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ASYMPTOTIC STABILITY IN THE NONSIMPLE VISCOELASTICITY
BY

HAMON QUINTANILLA

1. Introduction. The basic theory of nonsimple materials has heen
studied by several authors [1,9--11]). In [11] was established an existence
and uniqueness theorem for the elastoslalic case, Recently, Iesan and the
author [1] have proved some theorems for the clastodynamie case. In Lhis
paper we establish some resulls for the linear nonsimple viscoelastic male-
rials. IFirst, we oblain an exislence, uniqueness and conlinuous dependence
resull. Then we prove theasymplolic stability of the solutions in the dissipa-
live case,

The method used rests on the semigroup theory of linear vperators and
some results of topological dynamics for semigroups of conlractions and is inspi-
red by the work of Dalermos [5] in the classical linear viscoelasticity, Similar
resttlts can be obtained by the methods used in {12]. We also remark that
some existence resulls could be oblained following (he methods of Duvaul-
Lions [13. pp. 184]. In fact, they use weaker hypotheses to obtain well-posed
results.

In the next section. we present the basic equations of the linear non-
simple viscoelasticity. The third section is devoted lo the theorem about well-
posedness and in the fourth section we prove the asymptotic stability of so-
lutions.

2. Basie equations. We consider a body thal at time [=0 occupies
the region BB of Euclidean three-dimensional space and is bounded by a smooth
surface ¢ B. 'The motion of the body is referred to a fixed system of rectangular
Cartesian axes Ox(i—=1.2,3). We designale by n the outward unil normal
of 13. Lelfers in boldface sland for tensors of an order p>1 and if v has order
powe write vy (p subscripls) for the components of v in the Cartesian
coordinate frame. We shall employ the usnal summalion convenlion and
diflerentation conventions: Latin subscripls are understood 1o range over the
integer (1.2, 3), summaltion over repealed subscripts is implied and subscripls
preceded by a comma denote partial differentialion with respeet 1o the
corresponding Cartesian coordinate. In all that follows, we use a superposed
dol to denote partjal dilferentiation wilh respect o Lhe time.

By € (% we denole the closed vectorial space generates by a set C.
We consider the linear theory of second order viscoelastic bodies. In
the mechanical theory the equation of motion is given by ({91, [10])

(2.1) pit = Div[v—Divp] +oF, (x, 1) & 13 x JR+
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densily in the reference configura-

where u is the displacement veclor, g is Lhe
in the relerence conliguralion.

tion. ¥ is the body force per unil volume
is the hyperstress tensor and = is defined by

(2.2) T L-Divg,

{ being the stress lensor. We know the symmetry

=]

(2.3)
We reslrict our attention to the homogencous condilions

(2.4) w=—0. and Du-=0 on e IR

where Du=Vu-n
In the linear second order theory of viscoelasticity the comstitulive

equations may be obtained in a similar way to [7, 8] . Thus,

(1) = G| (O] + MO T2} U_l'"[(i’(s)l('(! S HI)Viul - 5) ] Ids

@5) () =HOe[D] RU)IT2u ]+ § I e F R =T

where e=—(Vu-+Vu)/2 and Vi —fu, g
‘T'he tensor K, 11 and G satisfy Uhe symmetries

(26) Gi,: s =Gr~|1 ""G,-':.-m I'I-_ipar Iljipqr = I‘Iijqprv J'{ij.'.p(;,r =h paeiiE = K itk pgr

1 Lhe evolution equation (2.1), we obtain

If we introduce the equalions (2.0) it
ar sccond order viscoelasticity

the equations of molion for the line

(1) = F(1) -+e  Din(G(O) (e 1OV Din(R(O) ()} + K(O[VZ(DD)
T .!':’I)iu{(i'(x)[c(l O] 4H () [ Vul )]

(2.7) I)EH(ll'(s)[v(l—ﬂ]+l\"(.s')[V"n{l HPls. (X, s> R+

2. An existenee (heoretn. In this seclion, we usc (he semigroups Lheory
of linear operalors to oblain an exijstence {heorem. We assume thal the follo-
wing assminplions are satisfied :

(i) The density o(x) is strictly positive;

(i1) We suppose ihe existence of

(3.1) G(x.90)= lim G{x, 8), M(x, 20) = lim H(x. ). K(x. o)~ lim K(x. s)

(i) G(x. s} Hx, ) and K(x.s) are contipuous on B, are functions of
class C? on |0,00) and they satisfy the symmelry conditions (2.6);

(iv) There exists a positive constanl ¢ such that:
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(3:2) [(IVn]. K(o0)[V3u] £2{V0]. H(eo)[Vu] 4{Va] . G(e0)[Vul)dV >
l:('niE (Viu. VZuLVu. Va)dV,
for all ue[Cy{m.

(v} There exists a positiv : T
S e positive function g(s) satisfving the monotonicity

(3.3) l[‘([\/“uj K VE] £2[Vu ] IV [ Va] +[Va] . G'(s)|[Vu]yd V=
= g(s) 1& (Vi V2u4Vu . Vu)dV,

for al: 1_1_&'[1(.'5(H}]‘.:m(l for all s= |0, c0).
(vi} There exisls a posilive constant « such that

BA) TV (K76 xR )V ]2Vl . () — 2l () [V2u] +

ElVu] . (G"(8) — 2G' (sH[Vad V=0,

for all w= |[CH(I) ] and Tor all s=[0, ).

Before eslablishin
N ablishing the abstract ev i i
space we are to work with, we make a re::l:::ll:lmn SRS ELLL R LU

Remurk. Lel L3y ([0, o), W§*

< s @), W (k : t spac i
N it Sucglhm ) #3(B)) be the space of the Tunctions
(3:3) | {1 (V2] K4)[V22]42(Ve] . W) V22] +[Va) . 6'(5)[Valid Vs | <oo

where W53(13) is the Sobolev s g : ;
Hilberl snace in Li(10. 20} space ([2]). We may deli Str
lilberl space in LA:(|0,50), W§*(B)) with the inner pr;l:ﬁlc? AT ¢

(3.6) J s, 2"y = _:_!'-}fj([vz-,.]. K'($)[Ve | +[Va] . B(s)[Ve' ]+

' +iVe' ). H'(s)[V2z] +[Vz] . G'(s)[V2 ])d Vds.
Now, we transform our problem in an abstract evolution problem on tt
he

Hilbert space "6 = W31 t2,2 : !
duct defined by §HBY X WEA(B)Y X L3p([0, 00), WE*(B)) with the inner pro-

n'.'._(ll, v, Z), ( *, -*’ .“' U SR £ £ o .
), (W5, >, 1er“ di —i—;’([V u] . K(co)[Vau*] 4+

(3.7)  “[Vu]. H(0)[Vau' |+ [Va']. H(co)[V*u]+[Va']. G(oo)[Vu])dV —
—Ju—z,u —2').

Let €, /4 and 7 be the linear operators :
Cuwp lDiu[G(iJ)[Vu]+I{(D)[V2u]—Din{II(O)[Vu]-}-K(O)[V’u]],
M= Dio] | @(5)[Vals)] +H ) [V2a(s) ]~ Dio[H'(5) [Va(s)] +
+K'(s)[Vz(s) ])ds),
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(3.8) (7 ozl s,
R
and el of be the malrix operator on b defined by e
0 fd 0
‘1 0 “ ‘0(’
3.9) /
( 0 0 7

where Id is the identity operalor. The domain of o 15

0
yand of | v €A

A

D(cd)—w, v, 2)= e fa(0) =1

feniondense [in S : g day be transfored m 1l
ek Thus our houndary value problem (2.7), g[l["111))(:';'Ild;]}',:(‘o i
following abstract evolulion equalion i the 11

| u u 0 ! .
(3.10) d ) et o)), (SURY
o di 1 . 0

r p pr . . {6
] v [~ A l:'-h-u L CcHit ; p .
re o } I Jf( e ﬂ[( N {f qu ({5 R ““ ] LN giou Ht
rh‘ 0 m }u lc l hl’,’ pf f(f“ I" i

Proof. We Tirst caleulate the product:

g u (i, v, B3>, =< (v, On -z, T, (u, V. 2>
~ . & v » 3 P Y =
A

) 1 ) L4 1581 Ccl { 2 l 5 LG 0n lll 9215 tl“d 1]](
If e pl l\ lh ( U ( recn 111(_ e, h(. })( ](l A COML 1
3} c c

symmelries (2.6), we oblan

:I([Vgu _yz]. K@iV V2| 2| Vu- Vo). () Vi AR

+{Vu—Vz]. G [Vu- Vo frdsd .
By means of the inequality (3.1) we ste

u . m
=il (uov, £) = < (1/2)al|(u, v oz,
Z

!\()\ WwWe wal lo (l(‘ ¢ VG ‘ Corange lr T 1Inwe Ill“:ﬂ (Uuﬁld
¥ ! i Id L 'i. lh( \¥
W, C W¢ lL l rmiie h’. < "_.-

svslem
W—V =%

v —Qu—Ar=v=
g - 0n) ds =+
()=,

(3.11)

er the
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where (us, ve, z) =25, Inlegraling the third equation of (3.11) we oblain
{3.12) sy =ue [ *Fua()dy,.

L]
Introducing Lhe first equation in the second one, we gel

u—ux—CQu—_ A ey — A _|: eI () = v,
[}
Thus. we nhlain

(3.13) W—Bu— ey =wus +( _|'s¢.-"“"7.*('q)d'q) 4V,
o

An casy caleulation shows that the right-hand side of this equalily belongs
to W, 22(1). Now, we cousider the bilinear form

I, )= § uid V- [ ([V?u]. (K(0) -}~fr“l{’(x)ds)[vfu] 4
(V). () + § e R ()S)[V2u] +[Va]. (0) 4§ e T (s)ds) [Van] +

FVu]. (G0)+ f e G [VEDA Y,
o

which is a bounded and coercilive symmelric form on W§(713). Using the Lax-
Milgram theorem [3]. we conclude Lhe existence of we Wi#(13) solving (3.13).
Then, there exisls v & W23(1) solving the firsl equation of the system (3.11)
Using (3.9) we obtain 2= L3%([0. o). W#2(1)). Using the corollary of
Lumer-Phillips to the Tlille-Yosida theovem [1]. our theorem is proved.

this theorem allows us to establish

Theorem 3.2, Assume thal Fe RS, LA())n C°¢t. Wg(B)) and (u,, vo.
) €ED(c?). Then, Ihere exists « unique solution (u(l), v(/). () = C IR+, )
with palues in D(et) to the boundary value problem (2.7), (2.1).

Remark. Since the semigroup defined by the operalor of is quasi-conlrac-
live, il follows the estimale for the solulions

(), v(b). 2] < e 2 (). v(). -.r,(ﬂ))|___--j IF(s) lragmidds).

L. Asymptotie stability of solutions, In this seclion we sludy Lhe
asymptotic behavior of the solulions whose existence have been investiga-
ted previously, in Lhe homogencous case (F=—0). In the former section, we
have oblained an existence Lheorem in a large class for the mechanical
coelficients K(s), H(s), G(s). Now, we are going to consider Lhe case in
which the semigroup is conlractive. We suppose the following hypothesis
(related wilh the usual hypotheses of convexily)

(LY §([Vau]. K7(s)[V2u] 42[Va]. L7(s)[V2u] 4+ [Vu]. GU(s)[Vu]dVz0
for all ne{C2(ID? and Tor all = R4 In order to perform Lhe viscosity

effects in the material ceeflicients, we also suppose thal Lhe tensors K7, I
and G are nol identically null,
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inspir 7 ork of Dafermos []. We recall tha‘l.. '1_

pur ])mu‘f 'is ":?)pl;f(?\'(l‘))ast\']:s]:(?llil; slability for semigr(.)‘u i[);’;f:i)-ft(i‘:::-:;::-p
suffi(;l_enl. condli"loll qcl]ness of the orbits jointly with the fac ; <¢((“ Sy
o the'ggﬁif?ir:f;‘ in(r = IR) in the closed subspace £ {{u, v, 7))
not any e t . |
Calll ‘.’SZ),(“, i Z)?‘=U}>. ( o ol any eigenvalue il(lEJlk) on L,

A1 The operalor ot hds Y alug, .0
Ilf::llf?[!al :3-t .(u v, 7)=L. By inequality (4.1) we 0

Div[G”(s)[Vn——Vz]—|—]l"(s)[V2u _v2z]- Din([H"(s)[Vu -Vz]+

(‘1.2) +K”(S)[V2u_ VEZ])] __“.
for all s+, Let us suppose | N
(1.3) v—ing, @u— AHr=ilv. - a-;.,-as-_m..l.t . L
» i | using the third equality 1=
ating by parts (4.2) in R+ anc
z;\l:)gr‘\tmg Y I X

Thus u is a solution of the equation
€u+rtu=_),
in 1 alily (4.2)
(4'5) ne Lhese values of w and z In the cqualily e
! i i + zero we obtain
Sy I'I}irf)dl;:’l'n%v) and G'(s) are nol identically iflo \\: ob
T [Eul (I:Slze’lt v —-(‘) and z=0. Thus we conclude the lemma.
E H we
u=0. I{ heﬂ; 4.2, The orbils are precompact. g e LR, ez and
izl;:FLeé it ‘.L*', g*)ifl()l(i* )\L: z2)EH. As the semi-
(L a solution starting , , T hek
- (“(t‘); ‘é(l))lil:z(xtg‘zi\lf): \'\lre know (see [3]) that (u{), v(O), {l) € D(ct)
group 1

u(t) n#*
et L) | L= T ot | ve [
z(1) 7

2 J Wy (]t?.’f, Wi(B))
/ o IR+, WE(B)), z(f) = Co(IBRF, Wejg i
Thus,WERRO_\/‘f’ltl(‘:;t:‘:(l()"“((Ejl; (JIR;(B)).Q Using the standard Volterra jteration
H— Mz ) X, L
Es“clgerr(\:g ((Z»ce [12]), we deduce the bound

sup || Cu— Az i
ng ffu “w%"ﬂ‘" s:P | .

12,4 B))
X lude that ue Co(ER+,WH(

i itiv tant. Then we may conc P
R pommfncez:i)f the imbbeding of Sobolev we conclu‘c}: o l()bser\'e
e compac‘b_ts starting in #. To conclude the lemntlat;w CEo7 ook
It)ﬁc:ngésiso Id?rllzeminl% jointly with the 1'act_és¢:il£6(]))f tc}:)a:\ ]

g b its in a semigr actl ' _
e -'cl))l::c?;?fnig; (;g?:lltﬁyl with the known topological dypanics
o prens ) allows to conclude the next thef)remi. . i BT
B e [4]1 Let (u(t), v(?} z(t)) be a solution 10
Theorem 4.1. ! !
oblem (2.7, (2.4). Then
- ( yim (u(t), v{), z() =0,

> w

in the norm of the energy given in (3.7).
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