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OPTIMAL CONTROL OF BIHARMONIC VARIATIONAL INEQUALITIES
By

ZUHENG-XU HE and GUHEORGHE MOROSANU

1. Intreduction. [.el Q be a bounded domain in R*(t<n<3) with smooth
boundary, Let We O, fell(0), », 1) and p, € H3() with

ty >0 on eld

where ¢ denotes the boundary of €0,
Consider the Tollowing free boundary problem

i1.1 yzoo Aty—f2 0. (y—Ay—[r=0. in .
(1.2) y=n,. on cfl,
(1.3 effen =n, on ¢} ¢

where A is the biharmonic operator and y is the unknown Tunction : Q—R.
Phyvsically equations (1.1}—(1.3) deseribe (he conliguration ol an clastic
plate (case n = 2) or beam {case n o= 1) constrained to lie above the obstacle
i ==

Problem (1.1}—(1.3) may be written in the following variational form
isee |7} for the case §=0)

{1.4) { peERr. ).

FAY. A —pdx 24). 2=y (V2= Ky ),
where !
o Koy n)={re HHQ) 1 s34, 2iQ=v, &xfinfe—p,h

and (...) denoles the pairing between H-(()) and L) (for 52 0). Varia-
tional inequality (1.4) (and hence problem (1.1)—(1.3)) has a unique solution
(cf. |7}

Assume that there exist real Hilbert spaces U; (i=U0. 1. 2) and linear
conlinuous operators H,: Uy—HHD, By U= 113(¢0) apd By U
— 11 e0))y such that f. p, and v, are given by

(1.6) [ =B+ n,= U,
(1.7} o By g u, =l

(1.8) pyes B, +w.. u, & 7,
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1=

respectively, with f,=H 8. e ). .S H173(4)). Lel also be given
functionuls g : BN —I and ho: Ui R=] 0. -] (i -1, 2 suth that

(1.0 By -y =l on oL (Y, e D).

We will be converned with the Tollowing optimal control problem
() Mininiize g(y) -+ halu Joegte ) - de(uy) oner all ye ). u, U, (i=0.1.2)
sbject to (1.1) = (1.2) (or (1.4)) with (1.6) —(1.8).

In the last few years many resulls have been derived for control pro-
blems governed by second order state equations ([1—6]. (10-12]. [17 210,
but less ¢fforls huve been made to solve conlrol problems governed by higher
order state equations ([7]. 18] (U] [18]). Tt ks the aim of this paper to con-
linue the study of such problems.

The contents of the paperis the following. In Scetion 2 we give o simple
resull concerning the existence. of optimal conlrols in problem (1. In Sec
lion 3 we derive the optimatily conditions. At last. in Section 1. we study
in detnil a conerete problem connected with the clastic heam with obslacle
for which we Lry lo {ind the exacl form of the oplimal conlrol.

The notations in this paper are quile usual. So Q). 115, H ()
and HFEQ) (s20) denote the Sobolev spaces of L=-lvpe (see, eg. Lions-
Magencs {16}) For any convex function & from some real Hilbert space
I into . éh denoles ils subdillerential and D{h) iis cffective domain. 1The
scalar producls in the spuces {7, are all denoted by = .=, and lhe corres-
ponding Hilbertian forms by |- . Finally. all relations concerning functions
defined on € are understood in distributional sense.

a. Existence of optimal controls. Lel ns make the following assump-
tions : '
(H,) One of the following conditions holds -

() gz HHY—I is weakly lower semicontinuons (L.SC);

(it} g: H(E)—R is LSC and By, 13, and B3, are all compael aperators.
(I, ks U—R (i-0, 1, 2) are all proper. convex and LSC.

Let w,eDih) (i =0, 1, 2). By (L9 there exists « unique solution ¥ =

y(u g g, ta) Lo (10). Then problem (F) may be writien as

(P Minimize

(2.1 Sy, g ttah 0 =gy iy, e ) _h,(u,),

gl
over u;=D(hy) (=0, 1, 2).
Now. we are able to state the following :
Theorem 2.1. Assume that (LYY, (I} and (H) hold. If i addition the
following coercivily condition is salisfied

{2.2) lim J(ug tty. 1) =40 for B fu,/—o0
i=0

then there exists af least one oplimal control for problem (P}).
Proof. By (2.2) the theorem reduces Lo proving that

(2.3) J: U, x U = U, —R is weakly conlinuous.
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.
¥ condilion (7) in tF1) holds, then as the mapping (w,. = gl iy 1)
i obviously weakly continuous from Uy o U < Uy to (L) (see also (1.0
we deduce (2.2, 1F instead condition (i) in (71 is verified, then we may
show that the mapping (. U w)—=glug wg. t.) s conlinunous from U, 4
U, o Uy with the weak lopology to 1150 with the strong topology. and
henee (2.3} ielows, QL1 l

Corollary 2.2, Lel (L. (J1) and (H1) hold. Assuine ine addifion {hal
for cuel io=00 102 the sel Dih)y is bounded i U Then problem (Py admits ol
feast one eptimal cordral.

Proof. One wpplies Theorem 2,10 Q1D

B, Neeessary optimality  conditions, We will consider onlv the distri-
puted control problenm. The boundary control case may he (reated in rather
the same way (el also [4] and [13]). )

In the distributed conlrol casc. problem (P may bhe reformulaled as
Q) Minimize Guy. ity =g(y) - hiu}

aver all ye N, we U subject fo

o gzl Ny (Bu A 7a200 (p oAy — Bu—J =0, in £}
(3.2 y=u,. on L)
(3 fylen —uo. o L)

where €0 s o real Llitherl space. he U S 2 U0 s o linear conti-
nuous operaior, fo= 1 2(A0), poe= Ha2(ell) and e [V e)y are fined and

(3.1) o) w0 o ed)

Foel us suppose thal
(M) g )= is Frechet difjereniiable.

Then (1) is equivalenl to
(U cither g is weally LNC on 113 or 1 U= 50 s compact
and (J1,) reduees to . o
(11 h: U= R s proper, convcr and LSG

Clearly, Tor any we L there exists o unique solution j iy = 113(4))
to problem (3.1) (3.3}

The Tollowing theorem is the main resalt of Uthe paper. Tt is the analogue
ol {4, Theorem 3.3, p. 83] which is reluled to optimal control problems do
verned by sccond order elliptic variational imequalities.

Theorem 3.1 Assume that (1), (1) and (11) Leld, Lel (i 1 y be an
oplimal pair for problem (Q). Then. there exists p = Hi{4) such thal

{3.5) Afp+Vyly' ) =0 in (g =ok
{3.0) plAIYT e Bu™ - fo) =0, in L2
(3.7) B pschu).

H:*{nul‘f.' 3.1, In (3.3) and in the following Vgly)) is considered as an
l'-l.t‘-lnl‘-nl in M) (the dual of HE) which is in fact the restriction to HE(H
of Vol(y')e HHQ)Y (the dual ol HEHQ)).
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Remark 3.2: In (3.7). U7 is identified with {7 and hence the udjoint
1ol Bis a lincar conlinuous operator from [y =13 Lo U==U"

Proof of Theoren 3.1. We mayv assume thal DERY s bounded. Olherwise
h mav be replaced by h:

= hiu). i oa—urEl,
hiw) ) ) .
o it o —u 1.
For any z=0. consider the [ullowing approxunuling problem:

(0,) Minimize G(y. vy - g{y)+htu) (L2 ae—u 2
over all y=I(), usl stibject lo

{3.8) Ay {12}ty — Py =Du -t in £},
(3.2) §oony on o8,
(3.3) fylen=n, on ¢l

As D(h) is bounded. we may show as in ‘Theorem 3.1 that there exists at
least one solution (g, u,) lo problemn (¢.)
Lemma 3.2. s =—0 we have

(3.9 u,—u . strongly [,
(3. 10 g~y strongly in FE(Lh).

Proof. As D(h) is bounded. the sequence i, is bounded in " and hence
i, is bounded in F*{}). So. Tor any sequence e, 4 0, there exists a subsequence

$m, such that w,: —u, and y,: -y, satisly
(3.11) Il,_.—-?.!’l\. weakly in [
(3.12) yo—y. weakly in J1HQ).

It is then immediate that (y. i) satisfies Fqs. (5.1)- (3.3) and in the case in
which B is compact we have

y_._~—>g,:. strongly in IT#£2).
So hy 1”1-' and (J1,) (sce also (3.12)) we obtlain thal

Hm inf g(y:) = 9(!;)

Ry

On the other hand, by (/1)) we have

lim inf h{u,)2 ().

k_., w
lience
(3.13) lim inf {g(y;) > ha) 1= 9(y") +h(:l‘).

LEE ]
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Now, let i, br the solulion to (3.8), (3.2). (3.3), where z =2y, and u:=
W Then. s (o) is an eplimal piir for rQEM), we have
() -E ()2 g(y) 4 R (20 -0
But
gy, strongly in 1),

so by (1) we have

lim g(ys) =9(4).
Pk

Therefore
(3.1 Vimy sup(g(ye) -+ (o) (1 2) 0 - u' ) gy Hh(’).
kox
Combining (3.13) and (3.11) we get
Ry = “em,“"’“" strongly in U.

Bul g, was arbitrarily chosen. so (3.9 is true, and (3.10) follows hnmediately.
his completes the procf of Lemma 3.2.
Now. for any =0, let p, € Hi(Q) be the solution of

(3.15) Ap, 2 (g, — by pe=—Vg(ye), in Q.

m | ==

Lemma 3.3, We have
(3.16) Bp,sch{u)u, —u.

Proof. Let el and let p =0, Sel .= u,+pu, and el g, be the sclution
of (3.8), (3.2} (3.3), where u =i, and z -0 is fixed. Then we have
I Ld

(3.17) oWy, — Yoy —=lu), s < —0, strongly in If§{Q),
where z() € HEL) is the svlution ol
(3.18) Atz (1) (y, Yy == Lo, dn L
So we may get
271 [9(ge) —9(y) 1= (Fylye), 2], as p=0.
As (y..u,) is optimal for (Q,) we have
o gl =901 4o TG +er) - hud e 2t o a2 e — w2 O
and hence

(Vg =)< i 7 fhla, and—h(u )]+
(319 wLo

A, —ut, vy =htu, ) Alu, —ut, vy,

3 — JMatematled
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where I"(n,..) denotes the directional derivative ol b at u.. From (3.15) and
(3.16) we infer that

(Va(y,). =(v)) =(p,. Br)=(1"p_. v).
and therefore (3.16) Tollows by (3.19). Thus Lemma 3.3 s proved.
Now we reiurn lo the proof of Theorem 3.1 By (fI) and (3.10) we
may uvhtain
(3.200 V(g —-Ve(y). as .0, weakly in H7(L).
Multiplying scalarly (3.15) by p.. it follows

{3.21) Fo@pyide 1 (1) § (y,—9prdes(
i 0
where (0 is some positive conslant, independent of =

As (y = ¢)" = 0. p, is bounded in H3(€)), we may extract a sequence
g, such that

(3.22) Pe,—p, weakly in Hi(Y),
for some p < Hj(Q). Then, il follows by (3.13). (3.20) and {(3.22) that
{3.23) L (e, — VY P, Vy(y) —A%p, weakly in 1172(Q)).
Em
#

On the other hand, we may obtain by (3.10) that (recall that 1<n<3)
{3.29) yo—ry’, as =0, in C(iT).

Thus, [or any test funclion ¢ e{y" >0} there exisls some 2,20
such that

(3.25) supp ¢= {y. >4} (V) =<2,

1 |
___(y.-.' ) P ] =

Letting =z —g,—0, we then get in virtue of {3.23) thut
(Va(y')— A%p, ) =V

which proves (3.3). Obvieusly (3.7) follows by (3.16). (3.22) and (3.4}, and it
remains lo prove (3.06). !
By (3.8). (3.9 and (3.10).

(3.26)  (22) |y, — ) oA — Bu' o, a5 240, strongly in 11#(L)).

Therefore '

o | =

| . psie0. (zeen
0

This logether with (3.22) and the fact thal n<3 implies Lthat

(3.27) _)1 = [(gzM—-.!J)“]'-’p;jfm——»(A*g' — Bu* —{)p:. in D).

<Em
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On the other hand, we have. by (3.24) that
(it ) =0, in ClO) L=(€),

Combining this with (3.21) we may obtain
(3 28) ey~ piiy. — =0, in LY.

Comparing (3.27) and {3.28) we conclude that
(3.29) (Azy” - Du® — [ p* ==0.

As Afg' - But—fo20 is a mengure in  and p is a conlinuous function on &,
£3.29) is equivalent to® (3.6). 0.03.D.

Remark 3.3, Using the methed of [13] we may also investigate the
oplimality conditions for slale ronstrainl control problems governed by
Fgs. (3.1) —(3.3), i, the problvm of minimizing Gy, uy over all y =I5,
w =1 subject to (3:1), (3.2), (3.3) and
i:3.30) yek,
where 5 is a given closed subset of FIZ(52).

4. Optimal control of the elastic heam with obstaele, Recenlly Brrbu
[3) and Yaniro [21] have investigaled some optimal conirol problem
for Lhe elastic string with obstacle. We consider here a similar problem for
the elastic beam :
{0, Minimize

(1.1) gly) = - i y(x)dz,

goer =120, 1), u e Uy subject to %
(1.2) ' y20. y'*—uz0, y(y*—u)==0. in 0, 1f,
(1.3) 50} =y{1) =1,

i1 y(0y=y'(1) =0.

ihere

1
{1.3) Ug={v=sL¥0, 1); —Ngu(r}g0 neo xel0 1] and f p(g)dx =}
1y

with N =3 =(.

Physically (1.2) —(4.3) represeni the equi tions of ¢n elastic beam clam-
ped at both the ends (xr=U and x=1; ind consituined to stay above the
obstacle y= 0. The function u represenfs an externn| force. Problem (4.2) —
(4.1) may be written as the variztional inequabily

yek,
'll‘l) 1

1
[ g —y ez | uE—pdz (V) 2eK,
i] k]
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where
(1.7} K=tz 30, 1); 220, o(y==x()=1, (0} —2°(1) - Of

Remark 4.1, Let u = L0, 1) and denote by g, the corresponding sofution
of (4.6) (or (4.2) — ¢4.4)). Then, sinee giv— 1 = U (in ihe sense of distribuo-
tions). yy is « measure, i.¢. g, is of bounded variation in [0. 1) (y"= BV, 1)),

Proposition 4.k Lel u = L0 1) with <) in |01, Then. the coinci-
dence sel

L={re|u, 1], ygufx) =0}
is « vlosed interval in 10, 1} (if nonemply).

Proof. Suppose that I, conlains more thyn one point. Lel @y, k.= 1,<
=10, 1| with x,=2. Then obviously gala Y=y, {x) . Now, consider the
function ’

:(1)_- Yala), 3t xe]0, 1] [y wa],
o { 0, i ;L'E[l'lv:l':]-

Obviously EcK and taking in (4.6) z: =A: we get
g L
U (yayrdes | ug,drg0

* because y,2 0 and u<0in J0,1f. Therefore yy =0 in |y, x.], which tmplies y, =U
in [, 2.). Thus we have proved that /, is 2n interval. In addition, as y, s
continuous, I, is closed.

Q.E.D.
Proposition 1.2, {Maximum principley, Lel x, x.& R with @, <x.. Assune
that

ye HiGe, @) and g0 in D0 ).

Then, y<b in [z, x.]. :
Proof. As y¥<0 in D'y, xy), ¥ is aclually a measure in [ry. r], ie
g e BV(r,. x,). Moreover y' is concave in {2, .| and

gix)=§ yd g2y - § oy'dl xS r<ay;

i g@d =0, '_.," y'(Hdf=0.

&
So, the result follows easily (look at the graphs of y*. y" and y).
Q.E.D.

Comment 4.1, Before studying our control problem (Q,) let us make a few
remarks concerning the properties of y, in the case in which u L), 1) with
u<0, These remarks are also interesting by themselves because they show Lhe
validity of Lhe mathematical model.

So. according 1o Proposilicn 4.1 we have o distinguish three possible
cases: I, —@; l,={a b]. with «=a(u), b=>b(u)=]0.1[. e<b: and [, ={a}
with a=a(u) €]0,1]. '
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Case J. I, @. ey, ~0in [0 1] (e ihe henm does not touch the obsta-
cler. T this cgse
g ==n, o Y011

hat s
L1 it T LR - O DEr). O gl

where the constants €y —Cyu). Co==Cala) ave uniquely) determined by the
rondiions
=1 (=0

anid b = D) s defined by

1

+
i

1.
(1.9} D) = — \ {2 —0ruit)dt.
6
We first notice thal. by vivlue of the maxunum principle (as u<0in jO.10).
ge= 1 [0
If & 0 then clearly g, =1 in [0.1]. Assume that 0 (as an element of
{7y, Then obviousiy
A =min {glr); Ogrgli<t
\loreover. we can prove the folHowing
Proposition 4.3, Assunie Hhial el 0.1), ust. uF0 (as an clemeni of
I and I,—=@. Then. the sel of minimizing poinls of §, 15 a .\“m‘g[(j[(.:n. -
Proof. By virtue of the maximum principte. the of set minimizing points
of y, s a closed interval, say [p. q]<=10.1{. Assume by contradiction that p=gq.
So gulx) =4 Tor pgagy. As g, £C{0.1] we have
Halp — Oy =241 (p = 0) ==y (p - 0} =0

that i
30 pt 20 p 4 O(p) =t

GO P20+ (p) =V
L 60, + @ (p) =0

This implies

prdr e p) - p D Y- D(py =T
Lel d(r): —dipay. Then

91 ﬁ)"'(]) (f)"(l) : D11 =0,
with @ =) Tor some @< LA(0.1), a0,

This implies
1

[ pt(x)dx =0,
;

thal is @i = U= b} =0 in [0, pl=C,=C,=0=y,=1 in [0, p]- But this contra-
dicts the fact that g,(py =<1, Therefore p=y¢. 0. E.D.



162 ZHENG-NU HE, l.'_}.F-!EOF:GIIl:‘. "-’IC.).T; ";A-‘\" 4 10

Finally, let us notice that
(4.10) pa() <0, for O<a<p, and ‘
(4.11) 1. (e =0, for p<a<l,

where p is the minimizing point of y,. Indeed. &s () =y, () =0, we have
pka) = phdl, 0<z<p  and gl
1]

which implies (1.10) (sce the graphs of py'and p,). Similarly ene can obtain
(1.11).
Case 2. I,=]a, 8] with a<b.
Recall that < L3(0,1) with #<0. In additicn, it is ebvicus that v must
be # 0. Since

g =u, 1n 0. U 10 1
we have by an elementary computation

14+ Cy2°+ Cox? 4 O(a), for O<zga
(4.12) y{r)=¢ 0 for agz<b,

14D, (1 —xj? +Dy(1 —2)>+x(z), for b<agt,
with some constants C:-.:Cf(u), D;=Dyu) (i=1, 2), where ®=®"(u) and y ==
=y(u) are defined by (4.9) and respectively by ‘

1
1
(4.13) Ka)=—~ S (z—tyu(Od.
Using an argument similar to that from Case 1 we get

{4.14) <0 in 10, «f and
(4.15) Ue>>0 in 18, 1{.

IL s also imporlant o nolice that y;’ is continuous except the points z =
—a and x =b where it has some jumps as the following simple result shows.

o Propoesition %.4. Lel u € L3(0,1); u<0 and assume that I, [a,b] with a<b-
en

v (a—0) <0 and y;"(b+0)>0.
Proof. Since y, < C*[0,1} we have
Fala—0) = yu(a—0) =0,
i.e., according to (4.12},
(4.16) 3¢, a2 -2C,a+ ®'(a) =0,

( .-
4.17) 6Ca+2C,-+ D" (a) =0.
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On the other hand. as & -z 0 in 2701} we may castly abtain that
yu'(a— Mgy (a+0) 0.

\ssume. by contradiction. thal g (a—0y =0, 1.e.

(1.18) BE, - By =0,

Bul. Egs.  (L16) (1.17) ond (1.18) lead 1o a con'radiction (sce the argument
used in the proof of Proposition 4.3). So g, (a--0) -0 and similarly g, (h+0)>0.
0.E.D.

Case 3. 1, ={at (withu €7, ugt).
Clearly. # must be # 0 and y, has the form ¢1.12) (where @ =-b), because yY =u
in 10. a] U Ja. 1] Also. we may again obtain that y,<0 in J0. « jand 5, >0 in
[ 1]. As vegards 4" we have to distinguish {wo possible cases:

[) either g, (@ —0) =y (a0 =1y, = H(L1)
(so y' =i. i.c. Lthe obslacle has no effect).

10 or g, (a—0)<y, (a-+-0). in which easc g is a measure.

1ok us now return Lo control problem (Q,). In order to apply the results
of Seclions 2 and 3 we choose U=L3{0.1) and take 12 to be the inclusion of
= L200 1) inta H22(0. 1) and h to be fhe indicator function of U,y defined
by (1.7) (.e. (o) =0, for peUq and hip)=-too, lor €l L ,q). Denote by
(y°. u'y an oplimal pair for problem {Q,). Then. according to Theorem
5.1, there extsts p e H5(0,1) such thit

(1.19) _ peel in {y 200
(1.20) p=0 in {(y)" —a #0}.
(20 pech’).

From (1.21) it follows thal there exists some A< R such that (see Barbu
(31

, - N ple) <
1.22) n(r) = [ ) plr)<?
V00l pla) >,

1y that which follows we will try 1o deduce the form of u” in cach of the
three possible cusses : T.==@ ;5 . =[a b] with a<b; I, ={a}. The simplest
rase s

Case I. [, — @ eyt ~0in [0, 1]. In this case. as p¥=1in]0.1[. we have

i1.23) play 20731 )2 Oz

with max p =1/38L [Uis easy to see that 2. & 10,1/38.4], i.e. the equation p(x) =%
has two distinct real roots. say r==38 and r=1-—3. Indeed, x< O=u"=01inJO,1],
2 contradiction bacause 0& Uz, ; on the other hand, 22 1/384=1"=—N in
J0.1{. which is also a conlradiciion becausec N =M, Thercfore, according io
11.22).

] —A.in 10, 8[u J1—8, ]

(1.24 v =
! i V0 in 18, 18]
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with 5==}[/2N Dbecause u” = Uy Obviously, in this case ¥ is syvmmetric,
so il has the form
AN Gt - Coat 1, D)
(4.25)  y(x)={ E(x—27)*-+E. S<r<l—3
— 2NN =2 O (T —2) +C (1 —a)* -1l A eg ]
Taking into account the fact that y = C'[0,1] we casily get
C,=N3/6=2M/12, C.=N§/6—-N3§f4. E, =N¥6, E.=1 (1—3)N§32t
Obviously, min y* =y"(1/2) =E.. Therefore, I,. = f necessarily im plies E. >0, 1.¢,
(4.20) (M]NY (2N — 1) <384
Now, g(y") can he easily compuled.
Case 1I. I,.=[a, b], with a<h.
In orderto find the form of p in {0.1] we prove the following result :

Proposition 4.5. Assume I,.=[a, b}, a<<b. Then'u’=—Nin ]a, b].
Proof. We first remark that

{4.27) ’ ess inf a'(x) <O

Day<a

Indeed, assuming that u*=0 in 0, a[ we arrive o a coniradiction because,
on account of

y*(a) =(y"y () =(y")"(a) =0,
we obtain in this case ‘
C1a3+Cza2+1=O, 3C1a "1‘2C3— 0‘ 361Q+C2_0,

and these equations are contradictory. Now, assume by contradiction that the
assertion of our proposition is not true, iec.

b
(4.28) § u(x)dze>—N{b—a)
Clearly by changing u” in Ja, b[ we obtlain the same state y*. Therefore we

may assume that
) = 0, in Ja. a+tel,
—N, in Ja+= bl
where

b
e=b—a*(1/N) | u"(x)dx>=0.

Now, we construct the conlrol .

ot (o) for 0<z<afe
t(x) = —N, for ajo <z <y
u(x), for n<x<l

where o <<1 but very close to 1 and ¢fo < <<a+= such that i, U,. Let § be
the stale corresponding to &, i.e.

13 OPTIVMAT. CONTROIL OF BIHARMONIC VARIATIONAL INEQUALITIES iy

yiomr). for O egalo.

yrr) 0 . Jor degrsh,
gty o Jor bgrgl

Notwe that
1 1

[ opiyde = | yg(ndr
L n

wiich contradicis the oplimality of (57 ")
Therefore (£.28) is false. e w=-s N in Ju.b[ Q.E.D.
Remarfl; 4.2, According to {119 (1200 and Proposition 1.5, we have

2 g —rt o lor bgaga,
{4.29) plr) = f for  agrgh
Ay —l—r)* Jor bgaogl

O]J[\'iousiy, the constant » appearing in (1,22} belongs to the interval
10, paax [ \\'hqn- .
Proas omax (af (381, (1 b8 1)

In other words. the equation plx) =2 has al least two dislinel real roots (see
the graph of pd We ltave at most Iwo subeases which we investigate in the
following :

Case II.A, o=l —b and (10381381 (see Figure 1)

" P-X
1 ]u-\ /\
Fy a-f a b { %

According to (1.22). " has the form :

(4.30) () Noin ) 3Jule - 3, 1L
(). in ]3. a - 8&J.

Sice
{ (y )y =—N.1n ]b. 1}.
g0y = (g ) By () () = (") (1) =0,y (1) =1
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we necessiarily obiain

(1.31) (1 —by =72\,

and A

g ) =—{N/2H(1 — O (N1 =) (=2 —(N A1 b1 —a) -+
. Fs

Az S lohgrgl

Of course. a necessary condition in ordet that Case 11. A to be possible is that
1 b 1/2. that is (sce {1.31)). N a2l
Now. lel us compute 5 in [l To {his purpose. we consider the problem
[ N in] O8] ja - 3. a]
- X N N
(1.33) \ 00w JAe B
Y0y == y{e) =y '{h g ray =1

The unique solution of (1.33) is given by

(N2 a'- At gr<d
of.3h e af2)* - By, dgr<a 8
(N2 (a—a) 5 Ala - Pl -1 e-ALrsa
where
[ A, N3/ AL = NA e — NAA
{1.35) i , U .
| B =N3/6a 1= NBHB - a)f24.

Now. consider the problem
(1.36) Y | '
| gl0) 1. gy =g =y (@) =0
The solution of (4.36) is
(1.57) i) =1 (2% (3t OSx<a

Then. clearly

11.38) gy =g gl for Ogr<a.
VMorcover. as ()" is continuous al xo=d. W hawe thal o, =—3/a Le. (se¢
R

(1.39 . NS (Ba) — N A= 3 at

In addition. from the condition 17 &€ Uy we gel

(4.40) @—25 =1 M|N.
Lgs. (1.39) "and (L40) lead us lo
(14D SNH 10N = M)A 3N — A3 N --36=0
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which has al most one positive solution 3. More exactly. as N=11520 we
sce that Q=8 1/ 1 Sa. (g ou’)is uuigm‘ly delermined by (£.30). (1.32), (1.38)
(sec also (L.31), (LA} (L11)).

Notice thal ansihes siluation is thal in which a1 b and «'/384<7 <
(1—0)*384. But ihis is similar to Case Lo Aoso it is no! necessary lo
analyse il as a separale case. IFinallv. we have

Case T1. 3. The equation p(x) -+ has four distine real rools. say T 3.
re=a—38, x=>btu and v 1w with 08 a/2 and O -(1 h2.

Therefore, in view of (1.22), u” is given by

[ =N in |0 8juja—38. bbufull—u 1]
1 0oin 13 a-3fulh4p 1 -ul

Then, obvicusly y* hasin [0, a] the same form as i Case TLA (see {4.34), (4,35).
(4.37) and (4.38)) and a similar computation gives y in [b. 1]. In addition.
from the conditions

() (a—0) sy ) (h10) =0, w' &l p(d) =pll—w.

(1.42) u(r)

we get

(1.39) NFY e - N33 Slat

we get

(1.43) Nurb(1 =h) = Nudfd=—3/(1 =7

(4.44) ASfu) —(a--1=h)=M{N = 1.

(4.45) St -~ &) =u(1-b -0

Egs. (4.39) and (4.43) can be writlen as

(4.46) e 3BIN VB 2] where =3 a.
(4.47) (1 —h)y =36[NO(3 -~ 2M] . where O=p/(1 -5k

with v. 0] 0.1/2{. Now. using (1.13), (L40) and (1.17) we gel
()32 (1071 (32

which vields +=0. Therefore (see (1.46) and (L17)

{1.48) w—1-D and 5=

thatl is in this case the control v” s symmetric and hence the state g™ is symme-
tric too. The constants ¢ and § can be determined from the system (gee (£.39).
{4.44) and (1.45)

(1.49) a—23 ={(N —M}2N.
(4.50) SNS14-3(N — M)S AN —MN) 37360,

In order to compute gy} we need only y”1n [0, a] because as y' issymme-
tric, we have

gly) =~ 2 | o @)z



168 ZHENG-NU HE., GUHEORGHE AMOROSANY 16
W

Case 111 L= 4uj . o

There are l\('u possibilities: either (y7)" —u ={hor ()" —u ;é().’,-\ssumo
firs! that L .

Case [11.4. Lo dab and (") —u =0

Consider the contrel problem ) .
(Qa) Minimize (1.1) ever all ye= 0.1} e Uyy subject fo

(1.5 yive=u. in JOIL
(43 gy =y(1)=1.
(14 gy = gy =

where {715 defined by (1.3 For this classical contrel problem the necesgary
T . \ ‘
conditions for oplimality are

{(1.52) pEe=1.in JO1
(1.03 pL0) ==p(1) =p'(0) =p (1) =0
(1.20) pechu’).

Therefore, p has the form (4.23) and the (unique) optimal pair for problem

{Qg). say (;}. @), can be Tound as in Case 1 ahove (see (4.24) and (1.250). We
mav prove the following simple resull. ' . )
‘ I]’rnpn.-'itinn 1.6, )T:er! (y*. u") be an oplimal pair for problem (Q,) such

*

that (y " —u* =0 (in view of Proposition 4.4, this is possible only in Cases I and

570 Y * TN . . . o ) )'
1L A}, Then (", ) eoincides to the np!um_ri pair (. 1) .n," (Qo}- .
Proof. We first notice thal (y*. u™)is an admissible par [or prablem

(o), 50 )
(4.54) gUpSylr).

On the olher hand. we obtain by the maximnnn  principte that

gaz g iu 100
where j: denoles the solulien of (1.2) — (1 with o =il Therefore
(4.53) gy =gl = g,
By (.31 and (1331 we see bhal gQp )=y oo (. u') iy an optimal pr
: et g (it muee Lhe preol is finshed.

[or problem (Qu). So g sy, o =s=u und hienee Lhe proo] - ‘
& This rcr?ull savs that in Gase 1L\ the npl:u*ml par (g . 1} can be
found a®in Case | (so in particuler «=1/2and Both y* and & are symmetric).
Fuking into aecount the form ol ' (see (1.2} we see thal a necessiry condl
lion Lo have sueh an optimal pade (g u'yis
(1.5 FA NN =) KhER

Remarl: 1.3, Snmmarising we see that i Cases 1 and THL A Lhe .nlpilmul‘
pair for problent (Qy) is given by [L210. (1.23) and i opecessary condilion for
these cases to be possible is
(.57 (M NPFECIN - M) < B84
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_ . o s 5 .

Case 1EB0 1, el ad gyttt a”£0
In this case p e G0 1) satishies

R EHY . Pt i e b ek
(-1, 04} ) play - (b

Meretore pohas the Torm

(1.40) [ pr) ] 20 Yy vty ). Usrsa
I l 219 ey (row) usas 1.

where gy ge= 8 such thal afta a1 (a0,
[t secms hal p'a) - O hes g we wp and (w'. g1 can be consirueied
as in Case 110 We Tailed In atiempt {o prove these assertions, However we van
sy thad the unigue situation in which ¢ is symmetric i that'in which o

",
. —1/2. e uwt has the form

N in 0, Da 1251
(4.51) w2 in J0. ] Ul1/2- 2 1242| U J1—a 1]
l O in Ja 12—z uil/2-4a 1—=]
where
(1.462) %= [AN.

Remark 101 Notice thal for cerlain values of M oand N problem ()
cannol admilt a svmmelric optimal control o, In wrder to show this Iet s
take, for instance, M =18 . 1133 and N-=23M =36. 10'/135. For these
values of M. N Cases [ and 111 A are lmpossible because inequality (4.57) is
not verified. Moreover. for the same vatues of M. N Case 1L B is impossible
tno beeause system (1.19), CLHOY has some solution («. 3} with 3>1/8. henee
a =1/2. Now, lel us assume by contradiction that Case 111 B3 holds with a=1/2
and 2f svmmetrie (Lo, 17 as the Torm (1.61) with o2 M/AN = 1/8§). Remark
that for our choices of M. N system (139, (1.10) has the solution §=0.1.
a {7, Let ns consider Lhe coutrol given by (L30) (with 8 =01 and a=0.7)
which we denote here by w . Then. the state corvesponding lo . say y .
can be found in the same way as g is found in Case T A (see 04510 (L32),
CLAD. (LIBY (1.37). (138,

Next, an clementary. compulalion gives

1 i

opadeide - ] oyl
In other words, gy J-<-g(y"r Leo (' u’) is not oplimal, Therelore. tor M. N
chosen as above Case 1L B with ¢ svmmeteic s also impossible. It seems
thal the optimal pair (y7. 0" coincides in this example with (. w ). Ay
wav we have proved that for these values of M. N iU is impossible Lo have
vy =—u' (1 rhoae. e 0010 as asserled.

Aeknowledgement. The vesulls of this paper were communicated the 17
of Ovlober 1986 in Lhe sewminar of Professor G. Du Pralo, Scuola Normale
Superiore di Pisa (Italy). The second author is very grateful to Professor (.
Da Prate who kindly invited him fo visit this instilotion.
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\l-I:]-:lNl:l:ESI-M-\I VARINTIONS OF INVARTANT HUYPLER
! FACES OF -_\.\ ALMOST m-PARACONTACT HIE-.\I.-\N*’] AN
MANIFOLD O P-SASAKIAN TYPE | -
BY

ANDIRZED BUCKI

0. Introducti irs [ini

5 fon. First, the definitie i

‘ \ u . noof an almost - par i

mannian ma P S T . ) il Fpagitoniiey 1

i ;:1\11111111(!f.>1 Pbasakian Lype is recalled  and su[mv properties I' {
& 11 - 3y ~1 0 IFE] " el H . . A )

wvariant by i)‘(’lfml.l.l aves are given. Later we study invarianl, ometric and

E preserving inlinitesimal varialions ol invariant hypersurface o

a A surfaces,

]. I“\ Arlanl ! i 3 b p 4

H l‘pl rsurfaces ol an ll“ ;

H g H o ) "y i ].05'. Ir=piaracont
HY ]l " l) Uyt . U Ll Onlacet ]‘" maunsnian g
nitold 0l ‘.'h]'*dllltl" { ‘l“ - -\“ [)I)US( N [h-ll '“‘H In an n d“q] Clslon l 'l[lll()"l

i pl -(Ulll-d(‘. [l]( manniaxn mantold Wity a s l[l( wie o

. arae 2y LR . . [ I‘ ll " . 1 N f(l)
. \ Y

Le. o ‘!-t'l[l‘;[l(\fl l]]

[
-

- 'flz. y)IE'r 3

(1.1 RS ¥ Ba={py " o
1423 A e 3 (ri-={1. 2 ot and a0t denodes X ya bt
“2 $d D >4 x vy ;
U T MR 'Gq.[{([)}i 0. G20, a=(n
(i.:i.) i £ TI s =iy 4 il
Fanse =% 2= a0 b =g, - X ik
b A

where, A0 MO0 Doos(n)
[f. moreover. X satislies

(1.-0) .
. D= Voah Tor wll 2.
(o V.o v . 5
1 Y Re SR IPIA 1] S e WO M .
s Y 1 Morhe R =Y nl LN LT
where 2 G4t s Oy =ty
i11.6)

g
W=y ey and Dy, =0,

md Vodenole s iemamiti .
mosi r pa?,(:(l:.:n‘lh:: ll{’fltnhuuu::u connection induced by ¢, then M is an al
. - ; ac iemannian manifold of P-Sas S : < 5
Fhe ¢ e _ ! & d of P-Sasakian tvpe {2].

onditions (1.1} and (1.5) are equivalenl respectively i _P {2]

b7
(1.7) hji =V as(n)

Il N’ \, LDB N x 2B . .
AP == S8R ke TR _ . S
L e SRS nfr (g ag g g w0 2

let M N ~n R .
syslem of I('ojflnfdiln- 1(” D-dimensional Ricmannian manifold covered by a
37 b the tm PII“.I.(’ ue‘lghbourlwuds (V. y*) and isometrically immcrse& in
ees a. b, ¢ l'ul;ll :;12:1 llh. M, 1—:‘11{,.; where, here and in the sequet. the indi-
= : e range {1, 2, ....on—1}=(n N \
i=( 1. We identify i(M, .}

with M/ : o pred : :
wor and represent the immersion by ot = ot (g T we puot



