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_Susakian manifold.
nz3) cannol be « P Susu 31 In Lhis
e 1-Sasakis nifold (PRS), (nz3). 1o th
tric -Sasakian ma ( From 3) we get

Theorem 1. .} (.I:’S),, (
3. Pscudo Ricei Symmetric akian 1 d (
seclion we suppose that a (PRS), (n=3) is P-Sasakian

VSV, H=2A)SY, B +IVSX B) LAE)S(Y, X).
. ¢ equalion can be written as
1).1(}’)7,()() +A(EIS(Y. X

In virtue of (2.3) the abov
31) (TeSY. D= —2n=DAX)e(¥) =

From (2.8) and {3.1) we gel .
o(n 1) 4{N)y(Y) (n—1)A(V)5(X) LA(EYS(Y, X)=

{3.2) ym :
(n - Dg(@X. ) S(Y, ®X).
Putting X =% in (3.2) and taking account of (2.1) and (2.3) we obtain
3.9 t 3AE(Y) LA(Y)=0. because nz 3.
Now putting Y =3 in above we gel
{3.4) A(Ey=0.
Ience [rom (3.3} we oblain
(3.5) A(Y)=0.

i N : {ale
ichis i is8si ; finition of (PRS).. Ihus \\?calls '
“.hwh' h llla(lmli?slbl":‘ (])I:;};.!Sl‘():udfrll;liil) cannol be au P-Sasakian mfututf.n!ld. o
lkll.(i,":::l::;cd-g.y:;lvnl. In conclusion, 1 acknowledge my g:a; ?1: e
P ‘f(\‘{ ¢. Chaki, tor suggesting the problem and for his helpful guids
to Prol . L. aki, Sugt g

in Lhe preparation of Lhe paper.
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COSYMPLECTIC QUASI-SASAKIAN MANIFOLDS WITH
a®—STRUGTURE VECTOR FIELD %
BY

. BUCHNER and It. ROSCA

1. Introduetion and summary. .1 gquassi-Sasakian manifold Mo, 4.
"r]. 2 .rf) is a normal alimost contact metric manifold wilh closed structure 2-form
Q [11] (sce also section 2 helow). If in addition the structure 1-form 7 is
closed. then M s called cosymplectic quasi-Sasakian manifold.

General cosvinpleclic manifolds and their submanilolds have been slu-
died by many aulhors (see, e.g. Blair [2], Fum [6]. Goldberg [7]. Ludden [10]).
However very lltle is known aboul submanifolds of a cosymplectic manifold
endowed wilh a Sasakian slruclure, allhough certain aspects of this problem
have been discussed by Kim {8].

We denole by g the anlicanonical operator [18] of square -1 thal anti-
commutes with ® and by dp the line element of I In this paper, we consider
cosvimplectlic quasi Sasakian manifolds 3. such Lhal the covariant derivalive
of the structure vector field 2 satislies V% =¢(go®)dp. where ¢ is a nonvanishing
constant, % will then be called a @@ — sfructure vector field.

In section 3 it will be proved that M is foliated by symplectic minimal
hvpersurfaces  M: orthogonal lo £, which have constant total curvature
(— 1" e2® Further for any tangenl vector field Nol M. o X | X are princi-
pal vector fields on 1/,

In seclion 1, conlact CR submanifolds M of 1 [20] will be considered.
The vertical distribution M on 3 is always involulive, Tence M enjoys one
of the basic properlies of Kihler manifolds [t], Sasakian [20] and pseudo-
Sasakian manifolds [11]. In addition, £ is an umbilical section for the leaves
of DL ;

In the last seclion, we study a manifold M with the additional property
{hatl Lhe structure veclor field £ is exlerior concurrenl [13], [16]. In this case
the second covariant differential of £ satisfies V2% — ('3;, f dj}. If D denotes
the tangential anlijnvariant distribution of dimension m +1 on M [20], then
the necessary and sufficient condition thal the above equation be satisfied, is
that 72 and ®2 are both involutive. In this case M is foliate and X 31, « M3,
where M, is a tangential antiinvariant submanifold tangent to D and Jlf'; is
a normal antiinvarianl  submanifold tangenl to &7, Furthermore M, is
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totally geodesic and AL is totally umbilical and has constant scalar mean curvas
ture. lYinally, some properlics of the Lie Algebhra on 31 are discussed.

2. Preliminaries. Lel (.TI, }}) be a (2m+1) — dimensional oriented con-
necled €° manifold with a Riemannian metric g. By PTM =% 3 we denole
the sel of sections of T3 and by ¥ the covariant derivative operalor defined
by ¢.
We further require that i1 is a quasi-Sasakian manifold M@, Q.7 &, 7).
i.e a normal almos! confact melric manifold with a closed structure 2-form Q [11].
‘I'his means thal the quadruple (d. Q, ;, £) of structure lensor fields is defined

as follows .

(iy @isa(l, 1) — lensor field,

(ii) (Jis a closed 22form of rank 2m,

(i) + is a 1-form,

(iv) & is the structure vector field {or Reeb's vector field).

These tensor fields satisfy:
0 — 1 +E@7; (E)=1; ®E=0;
en b oaox o%) g N X)) WX =g& X
a6 -0 X V)=gX, oF); (AQ"A7#0; Z=Ker (Q).
Il in addition
(2.2) dn =0
(and lherel;ore rank -;,--l) holds. then one says [11] that the quasi-Sasakian
manifold M is endowed with a cosympleclic strueture 1 8p (m, R). In this

case Lhe distribulion {)EC—:QFJU*[ #(X)=0} which is called the horizontal distri-

bution, is always involutive. .
Trivial examples are the spaces R” with uneven n : For n=3, e. g., put

1 1 ¢ 0 0o —1 v
& =1 v 0, £={0}: == (0, 0, 1); Q=11 0O 0
{) 0 O 1 ; 0 0 o0

and use Lhe euclidean metric (cf. also {2.10) below). Starting from Lhis, it is
easy lo construct non-trivial examples by changing the metric (cf. (2.17)).
Now for any connected and oriented Riemannian €= —manifold (1, g) of di-
mension 71, we set .lq(ﬂ, T --T Hom (/\GT.W, T, i.e the elements of
AN, TM) are differential g-forms on 37 with values in 7'M [13]. Further, the
exterior covariant operator with respecl to ¥ will be denoled by
dt : A7, TAD)— A (3L, TX),

Lel R be the curvature operalor on M and f"‘X:dS(VTX_) the second
covariant differential of N et M, Then the well-known relation

(2.3 (0, H-R(O. HX: U, Ved M
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holds, Now is a vector field X satisfies
(2.1 ViX=uA dp,

t'in' some u E/\‘(_\‘I), where d;)E.l'(_fI, Tﬂ) is the line element [5]of M, then
X is called exterior concurrenl {abbrev. e c.) [15], [16].

If f: TXM—T*X is the musical isomorphism [13] defi ' g i
has bheen shown in [13] that ¢ B TSR

(2.5) u=fa(X); feC~M
holds ; the nowhere vanishing scalar field [ is called the conformal scalar of X
Let us recall the following properties of e.c. vector fields on a general orienteci
connected C*—manifold M [13]:

19 If R(X, Y)=UrR(-. X)V; X, Y M is the Ricci tensor field of V
then for any e. ¢, vector field Z& M the relation ,

(2.6) RZ Z)=—(n-0)f<Z Z>

holds. 1f M is compaet, then f=—732; LeC<M.

2° If any veclor field on Misecc, then Misas - VT (—]
ithe converse is also true. el U Pt S e
3% The structure vector field £ of any Sasakian or pse i
. L 2 3 udo-Sasakian [14
manifold and of any para-co Kihlerian manifold [3] isp e.c. s

] \uViﬁ_lh the local connection forms $4eAM and the curvature 2-forms
04=A2M, Cartan’s structure equations may be written in index-less form as

(2.7) Ve=0@e
(2.8) do=—9%A\o
2.9 d3=—5A §+6.

. Let 0(M) and 0={e,[4 =0, 1, ..., 2m} denote the bundle of oerthonormal
frames on M(®, £, v, £, g) and an element of O(M), respectively. If 0'={¢;4}
is the coframe of 0, then 0 can be chosen such that the line element dp and
the structure 2-form £ are of the form

(2.10) dp =0’ ®e,

and

(2.11) 0= 3ot A et
- a=1

where « :=a +m. Then Q0 ={%, e,, e, |a=1 m; ¢ =a+m; ¥ is ¢
{d-vector h_ase [20], ¢f. (2.1), and the relations ®e, =e,. ; Cl)ea:r-_——'e ﬂhoel:l}; ==
. Consider now the anticanonical operafor a with respect to (Dﬂ[18}. For a
given ¢ —vector base 0, it is defined by ge®* =¢e"";, q¢*" =¢", and has the ‘
perty thal it anticommutes with @, " =

§ — Maternaticad
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(2.12) ao® 4+ Pou=0; aZ=0.

£ will be called anticantonical Sasakian (abbreviated as.). or al —siruc-

ture veclor [ield if il satisfies the relation
(2.13) 6f,=r(a:ud)).d~[.) ; . ceR;  #0.
This entails; i
-~ V.ii— —cdX and Voii= —caX.
Here X =M is an arbitrary vector field. In the ®-basis 0. equations (2.13)
im plies
(2.14) _ Go—ca; Hl e —cw™.

It is easily scen Lhat these equations are consistent with the cosymplec-
tic structure (L2, ).

In the following we shall be concerned with cosymplectic quasi-Sasakian
manifolds (abbrev. ¢. q. Sasakian manifolds), whose structure vector field

satisfies (2.13) ; Lhese manifolds will be denoted by ¥(®, Q, . &, a 9)-

2

A short caleulation using (2.1). (2.10) and (2.13) leads to the following
intrinsee formulas ;

(2.15) PYX —VOX - -';i(k)q)ﬂéi—'(‘/'-(ak)® £,

(2.16) AF(dp) =ci A\ edp = A* (M. TAD.

An extension of the example in the last section can be used lo prove the
existence of c.q. Sasakian structures satislying (2.13).

3. Symplectie hypersuriaces of M(®, Q.. 5 a ¢) From d—}: —0, il follows
that any manifold M is foliated by hypersurfaces My orthogonal to Z. And
because of dQ =0 one has dQ - —dQ 1y, =0 ; therefore M.is a symplectic ma-

nifold. (For any immersion Xt in M, we delete ~for the induced elements).
Denote now by 11 the second fundamental form of Mz If dp=u®es;
x={1, ..., 2m} is Lhe line element of My, then

(3.1) [1=—<dp, VE>®E.

By (2.7) and (2.14) this reduces Lo

(3.2) l=c¢® ({m"')*—(m”)ﬂ@i.
=1

tr 11 TL)M; is defined Lo be the contraction of 11 with respect lo 9_'?'"”{:

(3.3 tr 11 = £ (11(e, eq) +=11(eax. a0 )) =0
P |
Henee M; is a minimal hypersurface of A
nt
Further since — <dp, VE= =¢ T (0"} {w?)?) is a diagonal quadratic form,
H=1

the hypersurface M: has m principal curvatures equal to ¢ and m equat to —¢.
Therefore the curvature K of M is constant : K ==(—1)"c*™.
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Denole by 7 (M. the tangent space ol M. at p& :
Weingarten mwap ' ” [ Sl nSdbgandibinh the

Lo TN — T 1) LX 5=Vt

From (2.11) one [inds

=

3.0 Vi=c “ a
= T (0" ®e,—0" @ey),

a=1

and a shorl compulalion gives
(3.-)) T4 N XY ('(u,x OGNy LaX DX ('(ax O

So for any langenl vector fi . of -
5 any lang ector field N of M, « X-LONX ave principal veclor fi
oE AL ) b principal veclor fields
Finallv. from (2.16) it follows that the restriclion Cbrlp-—-(])d,r; v, s al
closed veclor valued t-form, E
.IIen?o one may say thal ®dp is Lhe line element of a 2m-dimensional
manifeld isomelric and orthogenal to 3.
rl‘li " 3 7 P —~ '-' ‘: ¥ o - .
. un:im I.‘ Let M (0, Q, 4. Z. o, g4} be « cosympleclic quasi-Sasakian
.;nrmrfn!d with mfh.r(rnmum[ Sasakiun strueture veclor field 5. Then M is folialed
’)y ;ymplvt'!u' nufunml hypr'r:‘;ur[m-v.s M-, which «re normal (o % and have cons-
!rm(l) rmmr!u_rr-. I urlh.z'rmrrrﬁ if « denotes the anticanonical operator with respecl
o b, amvl B\ rur.ur.lnirur_a; tangent veclor field of M:. then aXN+OX und
X ~OX are principal vector fields of M., '

1. CR-folintions. Consider the foliation 9 ¥ i
' s, Cons i S on M defined 1 : -
tely inlegrable Plalf system et RIS

(Lh el =0; Y, s=2m41-L 2m

{,Iel 1,11 be 'la teaf of 7 of codimension 1, Clearly e T (M), where T,(M) is

e langent space of M al p. Now we consider 1he Toliowi g ifferenti

el I sider the following two differential
1. D:p—sD,=vect, {eu, €. Eli=1, ... m=1}= T (M),

2. its orthogonal complement

DL:p—Di=veet{e r=m1—1, .., m}=Ty(M)
(2.1) and (2.11) yield
OD,e T, (A and ®Di= THAI),
\\'h(!l'(” :I‘}:(M) is Lhe normal space of 3 at I
[his means [1], [20] Lhat M is a confact CR submanifold of

.l[( h‘ -.-(1 T [{ I) 1% . [ RYAL | Yk o ertica ‘ 5 E'
y s = . .I)A 1 the h I'17. Hldl It ll:l I i( °d
4 P { Vert a1 t[lhllt]“ll Of o

A m—1
{(1.2) Q=0,= S a' Mw
L=) i
])}‘ thle restriction on M of the structure 2-Tor s £ 1L is easily seen thal The
51 5 D Do 17, ST : i Sl
mple unit form 1" corresponding lo I, may L writlen {up to Lhe sign) as
2 ] 2ls s
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(:1.3) (ALY o (= DY
As Q and ¢ are both closed one has 44 0. Therefore the ideal (DY
M eAM T annihitales DL s a differential ideal. So the distreibution DLois
alwavs inpolufive.
Therelfore any such (R submanifold of the manifold X enjovs one ol Lhe basic
properties of CR submanifolds of Iallerian, Sasakian and pseudo-Sasakian
{14] manifolds.

Denote now by ML an i-dimensional teal of DY By (L1) the tine element
dpd of ML is expressed by

(1) dpt =o' @¢, =AML TMLY.

As £ is a normal section of ML it follows from (2.14) thal the secowd funda
mental form [;  wilh respect to 2 is
in
{1.5) I —mipl, Vg =—t L (wf) =t dpl, dpl-
p=l b —1

Hence £ is an wmbilical seelion of AL

Theorem L Lol M. Qv 2, a, g} be cosymplectic quasi-Sasakian me-
nifold with anticanonical Sasakian structure veclor field 2. and lel M be any con
fact CR submunifold of M. Then [he perfical distribation DL of M defines el ys
a foliution, and % is an ambilical seetion for the leaves of DL

3. Cosymplectice quasi-Sasakian manifolds  with exterior  coneuwrrent
strueture veetor field. Tet M{b. Q. g &0 ¢ ) be Lhe cosymplectic quasi-
Sasakian manifold defined in seetion 2.0 Inview of 37 in seetion, 2, it is natural
to ask whal additional properties M has.if 2 is exlerior conenrrent, Flence we
assume (cf. (2.1) and (2.5) that

(GHL) Vet fapdp: =M

holds, An example of a c. . Sasakian manifold satisfving (2.13) and (5.1} can
be constructed in the same way as at the end of seetion 2. As 0 ={e,} is an
arthonormal basis, equation (2.3) for the curvature forms 0% simplifies to
(5.2) Vi g@e,s e i a}

Comparing (5.1) and (5.2), one finds

o

(5.3) (TR AL
On the other hand. differentiation of {2.11) and comparison with (5.3) vields
the following necessary and sufficient conditions Tor (5.1):

(5. Go A abr =0, BPA af=0.
Rut since O is an orthonormal basis, Lhese equalions imply
(5.5) Ba=0; Ot

\loreover, a shorl caleutalion gives f—=¢* and (5.1} becomes

7 J ) . . ‘.- e

COSYMPLECTIT QUASI-SASAKLIAN MANIFOLDS L
2.0 72z A dp
RLY N2z ame? A dpr

Mherefore from 1 oand 27 of section 2, one may asserd

(i) .\ compact manifold M ) i 2 .

d M, Loy 2w I/

. - - : =l i el rl : ‘J : : . ‘
field Z duoes nol exist. : i s R

i) . olds M Y, % '

() .ty nmm[uh.nf;s M LY, . 2o g) with g steacture vector field is o
lyperbofie space-form M (—c?)
Consider now the f ing
L0118 the lTollowmg two co : il i i
' | y mplementary  dilferentiable  distribu-
tions on M ~ e

(3.7) D:p—Dye veel o, L DL p—s et iy cetde, .}
Obviously <@, @Di= 0 holds and because of
(5.8) GD—=DL: dPL. D

one qV sav 1 7 . ~ i e 1 a . —~
s ('lint_\ euln_\ that "0 and DL are anfiinparian! distributions [19] on M

s I““ul | . | denotles lliv Lic bracket, Lhen one sees [rom (2.7) and {3.5)
that for any veclor fields 0, Va@ and 0L, Vlepl

U, Tle®@ . |0, VijedL

hofds, This proves that 72 and 2L are involutive. Delie by

. - i
(.40 s=wlA A "A 7
and

(.10 SL_GIA LA B

ll]};} himlt)'k.t il Il'm'ms corresponding to D and ;-Di respectivelv. By exiertor
differentiation of these equations (3.4 3 : i ith (2.8).
RIS quations (3.9) and (5.1, one finds with (2.8), (2.14)

(3.11) ds -0,
(5.12) dod = —meF 1 L.

Hence the ' arm 3 is ¢ o i l

”[ ce the (m-1) — torm 2 is closed and 2L is exterior recurreni. By Frobenius’
l)ummhll h[lS li? (.“hvlr("!l with the involutive characler of 72 and fbl I should
¢ rentarked that the recurrence or i U

o | ¢ Tecurrence 1 - Form meq is an element of the lirst
cohomology class [ (7D, R) of the foliation D [9].

I 1.5 —d oiv 47 od is Lhe Lie derivative with res r Field N Y,
el (5.'|2_] i Jde derivative with respect Lo a vector field N =@,
(5.13) Ligt = —mer(N)3L for X=D

and

(3.1 Lz =0 for Nepl,

Therefore Lhe m-f Ay ; 7
efore the m-Tonm oL is D-conformal invarient and o is DL-invariant
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Denote by M, an (m +1) “dimensional Teal of D and by M an medi-
mensional leal of DL, Clearly M, is a tangential andiinoariand stthmai fold of
A7 (i. . tangent to )y and M is foliale. For the second fundaniental form 11
of M, and 114 of Ak one finds

o

(5.15) 1= Y (9,@u 07 ® ) @ ...
and o

(5.16) 1= £ (0100 @ 180" 9D
Now from (2.14) and (5.3) one finds

(5.17) I1I=0

(5.18) 1L cpl®,

where ¢l := El(m' “)2 is Lhe metric tensor of e,

This shows Uhat M, is a felally geodesic submanifold of 31 and that the nican
curvature vector JrdL of J[_JJ is

(5.19) HL %,

So — HL, HL= —c2. Moreover. il follows 1] thal M s an umbilical subniani-
fold of M with conslant scalar curvature. ‘

First of all. it Tollows [rom (3.1 and (2.13) that the iwun cunvature
vector field HL of AY (see (5.19) is an un bilical section of M5, Tience accor-
ding to [4]. .'\Ij'i 15 a p.s'c'udn-umhfli('u[ subinanifold of M( r"’).l

Denote by N the normal m-subbundie defined by (l).'l'.\l i :s{lcl by ‘.\l'
—{%} the complementary normal cubbundle. Obviously il fellows from {(2.19).
{hat N1 is parallel and conscquentiy N is algo parallel ([1], p. 180). By (5.9).
we may say that A% is a pseudo-wiebilical subw anifoid that is geodesic wor L
the parallel normal m-subbundle @ 7MY Reeatl unw the ;J,‘(‘nv.r.:z! l()l‘i}:'ll]:l (sew,
e.g. [4] p. 35) fora submanitold of scalar enrvatuye rin a n-:mzl_ul(i of constand
sealar curvalure K. I nn denotes the dimension of the subuanilald and <f
the length of the second fundamental Term, one has

et = = hesbn(n =1 .
Since in our case
e M et <hEiemets R (5

it follows tal
r={})

holds. This resull matches with a preposilion by B. Y. Chen and K. Yano (el
{4), p. 173) tor pseudoumbilical submanifolds:

r—nin—HiK+ H ")
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Since in our case K e and | 17 f e, we conclude Lhal JIJ; is contained in

an nr — sphere of R#F+H(—c)

Theorem 3. Let (b, Q. _q £ a. g) be a cosympleclic quasi-Sasakian
manifold of dimension 2m 41 wilh a®-structure vector field % and let D be u
tangential antiinpariant distribution of dimension m+1 on AL

Then the necessary and sufficient condilion thal 2 be exterior concurrent is
that both distribuiions D and ®D are involulive. In this case Mis foliate by «a
totally geodesic submanifolds M, which is tangential antiinparian! aiel by « pseu-
doumbilical submanifold ML which is normal andiinvariant, and which is geodesic
in the normal subbundle ® TMY and has vanishing scalar curoature,
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