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CONNECTIONS ON MANIFOLDS WITII CORNLERS
AY

CORNLELIN DRUTU

The aim of this paper is the study of the conneetions on the manifolds
wilh corners. This Lheory presents some speeific aspeels which give the in
terest in 1his.

1. Manifold with corners, The structure induced on different coats of
the hord.

A quadrant is a sel Q={rx= 7 L{0)=0, L L0200 with (Lo )
tinearly independent in (R"). L is named the index of the quadrant.

The elements of ¢ in which exaclly J Tunclions among ol oot
vanishing are named corners ol index J.

Given (, Q" quadrants in B*, L open sel in @), L7 open sel i (F, every
diffeomorphism [ from " onto U aps corners of index j inlo corners ol
index j.

Taking the local charls having as codomains open sets in quadrants, the
stricture of manifold with corners is introduced in the same way to Lhe strue-
ture of manifold with bord.

The result concerning the invariance of the mdex ol a corner under
diffeomorphisms allows us to stratify the set of peints o a manifold, in the
sense of the [ollowing definition.

Definition 1.2, p =DM is « corner of index j of the mapifold M if there is o
chart (V, 4, V') with p= ¥V, V' open sel in Q and y(p) corner of index j in Q.

We call bord of 1he manifold and denole by §M the set of all corners of
indices larger Lhan 1.

We call j-bord and denote by &2/ A7 the set ol all corners of indices
farger Lhan j.

We call j-coat of the bord and denole by @/3 the set of all corners of
index j.

We call inlerior of the manifold and denote by int M Uhe sel of all
corners of index 0 (which are called interior points).

We remark that for any p= 2, there is a chart in the complete altlas
having the codemain in a quadrant {(r, x4 .., LIS R0, a2 - X118
Then p=) is a corner of index j ilf there is in the complele atlas a chart as
helore so Lhat &(p) has the last j coordinales zero.

\We can assert

WL oare

. Statement 1 4. Given a manifold with corners, M4, ils manifold structure
induces on int ME « manifold struciure in the dassical meaning (with a void
bord) and on &M « siructure of manifold wilh corners.
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Volicing that for a2 the interior is ¢/ M, and the bord ez 41
applving induclively the prey ious statement, we get

Statement L3, Given a manifold wilh cormers, M5 and 1= M o thal
MEa @, @ ME =0, the mani fold structure of M, induces « marnifold strue
ture in the classical meaning on ¢/ M. for ] 1.1 and « structure of manifold
with corners o ¢2'M. for j -1, - 1.

9. The tangent space of a manifold with corners. Lel p be a poind of
ME and CH(—1. 1).M) ={e S CH( L1, MR () =p). We introduce the
equivalence relation.

(',p('z(t‘,,rie(fﬁ(( 1, 1), ME)) iff there is a charl h={({. 2 U so that
pe U and dy(pocy) = do(pors).

Definition 2.8 The sel Ci(( 1.1, MD)/p T,M is called the fangen!
space {o M al p. Hs elemenls are called the fangent veclors (o A al p.

Letl h—(V,d, V) be a charl with p& We

A

We can define the map I, T, —R", i)y —do(puc). wlich is one-lo-
one and onto and by means of which a lmear space strueture can be induced
on T, M.

P

The following argument leads us to Lhe conclusion that T,6M is a sub-
space of T, for any pscdl:

¢ is a submanifold of M =i : M—=23Mis an cmbedding == i is an unmer-
sion in p, for any pscdM=T,: T, M =T A is one-to-once for any p =6l

For pe >/}, we can show inductively that T',¢='M is a subspace of
T,M, T,dAl, T 0= for il j—1.

It is useful to us thé remark that, given pegiA and a charl o (Vog, VY
wilh p= U and 4(p} having the lasl j coordinales zero, a vecelor from T,M
is in T,&>/21 T A(0) has the last j courdinates zero.

Definition 2.2, ve TM is called an inner tangent vector if there is « dif-
ferential curve ¢ 0. V=3 so that c(0y=m

re TMis called a steictly inner tangenl vector if s inner and ve T

Definition 2.3, pe TM is called a j-inner {angend vector {j-sirictly inner
tangent veclor). where jei 1. if veTa=!M and il iy (strictly) ineer reporied
fo the manifold ¢='M.

We nolice Lhal for peint M, any v in T, is strictly mner and for
ped M oany pin T,e2/M s J-strictly inner,

Statement 2.5. Let p be w poinf of ¢ M and v« tangend vector al p.
p is j inner iff for any chart h (V.ob, V. with peEV and Ve ={re R".
L()20, .. [ ()= 0}, so thal I(w(p)} 0 for all i1,k there is a s of indices
{iyobgy s ineilL 2, 0 B} S0 that 1; (In,(0)} =0 for r=1.j and Loy =0 for
Tt e i s i

We denote by i T Lhe set of all inner tangent veclors and by 1, FM
the set of all strictly inner langent veclors.

Theu i Te= M and i, T¢='M will be {he set of Lhe j-inner tangent veclors
and the sel of the j-stricliy inner langent veclors.

3. Linear connection along a carve in a manifeld with corners. Lel

A be a manifold with eorners and [« so thal & Miz @, Gt =0.

M
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We take (-<—_(.'“'(.\["1‘. MEY, wilh M a real 1-dimensional connected CE-manifold
Suppose thal e(M)= ="M where j is the largest number with this
property (by ¢=3f we shall mean M).
1 is obvious that a differential curve containing points from different
coals of the bord cannol have a local image like in fig. 1 a. and Lhat ils
focal mage must look like in fig. 1 b, e

JyRy

vig. 1

In other words, if (M) d= M, heing the largesl number with this
property, given d chart (v, . o). if l!wrc is_ a point [JnEUI"!f'(..'Ul) :ﬂo_l]ml
BH(ps) has the coordinates of indices iy Taoo By ACT0 {hen Uhis is available
fo Lhe points in c(Myne. -

Definition 1. (first fornn). We call linear connection alony the differen
fial curve c(My) of the manifold ME a colleclion of lincar maps belween !un_q.ent
spaces (o the mani fold al different points of (M), £, having the following
Properties : N a

For any (g, g2) =M, C M. there is a single map Tq.q & 0. T,.4.5
e Lty M. T g ) 50 that .

Ty s (G0 T MIE 0 Tuig )M

1 o
1) Torr gl Teign @@ M)= Toign €=M, for anjy sel, .

(2) For any . s (s €My we have : Ty 02 Ta q, Il

w o 5 o £ -
(3) For any (. 42) =M, AL T st isomorphism and (T W =T g

Bul is is necessary (o give such a definition so Lhal a conneelion along a dif-
ferential curve, ("(JI,)C(’?".\[’:,. of the manifold A% would induce a connec-
tion along lhe curve ¢ of the manifold =A% iei. ).

Definition 3.2. (second form). We eall linear connection along the diffe-
rential curve c(2M,) of the manifold A5 «a collection. 8. of linear meps belween
Langent speces 10 ME al different peints of c(My) with the following properiies

For any (i1 o) &M Mo fhere is «a single map ’l',,,.q_ecﬂ,., Tor S
e L{ TigaAlL Tog VA so thal

(1 =

Ty pelio Teiqn M) in Toigg 8>3 8 =l
Toa (Teqnd=*M)= Tig =AM, s -1.j

tagether (along) with (2) and (3} are salisfied.
We nolice it is sufficient lo ask that T ({1 ey ZIANC § T g0 M.



CORNELLA DURUTPL

Tw
e
==

A connection along The curve ¢ e(M)= =ML of Lhe manifokd N
induces o conneelion along Lhe same curve of the manifold ¢ =2, sl j—1.

Lol us take a chart iV, 4 V7 so Hat Vel ) @ and H(VIT¢ =4 Ve
= R0l and let (55 be its coordinales, . ‘

To each map Ty it Loy iy (25 (V) we can associabe, in fenms ul
the natural basis associated Lo the charl o malri

ARG ) (L g2 S Gl i,

‘ ¢ =
direi Al e b —— i1,
of(52) o)~ (55

Then, to Lhe colfeelion ,E,.,r 1) it corresponds a eollection of matrices:

thal s

AR = A ) e g g0 Wilh the following prepertics
ANy ) A (G ) RUCT AR U TR A¥yai 1)
and. in addition Lo (hese, the condition implicd by {17 that (he malrices would
have (he Tollowing shupe

.
kS

0%myrmeps
\\ GJT.-’I? /

We denote by 6 Lhe set of all matrices in Gi(in, R) of This shape. The collee-
Lion (G;); 4. is a decreasing sequence ol subgroups of Gim, Ry

Generally, in a charl in which 3{p) has the coordinales of indices 4, 45 ..y
i, zero, we have the following shape for the malrices

h
V'(g,.q,)= M99t o1 >0, Gryr>0

s

TSR VRN TIR F R O -
(]) .l"(i;,.f[.-) R N i RERLLYN .'.U!"'.'Ur'}l. 1)
- - aii -0

By fixing a poinl <S¢ (V). we define Al e (V)= Gl Ry, b
= A" (4. ¢o).

The maps A gese (V) characterize the connection on the restricled
curve ¢t

Definition 3.4, .1 connection L, along the curee (M) is Cl-differentiable
if for any qu =M, and @y clart = (V. &, V) so thal e(q) SV,

Ab ey GIOn, R) s Chadifferenliable.

Nexl we will forimulale en existence theorem which suggests anolher
way of giving a conneetion,

Statement 3.5, Given ¢S CEALY MEY and a colleclion of charts from the
complete  atles, 1, (Voo ban Vobaes N'e Nooso that oMY S UV and

2 €

v

AN
N Vo#E D, (N2EN (there is such a colleclion because AME verifies the furst

i CONNECTIONS ON MANIFFOLDS WITH CORNERS

ariome of counfability and ME iy connrecled) and 'Lu,‘(\',,n('.”':\[.rcR'""':-:{H}.
(Vizs M. we denole by (27) 0. the eonrdinale functions in . L =l
arnd mre cluose go= Vo so thal = U0 Ugsy.

I the fumily of funclions :.l,f.':E,‘EA-. ,l’,’jE(I"(l'a. Gigm, 1)), gl k=1,
.l_'_:1(f,r)&({,. (Vige=U,. 2= N'. verifies

: ‘ u-(q);]i_=. IS =111 1:|.q)[(" ) (clefe 1 1) !ja._i,_.\_ BT
o i

(J:\ 1

then there s« single C-conneciion along (M) which restricted fo U, would
he deserilied by \:

Proof. (C) and the condition thal _1;'_‘: G Glem, 1)) imply Lhe exis-
fence of o connection in [he elassical sense along ¢(34,) and the condilion
AHNEEL (Ygs Uy (V)€ N7 oassures (1).

Remarl: 3.6, (C) seems lo impose conditions o Lhe jacobian malrices
of the ehangements ol eoordinates, hecause the resubt of the multiplications
an the right hand side must be a malrix from €. so a malrix of a special
shape, Bul il is nol so, as The two jacobian matrices are Lhe ones of some
diffesmorphisms which invariate R® 1.0}, R¥72 (0, ML . R0t and
also Ty @R, vl r@ R®, =000, 200 L {XSERY 2y e 2000 T 01,
tacabian matrices taken in the points of R Fa i,

It can be shown (for inslance using the differential on some well chosen
directinn, which coineides with the Ifreehet differvential) Uhal malrices ol
this kind are also from €, and, on the other hand. we Know that G is a sub-
oraup in Glim, R). '

Given g, hy,—(U. 7. (a. D)) vhart. ¢, &€ U py = clyo) and h -

(V. VOoso that pe= Vo and also Y (Al simlzos ) werifies Lhe
Gu Wi

following Saboley svatem
d

(=) i
(420 =B
(Al =)

where (fy =g, 0 =20, DI T (D1 D).

(A5 Y =THO AT W),

el us examine Lhe problem whether we can define a linear conneclion
by a differentinl equation system or nol. We are doing it loeally lirst, For
thal. we define the extended subgroup 6 formed by mairices of the shape

~

s ’71:1.\)
0 S
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3T Gi ifferential curve ¢ o (DY), pe=Clt).

statement 3.7 Given « differentiad curve ¢, h,.- (U, 9 {0 —

B o= (V, 4. V') charl, (VN a=An e Rt < {0h (L) S V. by o) i | ;

—p'(l":)- J,r;e (e, by, Gi(m. R)). Pye Gy (VM E (e b). the soluttons of the
Jlin M . . J

Cauchy problem

def ik
X o +l l.'.‘l_ ==().
K df i
(b il =8 i.J 1.m

which we denote by 1L, hawe the properly thal AL = Alen are the components

of a mup Auee associated fo a ¢linear connection alony the curve Gl
>

into the plane x, =0, ... %, =

Generally, when § maps EERY (R ; ,

1() must have the shape

o2 A
I {1 [* - _U 1
| 0..0MNg: ;50 | i
| Tl
d(Afos™)
. - s Ak
Some more, we have lhe relation 1,1} = — 0 (1) (Aken ML) In

view of globallizing his manner of giving a conncclion, we¢ look for Lo see
o ¢ H y i i} ot o
how does T} from (S) change under the changing of charts, A 1
’ i 1 charl i 9 » coordinales (f;) am
Taking hj, chart in o, by chart in pa. with the « (1))
(BN =i WE obtain the relation

4 diTagh &} 5 _IE ‘a_};i‘ o ié_( ‘.3(11))]
(Rl) 1"(’1) = d-t-l[—a-a— (‘,;.b([))%((',; e (’1))‘ :([) dt (Jil rv J() (.::, e

; : e Y ore
(Nhea(Un ), = (oot} =2(Un U,) where ¢, 5=9000P, €55, =700

i i P L e —Tdt.
lefine Lhe linear forms on {(a, b): w;{4, dh=1% =
\FVI'(:H:I (R,) we gel Lhen a changing relation for these linear forms :

{ aEh iﬁ’l ; o(t, dl
(Ry) ol/(ly, dly) = &T("@.w(‘)) ggi.(cq'w (et diy 4
-+ %l ('-,o-.*;u(l))ff (%g, (Cw'u.([l)))’ (V)!ﬁ*rp,(Ul" Uy). 1__("?”"-’)11)(!‘)'

The family of linear forms {w]} defines a family of linear forms on [
Statement 3,10, Given ¢S Ck(M’;‘,Mﬂ), C(ME)C 32s1\4", J'\: E 2: f{? e;?f[l‘ hfl;‘;
= (U! (?1 (ﬂ! b))! (Ioe U, Po _C(flu)a hIJn=_(\ E] "p’ ‘f )1 PO.E‘ ».‘( 3‘— “:]L(”. ;{‘)nns
the family of Ci-linear forms-on U, {wi}, so that the (orrr‘sp‘n;'u mﬂ) R
on (a, b)‘ure invariants under the change !:Jf {1‘,“, change accr:n m_qIF : ‘[herr’ . 2(1
under the change of h,, and for i>m—s, J#L w} ”"’”f}"’f"l‘ pery :er{l,hp (‘(m.cm]
single Cl+'-connection along c(M,), L., s0 that -_"l_af‘-’? verifies : !

problem !

——
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dyi ; wi(l. dh [

(S") =}, I,' 1.m-(D
i dt >

1. Linear connections on manifolds. Let 3% be o manifold with corners.
leN so that ¢MEs @, Ak - @ and pe

We denole by MIF(EY the complele atlas of AME and by .\llf(.\ff;',)
the subset’ of eharts wilh p in Lheir domains,

For peinl ME. we define I',={v: AEQN— R so that fer any b, h,
in AURAD. p(h) ={lL o(h)={T{.} we have:

i J] bRt ] : g

() Tl 20 (1) 2 (i) S (Pt = (PN) = (Sl
i F{ERH (;r, dE JEF (-::".

For pe ¢ M. in Lhe definition of 1", we add the condition Lhat in any charl
in which 9(p} has Lhe lasl s coordinates zero, I, would Torm a tridimensional
malrix of Lhe following shape

Pl b

AY

4§ {U/ e |

\\l s
; O
)| 4 S X
/.

,’-;;g»;:s:"f;:'ﬂ

(b, in other words, thal [i,=0 for all i =m— s, J, k#i.

The relation (') preserves this form. according lo the observalion 3.6,
so the definition of I') is proper.

We can associate to a charl = .-\tlﬁ(.\f) the one-to-oue mapping, b, of
I, onto R*, defined by hy{v) =v(h).

We denote by 17 the set 1) Iy

pEM
Delinition % 1. We call linear connecfion on 3M% (k=2) « mupping

A= Fgs=T. (Yyp=2M,

The differentiability is defined as in the general ecase, using the functions

which locally characterize the connection
Iy U= R. U domain of the chart b, I(I'{(py) —{Ti(m}.

By means of some auxiliary results, we shall prove the existence theorem
ol connection
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Theorem 5.2 Givenr o opell copering of « munifold with corners ME, 1<
= k=oo, there is « C* purlilion of unity cubordinaled to the covering.

DProof. Tet U H7), ¢ be an opened covering of A% As any manifold
Wil corners is a (-manifold with hord (because any quadrant is homeo-
morphic 1o a semispace}, 1t follows. from the proof of the theorem 1.3, pag. 85.
[]. Thal there are:lww ppen coverings., 7 —{Wilies. @ (VW es @ W
locally finite so ihal ot and for any j=l. \'j is Lhe domainof a chart
(V) 2. Vi) from the complete atlas with the property that D7(0, 3)= Vi
o (W) =1 where b M0, 3), D¥ we denote the closed disk of ray 3 and 1
centered in Lhe origin.

The existence of a real valued CF-function fya. o taking lhe value 1 on
I, 3/2) and 0 oulside D7(0, 2) is assured, s0 we define

{fay2e 209 (2}, for ¥E Vi,
g (=2 n
0, for aeM~ Vg, of class CF,
supp g, Vi gy(x) =1 for any rx=WW,

Then, taking [{x) =g ()/Z g{x); {[)jes is the partition we looked for.

q=y

Lemma 4.3 On any meifold with corners, MY, k=2, which has « glo-
bal charl. there are Cr-lineuar connections, reb, k—2.

Proof. Let hy- (M.o. U be Lhe global chart, L' Qg k™. Suppose
dMe @, @M= 2. B

We take m? €7 real valued funclions {bs jo w=Tm OD U, ri,=0 for
i—m—I. n, j#£i, and the remainder arbitrarily chosen.

We define then 'z M—1I, F(p) —(hgy M ((PLa(o(p))Yisjon o)
Theorem 44 Let My be « manifold with corners, Ke Nu{e} k=2 re
& Ny oo}, O<r<k—2. Then there is at least a (7-linear conneclion oit AR

Proof. 1L sulfices to prove the Lheorem for M connecled. When it is
not conuecled, we shall have linear conneclions on each connected component,

From theorem 1, pag. 458, {3], by taking inlo account that from Lhe
{opological point of vue a manifold wilh corners doesn’t differ from a manifold
with bord. it follows that there is an atlas A ={h,=(Us. 9o UMlzex and a
covering @ —={V, 1, ex S0 Lhal Voo Ve Uy (V)a€ N,

Due lo the fact that M" is connected, we can rearrange Lhe indices of
and of so that for any a=N, Vi, U ..U v, would be connecled.

We can induclively prove that for any «< N, Lhere is C'-connection,
r,. on the submanifold VU ..U Ve, s0 Lhat T, =hiol, e (V.. R™) is the
restriction lo V, of a mapping T, eC(U, R™).

Lemma 4.3 assures the validity of the statement for o=1.

Supposing (hat Lhe siatement is valid for «, we prove it for a4 1.
Denote B=(V,uU ...u V)i Vot

I3 is closed in M and Bc Ugsy, 50 B is closed in Uyer ViU oo U Vg1 18
connecled, so ViU ... U Vgt 18 connected = B# &. We define fy+1: B— R™ by .

. i Jtlayy 9ETe 55 =
241 |7 i = P}IJ"I & e ————— P[-'._ IF‘ I -+
f AN %41 { 1, Tadl ai‘,. aafauaik“ﬂ Juty Vafibag
§Elay  O*Ea } —

i 1jﬂl ’k __]’m'
a&‘n dlap agk“ﬂ i i
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fasy is well defined, fo|p . T
[+l .U...Ulamm“—l af(t',U...UI'I)r\,['xH-faﬁl is of class

Cr-because for anv xe B, xe ¥ 7 i
e , x€ V, n V.4, and Lhere is the mapping f,<

. E i‘t L - I
i ¢ilany @50 Ry~ d
fn [j:e.“' 5 3 dz% Tl . ZAAET 32.5&:
. o = ORCN SR
: €54 @%an dEMay Teel RN TURF TYNU TN &
M = = 1

so that f[r,.nFa, =fx+1/FuNFa,,-

For the (‘0\'ering fU + / + b U + here is C par

. . | 1LY n Ua a=1,x U (Ja 'a . is 3 i

tion of the llIlil:\' sulmrtlginale ll}(; Ill.:t {)\{} _ l‘\[_j f}70r 1 o : o E &
d rin X X nifr=1,% 1 atlye

%41
P | B Pafa o0 (U100 U0 U
0 in the rest,

which extlends f,+,.
The linear connection we looked f(ﬁ' is:
Poe: VU .0V, 4— B T C )
et VIO UVt LU T ) = (T tor - any
peV, and ns{l, ..., B41}
T * . . - o
We finally define the linear connection on the manifold as follows:

' M—=TI T{p)=T,(p). for any pEV, and a=N,

e rsrmlem;l;l[ 4,5, Let Mﬁ;’,.be « manifold with corners, k>2 and T a C'-
clion. fen, the connection 1" defines @ (7 linear connection, £ alo;tg
ey (‘I;I'U(E ces CH{ME ME), 1<sg k=2, (M )(8Z"M, a0, ¢ o

Droof, Lel ¢, be a point in A% - i
B { a L % Po=tlgy) and h, =(U, ¢ B 7
with U;.q., an-d f!P“=(\’,gI;, V) a chart wilhu\’spo. oA PSR (s

Using wi=T%,dE", we define wleA}U) by:

; 3

?ﬁ(fl) =(Tae)(wile())).
We finally gel Lhat ef=(1,00) (d—l" no)df
‘ di '

) arigs e
We notice Lhat wi— <2 E—"—of-—%—d -—(“; g5y
f L i
imm—a j4i wii 7 4Bl 8% . oEM) 9k}
, J#I, @!is vanishing evervwher i i i i
2 g vwhere. So cc.)_, defines a linear conneclion on

the curve.

and  for e(M)y<a' M

e (l({?iyn'll}il(l)q sltgalcm.om. we pctually showed that the conditions added in
ﬂsg.ure the 92;;16,::' cronnecllon i(:m a manifold with corners are sufficient to
L Lhe exis of a connection of the same kind lo the on i i
the begznnmg if section 3 on any curve on the manifold. BRo e
LT :}: ‘:112\\' show that we haven't overload by these conditions, and that
3 ‘[ QL‘ (; necessary for that the previous statement would take pl'lcb
. .et. p be a point in #*M and Lhe chart i—=(V. 3, V') s 0 1
the last s coordinates zero. R TER RS

7 — Matematica
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Let ¢ be a ¢ differential curve of ME to AL dMpeéz M, M) &
¢ &=}, For the simplicity we supposc (M) V.

Suppose that (c(3,)) is in the plane determined by a, —) i =ms+i.m

The connection on the curve is defined by

{x"
I = (1,00 LA 0'3).
i (e )( dt

It is necessary that I'j=0, for all j#i, if we wish this connection to he
of the same kind as the one in definition 3.2. So

. : I_.u o
() (Fioe) [ 5= 02] =0, (V) j#i.
df
If the given curve is an inlegral curve for a veetor field X = X' —(-— the

dat
equation (") becomes

(I, 00) X" =}, (Y) j#i.
Taking the equation in p, we have
h NAPX(p)=0. (V) j#L

where the summating is made for u€1, m. TESS
Taking into account that (I) must take place for any N¥(p) and X¥(p)
can actually have any value it follows teal Il,(p)=0. for any j#i. Ui,

. On the other hand this argunenl can de made for any i€m - s+1,m,
so D (p)=0 for any i =m s, J, u£i, so the malrix must have the very shape
introduced in the beginning of section 4.

Statement 4.7. A (T-conneclion on M defines a linear connecfion along
any Cr Kellogg curve ¢ : [4, b} ME, cfa, D= int My, or EME, asT, L

We prove now that a linear connection on M%, k=2, with [ M so thal
oM£ @, ¢'m M= induces a linear conneclion on ="M, rel, [—1.

The complele allas AtIY(M) gives us on Llhe submanifold ="M an
atlas which defines on 9273 a G'-structure with the com plete atlas At1*(9>7M).

We denote by T19277 the set U T’ 2rM, where [,*2" M is defined in

. pEUZIN

the same way with I, considering as M the manifold 8="M,

We define I'?27M : §2'M—T2'M as [ollows

["027M , =pS l"i?’M for any ped® M,

where v : AtlE(3=TM)— R extends by, 1ol RO
“|azr_‘,(h|ﬁ>r_‘,)={rjk}w Rt
where I'(p) =, o(h) = {Li}sgox=Te the extension being made by means of the
following relation between {Iy}e yo x-Tin and o(h) = {T7u}. by S AU(EZ") oty
du oy o3t [, | 05_OF

r* i

( ) |‘1 i .___[ —
1n B e PR an e P L
Tt gEE 9Eh gER dgEi AEh gEM
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In { ).'11.,'-_.nlel. m—r and all the summations are made from [ 1o m—r
We must prove that the velation (") takes place for any hlpy )

| 2 il lrisep . 3 . R :
hyly=,, =ct.in order 1o assure ourselves that the definition is proper B

We have the relation (") between {I‘j:,,,},,- o metms Aand {Tf 3, 4 patm. We
notice that for i,. j; n]El_ m—r, Lhe ‘mmm'ii.iun oes N
0tic L o il , , . ; oes fr -
G| g from 1 to m—r, so
i Some more, lor pe d+ A« 3°(#2 M%), s 21, the tridimensional matrices
Pt B T k.(:ep Lhe 51‘18[)0 prescripted in the beginning of the section
4 aml“lfhat the dilferentiability of the connection is preserved

¢ wonder whether the connection induced b 027y ¢
. ) ' y I'®27% on a C! curve
el: fltolm M to i‘lfIf‘,, gui (ml a Kellogg regular curve) ¢(M,)= 82" M is coincident
o the one induced by " restricted lo the langent spaces =r
The answer is posilive. ¢ e
Lel A==(V, ¢, V') be a charl so thal $(Vn d'M)= R*7 x{

e o RV al G(Vi 8N R™7 < {0} and o(M¥n
}Ve pm\'ellt}al on ¢(M)HnV, the two connection are coincident,
_p )'m go=c V), let by = (U, 5. (v, b)) be a chart so that g,= U/ and p, =
—e(f,).

The connection ' on M in i

duces on ¢ a conneclion characteri
i e
Vi), by terized, on

A2

B da .
(R.) (1 },.oo[ > p) where {Tsbe » »ein=T(po) (R}

Then .;1’*.;.-@ (s (A}o(p_‘)l., j=1: w 18 characterized by the system:
] g

ki tr=0 7i(ly) =81, j=1 t
il i ’ 0ile) =851, J=1, m, lo =0(,).
Studving the aclion of {he mapping Al upon the tangenl spaces to

[ & : . . . . - o
4= ME we notice that in this action inlerfere only Lhe components (A_,‘f)t e
o 30 i=1.m

\\.’e. also nolice l‘:llﬂll we can separate from the system a part (for i,jw—l, m—r)
‘::1:30'}11 ch::rac]lferl:ze; (AH,, ;.im— (with the corresponding initial conditions)
and a part which ¢ aracterizes the remaining (.i). That, because of t

of the matrix (TH=(0 nm—p/0). 258 ’ he ahepe

So. the action of the connection induced by I" aleng ¢ upon the tangent

spaces 1o &2'M is characterized by [, i,j=1, m. Moreover we notice that
M )

e dx
since in (Ry) (TI?) represents Lhe coordinates of the tangent field to ¢ -

e}
writlen | -hart g q

rd n in the chart h, and, on the other hand, c¢(M,)= 82", it follows that
— =0, for uem —r +1,m, so in (R;) the summation under u is made

-dl

from1to m—r.
. We now 1.'ako h azr, - The connection I'*>r; induces along ¢ a connec-
ion characterized, on (Vi @2 M)nc(M,)= V(M) by
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= dat . . e . = ! i
It =(I¥,00) (_t o?), i,j=1,m-r, where I s ety =10 o=, )
{

But, by definilion, these coincide with {5 e o peimmre 1t Tollows TE=T%

The prioof is analogous for a Isellogg curve.
3. Tolonomy yroups of a linear connection on a manifold with eorners.

The new things appear in the paints of the bord. Let AE be a manilold wilh

corners, with k=L, and {3 so that aiM£ @, ¢ M —=®. and p. = Ny

We tlake lhe decreasing sequence of subsets :
Cipe) =fe € C(pa). [0 1 D= é27A0L f=1. 1.

Along all these curves we have conneclioms, o

We define @ :(J’(p[,)—a150111(’I‘p_J[). Or{c) Th. where T is lI;_v
isomorphism associated by ihe connection induced along ¢ For ¢= Co(prad.
Te, = Isom( T, M) has some more properties :

'1‘3.1:,,p0;sueIm-nn('f‘,.,,enu), se=T17, TolisTpd® M)=isTy 82 M. 5=1. /.
P (po) = D7, (C(pa)) is a subgroup of Isom (7, M) named the holonomy
Srouj. _ .

We denole by S0 (p,) the set & (CH(po))-

In proving that @7(p,) is a subgroup of Tsom(T M) we show thal for

c, o= 0{(po) :
e(20), [ {(). ‘)].

’I'.':',.ln'f'-g.x et where (¢-c)(0) : =
: \«(21 1), (e [;~ 1]_

i =W AR G Wy —=c(l -1,

We nolice that for ¢, c€Ci(py), ¢ c=Ci(py) and ¢ 1 Cipa). So, SOT(p)-
j=1, a is a decreasing sequencc of subgroups of @®(p,). We have O(py) =
=D2(p,) = ... =DHpo). o

We denole ®(p,)=0"(p,). r—=1. k

Between S/@2(p,) and lhe holonomy group of Lhe

on the manifold 4273 wilh

blished : ) N _
T8, €SB (po)= Tﬁ.lh‘h"a;j” Te., = Isom( T,02M).

Then S/DY(pe)=S52py) = ... =SB (pq) and we denole S/D(p,)=S"D"(py).
)y containing the curves homotope

rae1, k Let Ci(po) be the subset ol C7(p,
with p,.

Do) =DL(Ci(pe}) 15 a subgroup of O{p).
We have O3(pa) —D5(pe) = ... =PE(ps)-

Ten it Lhe restricled holo-

We denole ®y(p,) = ®ipa). r=1, k and we name 1

nomy group of Lhe conneclion I" wiil lhe reference point py.

conneclion TW=1Af
the reference poinl p, an isomorphisim is esta-
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- Faking S™hg(pe) — SMO (pa) O (pe). S'W(pe) is isomorphical (0 the re-
strieted holonomy group of The connection 'Y=/3 an 62 '3 with the reference
pomt i, '
Then S'Plip) - S'ORp,)
SO pe. Pk
. In the classical theory of connections, we have the following resuld -
in o connected manifold ALY, for any .. po= L d(p,) i ismn(n*i)l1ic:}| tn
M(py). aind WMol py) is isemorphica! Lo (IJ..(/);.).
In our case we have [he lollowing
_ Statement .‘_3_.:!. O a mapifold wilh curves huoing the j-bord connected
for any po, po& P23 SHD(p) = SUD(py) and SHO(pa) = S'Po{pg). Some maore,
(I’(Po)'__‘t(l’_(p"). S'D{p) = S Bpe), S'Dpe) = SO (). i 1.7.
) I'his because, in proving that d(p) >~ D(p,), Dulpe) = By(pa) .as the clas-
sical theory shaws, we need just a condinuous curve on 3% from p, o J,
4 L) £s 0 ~ . - i} Mt A d I'~ i ¥ |
aid we have such a curve on ¢ 3, We gel the second sequence of isomor-
phisms by particularizing AL to #='2M, § -1, j.
6. The I;u- «.h'ri\uli\'n asseciated to a conneetion. Let MY be a manifold
\\_ll]: corners, I a linear connection af least continue on it and ce(((a, b), ME)
] ] B o s 1 ) ' b it
Y& (c(a, b)) so thal YoesCr((«, by, TME). r'> 1. Suppose e{a, bjc §2iM*
. oweg . i 3 . S . e 12
| 1 1" Ill1 \y rsl l;mg(-]nL to 2", i<=1,.j, then the Lic derivalive of the
veclor el along the differential curve, ¢, V.Y = (e i$
TS : b " ! (e(u, by), 1 lang
lo g2, j el s
2'.'11 Y is an inner (ouler) vector field, then V.Y s an inner {outer)-
veclor Tield. '
0 P T Rn i R Al R =
3L It 1\ 15 :ul_fn‘mubpnn(l]ng in the parallel transport along ofa, b)
defined by I’ then Y is in one of the situations : Y is i-strictlyi nner {outer),
r=0 71 or Y is {angent lo &3
’ Faking a Feld YD), D open in M, il Y is parallel lo " and é2'Af
is connected. then, on 21 D Y is in one of {he situations : Y -i-strictly

S'Dpay and we denofe S4(po)

inner (outer), i=0. j—1 o¢ Y tangent {o &'M,
We define ¥ (0(M) < G(AD— (M), (VaYHp) =(V.=Y) (p), (Y)pe M,
where 5 is Lhe integral curve of X in p !
Statement 6.1, Lel 32701
L0 Nis fangen! fo 23] then CX Qs the image in 827 i
. { 3 v has ge in g=I3 o least in «
neighbourhood of p, because there is an inllf'grr.'[ curve in 20 to Xl through
poownrd we have unicily (singularily). S
LLAf Y tangent fo 200, i1, j. then VY 1will be tangent lo 824ME
k! . . ) - | ) H m*
o If we have 'I <11l(|‘ It \ inner. then ViY will be inner. On the domain
ol @ chart h=(U, 9, U"), wilh p=U, p=d>M, we have the vector lields

(d ) . -
el m.
a4

' I a ¥ P <
RS LI lhat[Voa_J d_l) = ([0 )38t = Pijec, because Lhe integral
X AL

(-. .
CUry ¢ uf — Y (‘I'“]i‘& Wl .i len g 1 l l Gy [ — (en 9 I

ayhid H - HI eQOranales = 'fl f'

p X !h 3 l(‘m fl b]) il (0) (\P(IP)){.
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it follows that: p — 5
_ for jem-—s5, k< m—s. (Va% d?‘ p-- :_El () ('(‘_1_’),,
~ for j==m—s, k<m—s. (VO% ——Z—;)p HLE: Fip) (3%'),,“*;"'(”)(3_%),,’
for j=m-—s, k=m—s, (V:‘E‘-é‘%") i --":E;“}A-(I’) (::—, p""]‘fﬁ‘(f’) [P%:}),,-%_

]
1300 (53 -
Using the clagsical properties of the L
Vf,\w,yz—-fVXZ -}-gV,Z, V.l'ry = fV‘\-Y | X(f) Y, VA-

t the following result: . '
- geStatemom ii.2.g1f on 6='M. X is langenl o ¢="M and Y 15 langend o
a=*M, u, v<j, then VyY is fangent lp 8= mwin "ML

Proof.

e derivative, which are:

() —rZ) = V}l\ i V_‘Z.

m—1 a K -1 a ) "121 n:-z-:’ V _a-
—| = a; V by — = , TN
Vm ] 2 (;1 br.- 31,’),) lel i _9,_( Z.l] i B.Ek o et _1. ex
JE:‘ ”5:‘7 ix’
m—r m—t E-(bjlo ,?) _a_-
I o _—
b i=1 < . G

g 3 0 U IR ERER I ¢ 1
The first term is a vector field which is tangent to ¢ M, and

the second is a vector field tangent to 3?",\I. .
In some books, the connection is given as m

w G (M) = (M) satisfying :

apping V: (M) =

a) V_d'\":fV‘YY-{—X([)Y; V(Y +%)=Vy}Y Vi Z.
b) VIXY=|(V.1‘Y§ VyeyZ=Vy/ +VeZ,
c) (Ve Y3y =Valv Ylr for any V open in M.

i : S a). b),
In order to get a s‘milar definition for our case, We mlEusII‘ add to a). b)
¢) the condition thal the previous slalf:zmcnt would la‘]\v. place.

The necessily of the statement 6.2 has‘l_;.?en 1)_:_9\ en.” o —
We prove the sufficiency. Let us take & M. Frowm Lhe 't‘; . \:5‘[]1qt

X, Y tangent to 9=*}M on p= A, VY must be of the same kind, it {ollo :

1",;;—_0 for i==m—s, j.j€n—s.
Suppose we have X. Y vector

m 6 1 [ ('.-
X= Z a:-é;:‘ Y= Z.__}i'-rll.k'

o 1 e

fields tangent to é'Mon ezt
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In order for ¥V Y o be also tangent to =11, we must have
‘ol I =t
Vo — M —, wilh 17}, =0
Zoart el 2
or

and this must happen for any j, F#1,

Varyving i, we get Lhe very condilion which was added to a conneclion
on a manifold with corners : T, —0, (V)i =m—s. j. k#i on #5711,

Thus we have gol a connection in Lhe meaning of definition 1.1, uni-
gquely delermined by the mapping V.

Couversely, for a conneclion in the meaning of definition .1, the Lie
derivative is the mapping which verifies a, b, d and {e).

So (he two maps of delining a conneclion on a manifold with corners
are equivalent. ; )

7. The eurvature and the torsion. Let fi(V, 4, V') be a chart on A%,

RReeall that, in a charl, the torsion fensor field has the coordinates ;

T =T, =T}
Fals FIFE] 2

Then, for a point p= a3, in a chart i so that p(p) has the last 5 coor-
dinales zevo, T), (p) forms a malrix of the saine shape to (T3 (p)). that is
iy . 3 - L [ N 7 " el o 4 i
T Ap) =0 for iy=m—s. j,. j.#1,. and, some more, T;(p) =0 any i and

This fact allows us to construct, starting from a linear connection in
(he meaning of definition 4.1, a similar linear connection but without torsion.

Given M* a manifold with corners, a connection I' on it and its torsion
. we define the new connection, all the same to the classical theory, as
follows :

I": M- T, [(0) = (e (i (Dip)) 157' {py) for anv peM,

where h=(V. L. V') is a chart in p so thal $(p) would have the last s coordi-
nate zero il peet M and T =(T, (M)iv ot me

The torsion of the new conneclion vanishes everywhere (it can be checked
by a simple computation) and. moreover, it is a connection jn the meaning

= 1
of delinition 4.1 because in a poml p of M. h(I(M) = W(T(p)) —E'I‘(p),

which is a tridimensional maltrix of the shape prescribed in the beginning of
section 1 as il i$ a subtraction between {wo tridimensional matrices of that
shape.

As for Lhe curvalure, given a poinl p in &M and a chart h=(V, }, V')
so thal p=V and 4(p) has the last s coordinatles zero, we have the following
lormula for the coordinates of the lensorial field of curvature in term of the
natural basis associaled to h:

y 5(1.”‘-;;" CQ~1) ! E:(F:!.‘: O'\!J 1) | i) i
H 16:_17“ ':"f’ é"ljj 0'.:} TP_;I"I-‘J-JJ —P}‘:,,Fj:j:.

frFaky =
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ASYMPTOTIC STABILITY IN THE NONSIMPLE VISCOELASTICITY
BY

BAMON QUINTANILLA

1. Introduetion. The basic theory of nonsimple materials has been
sludied by several authors [1,9—-11]). In [11] was established an existence
and uniqueness theorem for the elastoslalic case. Recently, Iesan and the
author [1] have proved some theorems for the claslodynamic case. In Lhis
paper we establish some resulls for the linear nonsimple viscoelastic male-
rials. First, we oblain an exislence, uniqueness and continuous dependence
resull. Then we prove theasymplolic stability of the solutions in the dissipa-
live case,

The method used rests on the semigroup theory of linear operators and
some results of topological dynamics for semigroups of contractions and is inspi-
red by the work of Dafermos [5] in the classical linear viscoelasticity, Similar
results can be obtained by the methods used in [12). We also remark that
some existence resulls could be obiained following (he methods of Duvaut-
Lions [13, pp. 18:4]. In fact. they use weaker hypotheses to obtain well-posed
results.

In the next section. we present the basic equations of the linear non-
simple viscoelasticity. The third section is devoted to the theorem about well-
posedness and in Lhe fourth section we prove the asymptotic stability of so-
lutions.

2. Basie equations. We consider a body thal at time [=0 occupies
the region B of Euclidean three-dimensional space and is bounded by a smooth
surface £ B. The motion of the body is referred to a fixed system of rectangular
Cartesian axes Ox(i —=1.2.3). We designate by n the outward unil normal
of B. Lelters in beldface sland for tensors of an order p>1 and if v has order
p.we write ;. (p subscripls) for the components of v in the Cartesian
coordinate frame. We shall employ the usnal swinmation convention and
differentation conventions: Latin subscripts are understood 1o range over the
integer (1, 2, 3), summalion vver repealed subscripts is implied and subscripts
preceded by a comma denote partial differentiation with respect to the
corresponding Cavtesian coordinate. In all that follows, we use a superposed
dot to denote partial dilferentiation wilh respect to Lhe time.

By € (3% wedenole the closed vectorial space generales by a set C.
We consider the linear theory of second order viscoelastic bodies. In
the mechanical theory the equation of molion is given by ([9], {10])

(2.1 pit =Div[t—Divp] +pF, (x, ) =3 <« IR+



