e 11
0 lim ——\ {ve™")"de < lim an(ac ey
newe nlo

n

%

_0’

n!

thereby completing the proof of the first assertion in Lemma 1.
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Next, let us obscrve ihat - n.
and thus. substituting - = in the relations above. we ohlain
) {

+:ﬂ
n+i 0 I k
(5) {-I_T S (Uc—!:)ﬂd“ g S E]—[)_ = 1 AN woy
e X0 Sl | I-I[ H(T 1 ;] ral” \ (re )" Syl xdo,
I
. hy* " L 3 T
forcachneN and b= 0. Since b =>1, we havcgﬂ—-’?— = (-" ) for k=0 1....., 1t -1,
. k! n ' Taking b - in {7). we zet
and therefore () vields ' .
+w i
i1 n 1 - {in .)"df' .
"{(Uc"‘)”du =(n+ 1‘|ibe'°+"-r-l- . (8 ! \
nt g n!
and therefore
Consequently, by (3) and (4), it follows that ' o o
. ot
‘m . ' ([ _1) r— 51 = —— \ (ee S — Sthir]de.
PR ] n ' nlo,

n

o o !

0< h'mn : S(ve“)"dvs‘lim(n 1) (be ¥y e 0.
w1l . g
Let =)0, 1| be arbitrary. and hx 3< |0, x[. Since {S(f) ; {20} 1s equi-

conlinuous. for cach z =0 Lhere is a §(z) =0 such thal

[

and this complctes the proof.

Now, we can proceed to the proof of Theorem 2 and we begin with
the ,if“ part. To this aim, let us recall that there cxists w20 such that the
mapping A—R(X; A) is analytic from {A€C; Rer >0} intoe L(X). Sece

S0 - S18) w2 Tov each Ls=[31/3] with {—s £ A3(z).

On the other hand, for the same = -0, there exist ¢ —a(z) and b =h(z)
P with 0=a=1<h< 3 such that for cach =z 1/2] and r=[a. b] we have
[3, Remark 5.4, p. 20]. Consequently, for cachn &N, the mapping {-» (I - —_4) hath

n
is continuous in the uniform operator topology on }0, nfw| if w=-0. and on
10, +oo[ if w=0. Since for each a<=]0, 1[ the limit in (2) exists in the norm
topology of C([«, 1/x]; L(X)), it readily follows that (—S(f) is conlinuous
in the uniform operator topology on 10, +eo[. Therefore {S(t) ; {>0} is equi-
continuous and this completes the proof of the ,if* part.

In order to prove the ,only if“ part — which is by far the most intere-
sting assertion in Theorem 2 — let us observe that, in view of Remark 1,
we may assume With no loss of generality that there exists M>1 such that

(6) 1S M for {20

_ tne (8. 1/3] and {r—1<€5(e).
Ience

(10 S(tr) —S) a< = Tor eaeh fe|x /2] and vela b]
From (M. (6) and (10). we obfain

-
\(n(‘"';"di'

1 mn!

| ! T P 1 n
(! .\) ~Siy || 20 -
! o 3

gt ne

n . aay 1 i
Next, let us recall that the mapping - R{%; 4) coincides with the = —;—\Ir’t‘ “1"dp-= 23 ——.-S(UC ),
Laplace Transform of {—S(f), i.e. ne e
'¢)) R(x; A)x=}f?“$(s)mds for Rer>0 and ze X, for each n&N. By Lemma 1 and (&), it follows that
b

[y a
[ sup I (I l) Su) I K1z
! |

Differentiating (7) n tilnes wilh respeet 1o 3 and selling s=pl, we get e . ,

. ) _1\n t AL E 205 ~ () e )
(R(h; AN Mo =(— 1) g preMeS(tp)xede, for Rea>0 and x <X, On the for cach z=0. Consequently. for each z=]0. 1. we have
other hand : i
{11 lim (I .1) S(y. uniformly in =[x, 1/2].

n

ir—

(R(v; )™ =(-- 1)l R ; A)™,
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To complete the proof. we have merely o show 1hat for cach a0, 1]

i1

n—t

i ol
(1 lim (l .‘1] = 5(0. unifermly in te=]ax 1f2].

Fram (11) we casily conclude that Tor cach sequence (a,) of Tunctions
from |0, | inle itself satisfying

lim =1

'] H—

uniformly in f on every compact subseld in ]0. 4-20]. we also have

. A0
Hn (! ﬂ..«,} Sty

H—p > i

. o L ) n
uniformbv in £ on every compacl subset of 0. = x| Taking a,(f)== -——i!
' n-=-

for cach neXN and {€]0. 4| in the last relalion. we obtain (12) and (his
completes the proof.

5. Final remarks. 11 would bz of great interest lo know whether or
not Theorems 2 and 3 extend to the fully nonlinear case. In order Lo be more
specilic some preliminarics are needed. Let .1: DAY= XN—2Y be an m-dis-
sipative operator. and let (S(0: S : D{Y—D{). 12 0} be the semigroup
of nonexpansive mappings generaled by .1 on D{A) via the Crandall
and Liggett Exponential Formula, Le.

Sbar=lim (I-— L ,~l]m x for each 16])_(7)
v n

See |1, Theorem 1.8.1. p. 38].

The semigroup {S(/): S{): DCH)—=DEA, 120} s called equicontinuous
if for cach bounded subset J3in DY) the family of functions =S0He;xe
EB} is equiconlinuous al cach {, 0. Obviously, whenever .\ is linear, this .
concepl coincides with that introduced in section 1. The semigroup {S(4):
S0y : D) ~DA. 120} is called eompact it S(h is a compacl operator for
cach {0

An extension of Theorem 1 lo the nonlinear case. due o Brez is
[1]. is stated below, TFor the prool see [1. Theorem 2.2.2. p. a1

Theorem 4. .\ semigroup of Ropexypansine mappings 1Sth St I.)T.l-\
DY, 1200 - with the infinitesimal - genveralor 1 - is rompacl i and
only i il is equivontinuous and (01— A is a eampucl operalor jor each 3.0
or equivalently for some 3=

Now. a natural question which comes 1o mind is whether or not Lhe
following two conjeclures are Lrue.

_ Conjecture 1. A semigroup of Nonerpansive mdappings ENUHEUE
s DED—D(A). {20} — with the infinilesimal generalor 1~ s equicontinuous

if and only if for cach 2|0 1] and each beunded subset B in DY we have

~
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. ! ! . i .
lim ([ - :1) =Sz uniformly in (I D&z 1/2)x L.
n—tr 1t

___(Inujoclnrt' 2. A semigroup of noncrpansive mappngs (S(0 : S(f)
: D(A)=D(A). (20} — with the infinicsimal generafor A is compact if and
only if for cach x=]0. 1] and cach bounded subset B 1A we have

. rA" .
lim ([""- ~ A x=S0r ppiformly in (. x)yefa 2]« B
HES X n :
and (»] — A)F is « compacl operalor for cach 3.>0, or equivalendly for some v =0,
The .l part in both Conjectures b and 2 is rather {rivial, the main
point heing the Lonly if” part we were not able to prove. Tlowever. we believe
that, at leasl for subdifferential acting in a real Hilbert space {which do ge-
nerate cquicontinuous semigroups). Conjectwre 1 s truc.
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