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mensional. 5o, by Proposition 7, [or each neN. there would be some
M,=% bounded with regard to E, and, consequently, bounded with regard
to of, but not quasibounded with regard to X, againsl Proposition 3.
Thercfore there exists some n,=N such that I, is dense for each nzn,
if no of these E, were pbarrelied, by Proposition 9, {here would be some MM,
pounded with regard to E, but not quasibounded with regard to X, against

Proposition 3, too.
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AMORPHISMS OF I-CONES AND POTENTIALS. L
BY

EUGEN POPA

Abstract. The presenl paper is based mainly on the reports [13] and
|14} It generalizes and completes Lhe results aboul morphisins ol fi-cones,
which preserve onc or another of the various classes of elements. having a
.polential- type.

The main Lheorem conlains sulficient condilions, on a [l-map, in order
lo preserve the T-potentials. Necessary conditions will be investigated in a
forthcoming paper.

Preliminaries. The basic relference for the definitions. nolations and
resulls aboutl fl-cones, is the monograph [6].

el Sand S be H-cones. We denole by Iom(S. §7) the set of all mor-
phisms ol H-cones from S lo &' (for the relevant faels about morphisms of
H-cones, sec [8]). For selom(S, 87 we consider the domain of 3. defined
as:

Do) =SS |95 €S

Certains morphisms setlom(s, 5) admit an adjoint : pamely there exists
a morphism, denofed ;D'El-lom(.s"', §%), which salislies the relation :

5 (V)(5) = v((s)): Yyse8§", ¥sES

if S and §" are H-coues of functions on Lhe sets X and X', then amap : X' —X
& called a H-map il: for any bounded <=S we have sope S Every
H-map induces a morphism from S to S, which will be denoted by the same
letler. defined by @ 9(s) =509 Such a morphisim allways admils an adjoint.

The following notation will be in force throughoul the paper: 5
and S will denote fi-cones, or standard Il-cones of functions on the sets X
and X'; 7 and =" will be topologies on X and A, coarser than Lhe fine topolo-
gies and (in lhe standard case) finer than the natural ones.

We recall [3] that pe S is said z-polential if, for any sequence (1)), eN
of <-open sets, such thal

z-elD,= Dyt and X—JD, we have:

#EN

,l"\BX ._n"p ()
neEN

(z-cl A stands for {he closure of the set .1, with respect to the topology *h
When < is the natural topology, the condition ,.5-cl DS Dpry” €21 be dropped.
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Lel (x),en be o sequence from N. We write x,—o when there exisis
a sequence (Dyhien of z-opeun sels. such that : ==l DS Dy X=_D,
and : YneX 3k, such thal vk, v, €D, ®EN

Let 2: N'—>Xbea fl-map. 3 is called proper (with respect (o the topolo-
gies T and =) if:

x,—o0 in X'=o(r,)—ec i N

The Main Theorem. Lel S and S be standard H-cones of funclions o the
nearly saturated spaces X aind N Lel o X'=X be ¢ H-map. which has the
properties :

(i} A€ X semi-polur=3"(.1) semi-polar

(i) o is proper.

Then: pei)s) potential =o(p) polendial (with respect o the nalural
topologics).

Comment. Condition (i) appears in {9, th. 1} and is equivalent with:

(i BY™N Wisop)< (BY Us)op

(i) Fe S decreasing=p(A\F) Aol

Under some additional conditions, (i) is also equivalent willh the facl .

that 3 is Tinely open (cf. [10. th. 1]). See also th. 3 from this nole for another
cquivalence.

The Prooi of the Main Theorem. We shall prove (he following resull,
which generalizes the main i heorem to Lhe case-of ~-polentials. The additio-
nal hypothesis (iii} is not needed in the natural case, ¢f. [3}

Theorem 8. Lef p: X'—X be a Il-map. which has the properfies :

(i) ASX semi-polar=9 (.4) semi-polar

(i) o is proper

(iii) o is both opent and closed.

Then p=D(g) z-polential =3(p) <'-pulential.

Proof. Let peD{p) be a ~-potential. In order to prove that »(p) is a
=-potential, lel us consider a scquence (D,},en of ='-open sets, such that
< —cl PieDysy and X'=J Dy We denole hy:

nEN
D, =X 7—cl p(X" Dy

Ience (D,},en is an increasing sequence of z-open sets. Since 9 is supposed
to be a closed map, we get:

z—cl ?(XI ._I)..-—]) ?(X. I);H.l)
From < —cl Dl D), it follows Lhal : 2(N' DS (NN cl ). But o

is supposed Lo be also an open map, hence we get furlhcr:‘zp(x <l D)
= <'-inl o(X'N\D,), which proves that =-¢! D, D,,, (s-int :l stands for
{he interior of the sel .\, with respect to the topology G))

Next. the property X= L D, being equivalenl wilh:

rEM

N r—cl o( XN\ D) = & lel us suppose thal there exists re N such that
n €N
rec—cl (X" D,), YnsN. ‘This means that: for cach neighbourhood V
of x, and aay ne X, there exists y.-l.,CX" .. D, such that q)(y]-.,,)é\". But
this is in contradiction with the fact that ¢ is proper.
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Now. since p is a s-polential, we gel: 35 ey =0, By (i) and [9. th. 1
f g ! 3

#HeN
it follows : BY “Vka(pi< BY/ P p)op hence : A BY Tan(p)< (A BV p) =0
wEMN nEN

Remarks. a) Lel us suppose thal 9 is continuous and proper. 1 (X, +)
is metrisable and satisfies : for each sequence (x,),en either there exists a
convergenl subsequence, or x,—00, then o is closed.

Indeed, let F= X' be a closed set. y, =»(f) be a sequence such thal
#,— Y. There exists a sequence (X2)nen Trom X, such that o(x,) = Y- If x,—20.
then by assumplion: ofx,)—oe, which is absurd. Hence there exists a sub-
sequence (T, )en. SUch that x, —x=F. We get then: ¥ o(x)el" b) Let
us denote by ¥ the set of all parts Ke= XN, such that @ ¥(D,),en sequence of
<-open sels, such that c—cl D= D, and X = ) Dy, we have: 3n,=I¥ such

nEMN
that KD, (cf. [7, pg. 26]). Clearly. any ——compact set is in X T (N, D)
is locally compacl. o compact, then any sel from ¥ is relatively compact.

Proposition 2. If pis proper, closed and opent, then : K =U=2 YKyswx'.

Proof. Indeed, i (D), en s a sequence of =-open subsets, such { hat

+ —cl DD, and X' \JD,, then we construct a sequence (Dy)uen as In
neN
the proof of th. 1. Since X \JD, and K€, lhere exisls n, =1 for which:

nEN
K= D, =X\ 5—cl o(X D). We gel: o = ,,.

Other classes of potentials, Let S be a H-cone, s=S is called nearly
continuous if : Tor any decreasing family (r:)ies from S we have: [Aw:l(8)
—inf p(s) i€l

1EX

If S is a standard F-cone, this definition agrees with the usual one
([8. cor. 2.4.10. b). cor. 5.3.3. and cor. 8.5.11]).

Theorem 3. Lel S and S be H-cones and 2 be a semifinite morplism,
which has an adjeinl. Lel us suppose that the sef of nearly conlinuous elements
is increasingly dense in S, Then. the following properfics are equivalent :

a) s= D{p) nearly conlinuous=>o(s) is nearly continuous

b) V(w)ies decreasing family from 17, we have :

o' (A ) =A 2 ()
i€l =¥
Proof. a=sb. Let seD(o) be a nearly continuous element. We have:
S OA () =(A g)(es)=inf p(zs) =inf &' () =IA 2 (1) )s)
el r&l el el (=¥
Since the nearly continuous elements are dense in 5, we gel:
o' (A ) =A @ (-
i€l ]
besa Let s=D{g) be a nearly continuous elemenl. Since:
(A w)(@s) =9 (A wds) =N o' (u))(s) =inf o"(w)(s) =inl wios)
il 1€1 el 1ET ier
it result that =(s) is also nearly continuous.

Remarks. The finite morphisms of Dirjchlet space {cf. {2]) have pro-
perly a), since any clemenl from a Dirichlel cone is nearly conlinuous.
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it S is a slandard f{-conc. {hen the set of nearly continuous elements
is jncreasingly dense in S, and a) is eguivalent with:

a') s€S,=3(8) pearly conlinuous. sk o b

II 1 is also a standard f/-cone, L hen the result was proved in [{hoprop. a)
In this case, any vegular morphism 6. ex. 1.8.] has the property a).

‘The fI-maps with the properly a) are calle'd I.H Mappings 11 [11|1
this property playing an essenlial role in the localisation of the considered

-map. _

.| mqi’ropnsition 4. Let § and S be glandard H-cones of fm!rlmns._nn‘ :!’w
nearly salurafed spaces X and X', Let »: X' =X be d H-map. We consider il
following properties : )

1) VIS decreasing. 2ANF) At

2y Yie X negligible=>5 (1) is negligible .

If = is (ueasi-conlisuoits (ef. 112, pg. 190y then I==.

Ff X' s sousliiean. then =1 ' —_—

P'roof. 1=2 Lel = N be negligible and AS2 1.1} be a compacl sel.
CTncelly tamt U iy WL polar and N, compacts, such thal 2 K, is

nEN . I i ’
continnous. it Tollows thal oK) s compact. I_Sclng (.(rnlamc(l Il\-:l}"\'{-
get ol n,) semi-polar. By by pothesis. Kpnk, 18 semi-polar, hence I 1s
semi-polar. . . P

21 The sel: jAs,<inl 5] 08 semi-polar and l)nrel_lan. 133 _h} pothesis,
the set o {([As,<inl s, ]) is negligible and horelian. By |6, prop. 5.4.1.], this
sel is semi-polar. . ‘ ol =

Comments. Lel 2 and 5 be Green spaces. 1i ? has the properiy )
then £5'no i(E) is a Green sel, hence o may be considered as defined on a
Green sel. wilh values in he Green space [ ) ...

If » has the properly 2y, then for each Green set Qc N, theset LNy 1.(9)
results a Green set. Hence, in this case. =z is a JI-map between (wo Green
sels. ) N

Proposition 5. Lel S and 8" be standard 1f-cones on the sets X and N
The following are equivalent : . o

1) For any decreasing sequence (s dnen from () :.,{;_\ﬁg" --U:::I/G\Np(s..) 0

N A X polar=2 .4y pelar _ e -

Proof. 1)=2) Let A€ N be polar. Since 1341 =0, there exists a ((‘cma{
sing sequence (Su)qen cuch Lhat s,>1 on .1 and A sp=0. 1L follows @ ¢ 3.2

HEN
on o '(.1) and : A\ s, =0. Hence B -0 and o 1) 18 polar.
nEN
2)=>1) Let us denole .

*‘m _{‘I"EX .5'”(.1')2 't V”E'\ 1

EFach .1,E X is polar. since: B-‘.,.h.:/\Nm .5, =4. Hence oA s polar. dince:
nE

mLélNcp 1A, ={ye X’ inf(s, 0N ) =0} i polar. '-.H_ get :_,./E\N?S"“ .(.). e

Remark. In [9. th. 2] it is proved thal 2) is equn alent wilh: 3) Vv

e (") universally hounded=9'(v) 8 universally hpundcfl. R —
Proposition 6. Lel S and §' be standard Tl-cones n[ﬁfum{m_n.sf;n i 0L .1.]

salurated spaces X and X' We suppose that S and S salisfy the axiont A

Let o: X'—X be a H-map.

L]
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(iy If AS X is polar = g 1(A) is polar, then : weSp and u H-measure =
= 2'(1) S Sp.
(i) If Ve X' is prlar = o) ds polar. then o veE Sy oand v I-measure =
=2"(v) E 5,
Proof. We use Lhe notations and the results from |1}
(i) We have to prove that o (w)(.1)y 0 for any polar sel 1. Sinee o' (i) =
u(p (1)) and 27'() is polar by hypothesis, we gel Lhe conclusion.
(i) Let A= X' be a polar set. w hich carries the wmeasure v. Hence
(XN )= 0 and by hy pothesis, (1) is also polar. But 1= '(5(.1)), hence:
XN A XN ad) = [N p()]. Tt Tolows that + 2" (V[N 2(.1]
y| X7 o (pA) | =0, which means Lhat the measure »°(v) is carried by Lhe
polar set o).
We consider nest Uhe [oltowing general siluation. Lel S be a H-cone
and 7, % speciflic bands, such that: -
pe? (resp. heFyesvhaed (resp. p&7y we have:

It h p =

Such situations appear fvequently (see for inslance [1]. or [B, cho 3.4].
In this case, there exists specilic halayages, denoled by Bp. resp. By, such
thal for any s&S§ we have: Based?, ByseX and Bps -k Bas =s.

Proposition 7. Lel S and S be H-cones: 72, & and . &' be specific
bands as abape, The following properfres are equinvalent :

(i) Sy P and (AN A
(il) ‘?0]3[: - ]‘}1-(.;’_:)
(iii) poBy=DByoy

Proof. Indeed, from s= Bps +Bys we oblain :
o3 =9(Bps) +o(Bus) = Bp(9s) +Bu(es)
lience (ii) <« (iii). It is clear that (iiy (i) =>(i). Finally, from (i) we get
'p(l?,.s)E@' and o{ BysysA’. The definition of I3, and By shows now that
2(B3ps)< Bp(os) and pf,s)= By(ox) which proves that (i)=>(ii) and (i)y={iii).
For the next result, we use the notations carr, 72, ele. as in [6, ch. 3.4 ]
Theorem 8. fel o N'—= X be a H-mup such that
earr osS o t(carr §)),
p=P =g(p) =P,
@ is conlinuous and
s Al =0=us A ol =0
Then: YpeP we have {op)yrn =9(pa), YASX
Proof. Fivsl, let A be a closed or open sel. Direetly from the definition,
we gel @ o(p) =Y ip(y) g<p. carv g AL and @ (pplga =Y {u [ u<op.

carr v (LD I follows Lhal @ 2(p,)<{7p). .- On the other hand. [rom
pP=p.i+ Pxr~. We oblain:

op=3(p.s) TP )< (PP v HePhr
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shows the equalily.
vow @ op =leP ) Pzt ° o L
S Iq:‘]l u."(.?ifz;sider now the general case. Since :

pa=AipelG2 A, G open}

we get :
o(pa

and finally :

y=A{o(pa)lG2 4, G open} = A {(#P)em (G2 4, G open}

(aap)@--m=A{(¢P)m'G’2<p“(:1), G open}<9(p.)

arks. The theorem shows ithat Lhe kcm‘cl z}ssocia'lc.(ll wilh op 15
i he kernel associated wilh p (ci. [6, ch. 3. N)3 N o
tion of the condition a) of the theorvem, see [11, prop.
e hed=n()e X' Indeed, il

the image by ¢ of
For a reformul

i P ily, we have : N :
1.7.1. Under the assump-lmn 1) o1 - % o(h,) with
hé;{i, then h= L h, with carr hy=D. Tt follows that: (k) »e.\‘cP(

neN

arr (oh,) = 9.
it (ﬁért':)S and & be standard H-cones and

which has an adjeint. We suppose Lhat there ¢
pe S, peS§” such that :

o0 X Ny and o' Xj,— Xeare H-maps.
under the abope hypolhesis, we have:

o Hom(S, §) be a morphism
<ist weak unils ueS, ' es.

Proposition % Lel us suppose (hat,
1= X, semi-polar=3 1(A) iy semi-polar
= semi-polar=>7""1(.") iy semi-polar

Then, there exist Green sels Qs and Qe such that :

=180 o B Q. —Qg and:
Golox, y) =Gs{x, 27 (1) veels, 1€,

Proof. Let I. and [Eg be the Green spaces. 'l‘\here exists a 5(1,5;131101!“31'
. 1;_)(; .‘Su(‘h"thar’ if we denote: Qg.—.h;‘.l ‘;;‘e'\;\o{til;esnﬁf\-l:js;\__{:1
"I'hen 'slrerg exjsts a semi-polar set A.c Eg such Lhal, denot lgo 2 =N s
l.hen. o Q“)CLEU.. By recurence. we can thus define g’t}\ers&i] cel
iy hm?lf k(S.'l-'s’)_zmil (Q3) such that Q)05 -and‘ @( ,g)__l S‘;q[idgf\-i“.g
(”lfen ;10- (‘\SQ"- Q.. — M 08Q, and Q. are still Green sects, satisiyiny
lake @ A2y = S5 Mee=0 25 . AVe
the condsition from the proposition. Moreover:

(o, y) (20 =7 (L) =Gy (2. 2°Y)
i i ane - [I-maps, preser-
Remark, The condition 2 and o are sunulld[rlu_nulsll} r)I]I maps, pr
i g i 2 . 2L

‘ing c holar selse is reformulated only on g in |10, .
e S\c"\%'];lc]())?ll;il(l;%t:o\\' a sort of converse resull, We keep the same nolations
and hypothesis.

Proposition 10, Lel
such that : G, Ly) =G5 (97,
maps, adjoint one anolher, wnd pre

: o .v' - 0.0, be measurable funclions,
q)'QS;Q‘;'.{'E*Q\. :}eQS.. Then ¢ and vy are H-
P serming the finite Green polentials.
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Proof. We prove first thal » and ¢ preserve the finite Green poten-
tials,

G, (px) = [ Gelpx puldy) — | Gx, yidu(dy) -
= § G, ) Pu)(ds) = Gy (2)
*Gaby) = § Gstz, ypulde) = | Gelox, Puldr)—
§ Gz, y)(@p)ldz) =" Gy (y)

Clearly, o and ¢ result now H-maps. In order to prove that 9 and & are ad-
joint one another, lel us consider an clement s& S of Lhe form: s(r)=
— [ K(x, y)v(dy). With the notation: k(x) =K(x, y). we can wrile, for p= Ty

[ (o)(2)aald=) —ulos] =" ()(s) =  s(1) 5" (0)(dt)
VIFRWE v N ()(d) = [ KU e (aHdh vidp =
TS (kX ) = 1§ (k) v(dg) Jnld:)
and this shows that : (9s)z)= § (ok){)v(dy). concluding thus the proof.
Remark. The proof also gives the following relation :
210, G = G G

Fajyr M

which may be viewed as a preservation of the energy.

Let us suppose thal there exists a strictly positive <j-potential, and »
and ¢ are naturally conlinuous. Since Lhe <p-continuous (reen polentials
are nearly contlinuous, it follows that, in this case, ¢ and y also preserve the
semi-polar sels, giving Lhus a true converse for the prop. 9 (see [4. th. 4.4.],
[5. th. 25.] [9, th. 1]

On the harmonie elements. We consider next the following situalion,
closely relaled lo the fact thal o is a H-map (cf. {15, th. 1]). Let S and §
be H-cones and »<l1lom(S, S'). We sav that ¢ has a strongly specifically
solid image if :

there exisls a dense, specifically solid part 1= S such lhat: Vsed,
vi=S such Lhal f<as there exists 5, =5, s,<s and o(s,) =L

Proposition 11, Under the above assumplions, if »(pys P'=ps D,
then : o(Ain DN . _

Proof. Let hefin D{g) and lel p'=7" We denole v =gih) A p’. Since
=< a(h), there exisls p€ 8 such that o<l and w-—=5(v). Hence v€X and
“{(r)<p’. which inplies ?(tr)E7)’. Hence ve7?. which proves thal p—=0.

In the case of the subtractible elements, we ¢an prove the following
sharper resull.

Proposition 12, Let S and S be H-cones and o= Hom(S, 8. If 9 is
injective and has «a strongly specifically solid image, then @ o(h) sublraclible=h
stublractible.

Proof. Let e IXo) be such that h<y and oh be subtractible. We gel
wh< ms, henee o(s — My 8. Being specifically domninated by o(s), there exists
s S such that @ o(s — i) =p(u). Hence s—h—=u<sS and h<s.

Let § be a standard ff-cone of functions on a sel X, 58§ is called C-
subtractible if : s is bounded and s= M (M a constant) = s<1[
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Clearly, each (-subtractible elemenl is naturally continuous and each
hounded subtractible element ([1]) 18 (;-subtractible.

The interest of this notion comes from the nexl result:

Proposition 13 Lel § and S be slandard 1-cones of functions on the
cols N and X'. Lel 9 N'— X be w IH-map. Then : s=8 is C sublraclible =>
=(s) €S 18 C-sublractible.

The next result show
subtractible is Uhe same as subtractible :

Theorem 4. Lel S be d dandard H-cone of [unciions  on the semi-
caturated sel X. such that there exists « strietly positive polential on X and
cart yoo, @, Ifs=Sis pounded, then the following properfics are equivalent

(iy s is subfractible.

(i) s is ¢-subfraclible

iy carty,-,n 5=

Proof. ()=(1i) is Lrivial 3 Gi)=>(iii) Since carrx -1 _@, il follows thal:
yre X 3IWe@(x) such {hat = BO¥1=1. Lel now ¢S be bounded and
<< M. Then M—s€S. hence BY(M —s)s M —s and : BYNFs=s. We get
Lhus @ car’ y - 87 @.

(iiiy=(1) By [6, prop. 3,614} 5 is paturally conlinuous. Letl s<t. Then
(t —s) 15 2 posilive, lower cemi-conlinuous funetion. By 3. th. 3.5.] we get
[—se S, since by hypolhess XN —9) = f(x)-—s().

Let S and S be standard H-cones of functions on the Green sets Q and
(. Letg: Q=L bea [{-map. The nolation T is explained in |1, ch. 41

Theorem 13, fel us suppose (hd o Bs co-finely continuous and salisfies:
ys=S vicQ co-nafurally open We have :

o BOUs)< BY 2 1(99)

Then : Ys€ 8§ such thal s A p=0s V;)E@(Q)ﬂ@(s))\q. -0 qu@(Q').

Proof. Using [4. ih. 4.6.] we can suppose {hat Lhere exists Lhe increasing

sequence (Muex of co-finely open sets of Q, such that: Q-1 D, and
rEN

e ol co-finely open

¢ fhal, under some {echnical assumptions, C-

RBOD,g s, NOW CRIVNIT is an increasing sequenc
subsels of €. such that: X =U~=» 3D, Moreover:
HEN

B D g) p( B P s) =08

Remark, For the hypothesis, see [11, th Pl
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