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CERTAIN UNIVALENT FUNCTIONS WITH TWO FIXED POINTS
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B. A. URALEGADDI and A, K. JOSII

1. Introduetion. Lel

(I) f(:) s z “n:ﬂ’ an?O
n=2
be analytic and univalent in the unit disk E={z: |z|<1} and F(2) = ‘-?g f(hdt =
"o
=
= (T - e (B
‘ rr¥2 n 41 '

In this paper we consider functions of the form f(z) where either

(2) F(zo) =12, (—1=1,<<1, z,#0)
or
(3} F'(z,) =1 (—1<z,<l)

Given « and z, fixed let Sj(«, zo) be the subclass of functions f(z) that are
starlike of order « satisfying (2) and Sj(«, 7)) be the subclass of functions f(z)
that are slarlike of order a satisfying (3). Also denote by K{a, z,) and K (e, z)
ihe subclasses of funclions f(z) that are convex of order « satislying (2)
and (3), respeclively.

We delermine necessary and sufficient coefficient condilions for func-
{ions to be in these ciasses. Nexl Lhe extreme points for each of these classes
are obtained. Many of the results in this paper reduce to those in [1} in the
special case z,—=0. The techniques used are similar to those of Silverman
[2].

9. Coefficient inequalities. We need the following results of Silverman {2].

Theorem A. A funclion f(z)=az— I a,2", ;>0 is starlike of order o
n=2
if and only if B (n—a)a,<al—a)
n=2

Corollary \. A funclion f(z)=aiz— X a2", ¢;>0 is convex of order a
n=2

if and only if En(n—-a)a,,é. a1 —=).

ne=l



(1

156 B. A. URALEGADDI and A. K. JOSHI

Theorem 1. Suppose a,>0 for every n then f(zy =1, A e TR SE =)

K

0 - o au—1
if and only if X «, ! l—lﬂ-—] <1,
3 1—x n=l
Proof. F(zp) =2 gives

=1 m—
a, +§2 n-]-la

n=2

H—1

[

‘T'he resuit follows substituting the value of ¢, in Theorem A.
Corollary 1. If [(z) =tz — i a,=" isin Syl zy) then u, =

<{(l—){n -+ 1T Hn—2)— 2("1;._2_ )bt for o= 2, 3, i... with equality for
fal2) =[(n —x)(n A1yz— (1 —a)}n +1)"]/{(n +1)y(n—2)—201 aya]

Corollary 2. Suppose ;=0 for every n. Then [(z) =@y — Z azz" is in
n=2

=" & [n(n—w) 2
Koo, o) if und only if "Z! ”n[ 0o = -1] <l

w Da, _
— =l in

Pronf. The result Follows subsliluling @ 14 2, h =
Corollary A\

Corollary 3. If f(z)=w:— i‘.a,,:" is in Wo{a. 2y Then
-2

@, < [(1— a2y +1) ]/ [ +1){n—a)—2(1 —a)zi
for n=2, 3, 4., wilh equality for

[(z)=n(n+1){n—20):=—( —g)(n 1" +1en @) —21 — a0}

Theorem 2. Suppose @,z0 for coeryn fhen fiz) =y — Yo, is in Si(a. Zo)

] - ; n=—=a i Bt |2y
if and only if "2 : N _|_1 = <.
n

Since F' (3)=1 we have a;=1- Y I TR
w2 =T

The reszult follows by substituting value of «, in Theorem .\,
Corollary 4. Suppose ¢,z 0 for coery m then fiz) —wy= 5 @37 isin K2 20
3 ,

,. n(n—x) 20z ’] B
. oy | —— — —— =1,
if and only i "Z [(1_ ) 1

2 n =
Proof. The resull follows by substituling value of a, in Corollary A.
3. Comparable results.

2
Theorem 3. If [(2) € Ko(x. 20) then [ 1558 (‘— o :(\) .
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Proof. If f(:ye K=, ze) then
- | gan-1
¥ @ n{n—a) 25 ]s P
ne= (1 a’) n+1

In view of Theorem 1 we find the largest 3 for which

Y 9-p=1
Ean[_(ul "'0_]@]_
o (1-8) n 41

It suffices to find the range of values B for which (n—®3)/(1 -p)<
< [n(n — ) }/(1 —«) for every n; solving we find B<2{(3—a).
This result is sharp with extremal function

i (2) =[6(2— )= — 31 —@)z2 ]/ [H(2 — 2) —2(1 —)z0]
"\_' Theorem 4 If [(2)& Se(a. ) then f(z) is convex in the disk
- o fin—1)
= <F=I‘(1);illf{u] : (n=2,3....)
w1 —a)

The resull is sharp with extremal function being of the form
fulz) =[(n — )i +1)z —(1 —a)(n 4 D"} [{n — ) +1)—20 — |
=2, 3, ...
Proof. 1t suffices to show that
=) f ()< for o€ r(a)

we have

-

I < ] E n— Daylz* 1) la— Zna, 2"
72 & sw=2

P o s P

Thus [=f"@)f (<1 it
Y n(n—1)a,lzI"1<1 + Y i @, =Y na,lzt
e o2 I'l—rl n=2
That is if

4) b a,,[nz':_“'l i nil ::',-1) <l.

Since feSy(a, ) from Theorem i

= n—a R
Z “n[!—'—&_ <6 ]él.

na? I +1

lence (4) will be satisfied il

(5 n?|zimt =221 (n H)< (n— =) /(1 —a) =257 (n+1) n=2,3, 40
Solving (5) for |z/ we obtain
2| [(n—w)f [n2(1 =) 1Y (n=2, 3, )
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and the result follows.
4. Extreme points.
Theorem 5. Let fi(z)=z and
fa2) =l +1)n —2)2 (D — ez D(n—oa)—2(1 =5
{n—2,3, o)

Then f(z) € St(%, 2o) if and only if il can be expressed in the form f(2) = Z Youfn(2)
a=l

where 2,z 0 and T 2, =1
noe=l

Proof. Suppose f(z) = f)\,,[,,(:) where »,20 and fl,, —=1. Then
n=1 .

?‘I=‘

- Al — @) +1) < 21 —a)(n A1)
) [)“—}_,,Ek'g {n—a)(n -{-1)a—2(1—a):0—‘]- Z.Jg (rt—a)(it+1)—2(1 ARG

Note that F(zo) =z Also we have

= (=) 4-1) (n—a)in +1)—20 ) -
=~ = oo =1 =1,€1,
,,Z..g(ﬂ D) =21 —)zp (I —a)u +1 ,.E:z ) '
hence, by Theorem 1, fiz) = Sl e, 2o)-
Conversely, suppose f(2)€ Selat, 3p). Dince

a, < (1 —a)(n D) (n—a)(n T1y=2(1eR )] (n=2,3, ..}

we may put

= ({1 — o) +1)— 21 — 257 (1 — o+ D] (=23, .-)

and Ay =1— § X, then [(z) E T ful2)-
n=2 ol
Similarly using the coefficient estimates for the classes Ko, 7o), Si{«, )
and K,(a, 7,) we can prove the following lheorems.
Theorem 6. Lef fi(z)=z and
ful2) =10(n —x)(n L)z —(1 —a)(n 41zt [nfn —a)(n L1 —2(1 —o)2"78
(n=2,3,...)-

Then f(z) = Kola, 20) if and only if il can be expressed in the form f(z)= X% Yl al =)
el

where 72,20 and Z 2, =1

n=1

Theorem 7. Lel fi(z) == and

ful2) =[(n 4+ 1)(n —a)z—(n +1)(1 )z ) [(n 1) (- «)—2n(1 — )5}
(n=2,3,..)
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then f(z) € Sy{2. ) if and anly if it can be expressed in the form f(2) = 2k, fulz)
ol

where 3,20 und i‘.?.,, =1.
ne |l
Theorem 8 Lol [i(2) =< and

f,,(:)=[n(n'+1)(n—fx):—(n 411 —x)z"H{n(n 4 15— x) 2n(1 - 057
(n=2.3...)

Then f(z}€ Ki{2 7o) if and only if it can be expressed in the form f(z) S Fafu(2)
naml

where 1,20 and X h,=1.
1
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