P—

ANALELE STIINTIFICE ALE UNIVERSITATII ,AL. 1 CUZA" DIN [ASI]
Tormul XXXVII. fase, 2, 1991, sect. 1 — Matematicd

SUPRABARRELLEDNESS OF Ig(H, <) AND MEASURE THEORY
BY

3. R, FERRER, M. LOPEZ PELLICER & L. M. SANCHEZ RUIZ

Throughoutl Lhis paper the word spaces will stand for any Haus-
dorfl locally cenvex space. [Les us recall a space I£ is siprabarrelled,
[2]. if given an increasing sequence ol subspaces of IZ covering it ihere is one
of them which is dense and barrelled and given a o algebra of on a sel X,
15(X. &f) is the normed space over the Ticld K of real orcomplex numbers ge-
nerated by the characleristic functions e, A= cof, whose norm is delined
by [zl =sup{|z(j)] : je X}, da(X. of) was shown to be suprabarrelled in [1]
using some duality methods and deducing some results in measure {theory.

The aim of Lhis paper is to give a proof of suprabarrelledness of 15(X, <)
using measure theory.

We shall sel 7 for the linear space of the K-valued finilely addilive
hounded measures on cof.

Delinition 1. Given A€ol and Mc X we shall say that M is quast
bounded with regard to A if there are sone By, By ... Ba=cl such thal

sup {la(t)l wed. £ lu(B)| i< for cach A, <4, 4,0l
je=1

J=
1 is prelly obvigus that il Ay, Ay=ct M Fand M is quasibounded
with regard to .1, and .1,, then M is quasibounded wilh regard (o A, Ul

Proposition 1. Lo A€t und M=4. If M is not quasibounded with
reqard fto 2, then for each posilive integer p2 2, each real number «==0
and B,, Bi. ..., Ba=cd there is a parfifion A, Ao s Ay of A and 1y Uy oy

t,& M such thet w(A) =a and T udBy<slforioI .., p
jml
Praoof. As A is not quasibounded with regard to A, given By, B ..., Ba
2u,e M. 3p,,= A, P, € ol such that 5 udB)) | + e (A)[<1 and [u( PPy | =

ful
1 4a=o Then Py, =AN Py verifies [i,(Pg)]> [y Py | —Juy(A) | =1 Ho—
| o and, clearly M, is not quasibounded with regard to Py, or P, 1T M
is not quasibounded with regard to P,,. set 4;: =Py, then [y A=

L
and Xu,(B)) <1 and repeat the process with Py, In case 3 were not quasi-
j]

bounded wiih regard to Py, set A, =Py, then luy(d))|=a, Z|u(By<]
i=1
and repeat the process with Pia.
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Proposition 2. Lel A =cl and {M,:neN} o sequence of subsels of X
such that M, is nol quasibounded with regard o A€ol for =Ny, M 1y
and for infintlely many n. Then for each real number a0 and By, By, . Br €
& ot there exists a fumily of pairwise disjoint subsets of A belonging o A,
A, Ay o, A, and some u.&JI,,t. far i=1, .., P such tha lu(A)]|>=

g b
SjudBy)|s L Moreover M, is nol quasibounded with regard to AN l.-l,- for
Ja=1 © o=
n=n,, Ry, ..., h, and for infinitely many n.

Proof. By Proposition 1, there is a partition Qu Qe - Qe0f A, €
e cof, and vy Dy .oy Upea &M, such that for i=1, .... p+2, [r(Qy)! =2 and

.
T [v(B,)|<1. Now JM, is not quasibounded with regard to some Q. say Qi

=1
i’or infinitely many n. For cach 1<i<p, there is somne i lé.i,-§1)+2, such
that M, is not quasibounded with regard to some Q) 80 there is some (.
1<hg p 42, such that M, is not gquasibounded with regard to AN 1=
<igp. Laslly, as Q. ANGw I, is nol quasibounded with regard 1o ANEQa
for infinitely many n. We can take .4, : =Qn and 1,1 =0y and repeal the
process with ANQy

Proposition 3. Lel {M,:n &N} be « sequence of subsels of # such thal
no M, is quasibounded with regard to X. Then there exists a family of pairwise
disjoint subsets of ot {A,:i,j€N} an increasing sequence of positive infegers
{n,;: i N} and a family of elements of & i, j € N}. such that for i=1,..,p,
A >i4d, T [uldadls ] u &M, jEN.

B ki

k<ikj
Proof. By Proposition 2, Lhere is some <M, and A, = od such that

Ty (A ) [>2 and M, is nol quasibounded with regard to XNy for n=1
and for infinilely many n. ; -

By recurrence, let us assume we have obtained the posilive m!eg(?rs
1=n,<n;< ... Ny, a family of pairwise disjoint subsels of <f. {A{,J LS
<q-1}, a sel of elements of &, {uy: i 47<q~ 1}. such that for i=1,..p,
lug (A |>iH, I [ug(dan) <1, uEM,, jeN and M, is not quasiboun-

e k<ikj —
ded with regard to X\ U 4y for n=ny Meoes n, and for infinitely
many n. RECIER!

Let 1,4, be the smallest positive inleger greater than n, such lhat-ﬂuf,,q_1
is not quasibounded with regard to XN U Ais Applying the previous

irpggel
Proposition to A=X> U Ay p=4 41, a=¢+2, and {dpa: h tkgq 41},
ESET R )
we oblain a family of pairwise disjoint subtets A gty degr oo -bgtin of
X |J Ay andaset of elements of @, Uy g+1,0 Uz o2 Vgt such that for

.
EFLAER

'=1,...,(1—1,ui-q-{-g_il(fii(q-fg i))i>q+2, 2: lui|q+2-i|(‘{ﬂk) "'<"-1! ufJEBI”".jEN
hik<glt2
and M, is nof quasibounded with regard to X - \j Ay for nmnyg, Ry, e

thisgt?
<.otyey and for infinitely many 1.
Proposition 4. Lef ol= ulot, : neN}, with o colis ... = Ay S e
There exisls some no< N such that if M is quasibounded with regard 1o oty
then M is quasibounded with regard to X
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Proof. 1 this Proposition were not {rue, Lhere would be a sequence
1M, : n= X} of subsets of % such thal each M, is quasibounded with regard
to f, but not quasibounded with regard to X. By the previous Proposition
{here exisls a family of painwise disjoint subsels of . {A,;:i, j€N}, an
increasing scquence of posilive integers [n,:ieXN}anda lamily of elements
of . {u;;:i. j€N}. such that for i =1.... p. A =i+ L lldn) €

ho- ket
<l. u, €M, . jsN. Consider now all the pairs of positive inl.e}rgers (i, N
ordered Tollowing ihe diagonal order. Let G =y{d; i, j&N], m aposilive
integer such thal u (G) <m let D1\ Dy, P a parlition of the set of
all the pairs of positive inlegers [i.j) i +/> 2} in such a way that given ie

& N there arce in{jnitely many eclements in each DL whose first coordinale

is i, Then 2 |u, (Uit (.NE PN u{6) . Therefore there is some k=N,
h=1 . .

1< kgm. such that LUl (. ) s PRI Sel Pu. P Going on as

in |1, Theorem 1| we will find some 7, € N and Hecd, such that sup{la(H) :

cue M, =, Contradiction.

Definition 2. Let I be a subspace of 17(X, &t} and Mc(I7 (N, )" We
shall say that M is bounded with regard lo L if sup{|<u. f=/: usMp<x
for euch f=1..

Proposition 5. Lel L be a non barrelled subspace of 17 (N, t). Then there
exisls some Me 7 such that M is bounded with reqard lo L bul nol quuasibounded
wifh regard o X,

Proof. et U be a barrel in L. which is not a neighbourhood of the ori-

ey
gin. Set Vi =U o ¥rail d M =V Clearly. M is bounded with regard
1o L. 1T M were quasibounded with regard to X, there would be By, Ba. ... Bx €

k
ecf such thal sup!lu(:0)|: usM. % uiB)) gl}=o0. fecd Then {V +kl(eg,
!

e oo op 11 05 bovnded with regard to X and, being /7 (X, 1) barretled
V bk ey € oo n €pg) 05 2 neighbourhood of the origin. On the other hand,

V] is also barrelled since it is finile codimensional in Iy (X, cf). So V' is a
neighbourhood of the origin in [ V'] and, consequently, (" =VnLis a neigh-
hourhood of the origin in L. Contradiction.

Proposition 6. Lef [, be a non dense subspace of 17 (X.et ) whose closure
is infinite codimensional. Then there is some Mc such that M is bounded
with regard to I bul not quastbounded with regurd to N.

Proof. Let V' be a néighbourhood in L, then M : =\* is bounded with
regard to L. I M were guasibounded with regard to X, as in the previous
Proposition, V4+kC(ep, e, voons e, would be a neighbourhood of the origin
in Iy (X, <t). Therefore I_would be finite codimensional in fo (X, t}, which
is nol possible.

Theorem. Let {£,:n €N} be an increasing sequence of subspaces covering
10 (X, &f). Then thereexists some ngeN such thal E,, is dense and barrelled.

Proof. lel of,={Bsct: ¢y E,}. Clearly, cf=u{ct,:in< N}, with

—IZIX, o) . .
A, cot,c ... cch,< ... . I no L, were dense, E,f"x ' would be infinite codi-
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mensional. So, by Proposition 7, for each neN, there would be some
M, bounded with regard 1o E, and, consequently, bounded with regard
o of, but not quasibounded with regard to X, againsl Proposition 3.
Therefore there exists some n,=N such that E, is dense for each nzn,.
1 no of these I, were barrelled, by Proposition 3, there would be some A,
bounded with regard to E, but not quasibounded with regard to X, againsl

Proposition 5, too.
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MORPHISMS OF H-CONES AND POTENTIALS. L
BY

EUGEN POPA

Ahstract. The present paper is pased mainly on the reports [13] and
[14). It generalizes and completes Lhe results aboul morphisus ol f-cones,
which preserve onc or another of the various classes of elements. having a
.polential- type.

The main Lheorem conlains sulficienl condilions. on a I[-map, in order
lo preserve the t-potentials. Necessary conditions will be invesligated in a
forthcoming paper.

Preliminaries. The basic relerence Tor the definitions. nolations and
resulls aboutl I-cones. is the monograph [6].

Lel S and §' be H-cones. We denole by Iom(S. §7) the set of ali mor-
phisms ol H-cones from S lo S (for the relevant faels about morphisms of
H-cones, sec [8]). For selom(S, $7) we consider the domaiu of 3. defined
as :

o) =155 | 9(n)EST

Certains morphisms setlom(s, §) admit an adjoint : pamely Lhere exists
a morphism, denofed " & Hom(S", 57 which salisfies the relation :

2 (V)(5) = v((s)): YyeS8", VsES

if S and S are H-cones of functions on the sets X and X', then amap 22 X'—X
s called a H-map il: for any bounded se S we have sope 8. Every
H-map induces a morphism from S to S, which will be denoted by the same
letler. defined by @ 9(s) =s0%-. Such a morphism allways admits an adjoinl.

The following notation will be in force throughout the paper: 5
and S will denote H-cones, or standard I-cones of functions on the sets X
and X' ; v and < will be topologies on N and X', coarser than Lhe fine topolo-
gies and (in the standard case) finer than the natural ones.

We recall [3] that pe S is said ~-polential if, for any sequence (1), }yen
of =-open sets, such thal

z-clD, = Dysy and X—JD, we have:

#EMN

/\BX .n"p == ()
nEN

(z-cl A stands for {he closure of the set .1, with respect to the topology <)
When = is the natural topology, the condition ,5-cl DS Dpry” caN1 be dropped.




