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THEOREMS OF BROUWER AND MIRANDA IN TERMS OF
BOULIGAND-NAGUMO FIELDS

BY

N, II. PAVEL

The purpose of this note is threefold : 1) To give a new proof (via Schau-
der bases) of the fact that on every infinite dimensional Banach space, there
exists a continuous function from the closed unit batl into itself, withoul
fixed points®. 2) To restate and prove a vesull of Miranda (on zeros of a con-
linwous Tunclion on Lhe unit hypercube of R") in terms of Bouligand-Nagumo
vector fields. 3) To point out that a recent sufficient condition for the positi-
vity of the solution of the linear system y' e Ay -HH() (cf. [2]) is also ne-
cessary and it can be extended (via flow-invariance method) to some non-
linear syvsiems.

0. Preliminaries. Throughout this nole X denote an infinite dimensional
Banach space, X' its dual, | 1 {the norm of X, D a nonemply subsel of X and
co D the convex hull of D. A vector field on D) is simply a continuous {unction
ffrom D into X. A peint ¥ is a zero of fif f(x)=0. A veclor field fon I} is said
Lo be tangent to D in the sense ol Bouligand-Nagumo (in short fis a (B—N)
field on D) if lim htd{x +hf(x) : D]=0 for all xin I

KL

D is said to be flow-invariant with respeet to Lhe differential equalion
(EY: 2" =[(x) or the vector field f, if for every x, €D there exists at least a
solution starting in x, which remains in 1) as long as it exists.

Denote by B the closed unit ball of X or R* and by S ils boundary
i. e. S={x=B, |Jz]=1}. The vector field f on B is nowhere radial (normal)
to S if for every x=S§ with J(2)#0, f(x)#{x for all {=0. i.e. f(x} does not lie
in ihe continnation of z. Let us define the following continuous function
P:X—B{or P=Pp): P(r)=vif [v]<1 and P)y=v/|v], if |o[=1. It is easy
to check that P(x 4u) = implies u =0 if |2 <1 and u={xif |2 =1, for some
{=0. We say thalt B has the Brouwer fixed point property if every continuous
function T: B—B has a fixed point in B (in short B has the [. p.).

1. Infinite dimensional spaces. 1L is known Lhal if the dim N —e0 then
B has no the (f. p.). The proof of this fact is based on Lhe noncompaclness
of B. The first proof was given by Dugundji [3]. Here we give a new proof
which is based on a Theorem of Day on the existence of Schauder bases for
some infinile dimensional subspaces of X. Therefore we give a new proof
of the following known result.

* (i, ¢. fixed point {ree)
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Theorem L1 If X is an infinite dimensional Banach space. then there
cxisls « confinuous function T B— 1 without fixed points in B.

Proof. According Lo the Day’s theorem [3]. there exisls biorthogonal
sequences {r,}= X and fe:le N7 such tha ley} is a Sehander basis [or the elosed
subspace L=X spanned by the set of all {e,} and je, e 1, etfey) 0
for m#n, mon=1, 2, .. It follows |x;| =ej(x)= X for all i =1.2, ... and rel..
where x; is Lhe it coordinale of x in the basis je,} i. ¢ ¥={2) Lel us consider
{he Tunetion f: L—1 given by

frx)y=(1={lxj}e, + PR Or TN S L b SRR RS for r-— ().

1t can be casily proved thal [ is continuous on L. f(ay#0 for all xel. and
that [ is nowhere normal to the boundary ol the closed unit ball B, =DBnL
of L. Define T: B,— B by To=Py (v Hfan. Tis continuous wilthoul
lixed points in I3, According to a theorem of Dugundji {1], T can be exlen-
ded from B, to the whole X as a continuous function T w ith T(Xj=co T(B)<
= B,. Therefore T:B—=R,=D s continuous  wit hout fixcd poinls in B.
The proof is complele.

9. Miranda's theorem in lerms of Bouliygand-Nagumo fields. Let €,
be the unit hypercube of R, 1.c. Grmbe=(1); f=r<h, i=1 .0
We suppose that R" is endowed with Lhe supremun norm, 0 ¢, is the closed
unit ball of R". Denole by #(., Lhe boundary of €.

Proposition 2.1. The following three conditions are equivalent

() f=(fi) is ¢ (B— N) [field on Che

(5 [Er. -0 Tiots L o R P aiid )

fixy s Eicts 1, Xioge oo L )E0 for all x= (x)=¢eCy

(111y For all he (0. ] and ze &€, we have x Fhf(n)eC, where hy,=
oM and M=sup{/f(x). *< aCpj

Remark 2.1. Ome proves the implicalions (])=>(H)=~(Hl)=>(l). ef. 17}
or [6. p. 73]

A well-known theorem of Viranda |8, p. 214} (» hich goes back lo Poin-
caré) says that if [is a continueus function on (., satislying Conditions (11)
above on #C, then { has a zero in €, and Lhat this is equivalent Lo Brouwer's
fixed point property of €, In view of Proposilion 2.1, Aliranda’s theorem
can be restaled in terms of (B—N) in the following simple geomelric form
(see 5] for the geomeltric meaning of (B—N)).

Theorem 2.1. FEvery (B N) field on C, has  zero in C, and this fact is
equivalent to the Brouwer's [ixved poinl theorem.

Proof. Let [ be a (B—N) field on C,. Set Te=P(H hyf(x)) with h, as
in (I11) above. Then T : C,—C, is continuous so T has a [ixed point 2 in (i

i, e. P(x-Hhf(x) "y which implies [(x) =0 (as a (B—N) field on (;, is now-
here radial to @Cq).

Conversely, let T C,—C, be continuous. Theu (he convexily ol €,
implies that f=T-1 (where [ is the identity on R")is a (B— N) field on C,.
By hypothesis, [ has a zero in €, whichis a fixed point for T. [his completes
the proof.
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1 Some new results on positivity of solutions via (B —N) fields, Set Y
=fr=(r)E R, 0, i=1, .., nt. Recall that R is [low-invariant wilh
respect to the differential system

(3.13 X =ity Typ s Fa)s (20 p=l, ... 0
if and only if

(3.2) fills Tpewoos Ticye 0. Tiaqge .o 320, (2000 (= R

Moreover, (3.2) is equivalent to the fact that for each &, ftf. - (fitf. )y is &
(B - N) field on Rj.

Now let A(f) =(u;:(1) and H{) =(II ) be conlinuous n»n and n =1
malrices, respectively, where i and k range over the values 1, ... 1.

Theorem 3. 1. Assume that: ( D Fag (D= i#k {20 and g{x) ({0 e
gl Ea)) for x=(2,) with g, locally Lipschilz on R, g, Ri—= Reo gd0) =0, g {(—1)
— g () for j odd, r= R Consider the differentiad syslem (8,) X MDg(o) +-
L H(l), 1z 0. Then for everly xr e () with (—1) =0, the corresponding solulion
x(l) = (2, (1)) with x(U0) = x° salisfies - Dix ()20 for all Lin the domain [0, fmax)
of xif and only if ) 1 (=0 on R+ for i=1,.., 0

Proof. Set B() =(b (D) Gy —(GAD) and (&) —(gt)) wilh bip=
= — 1)y, Ge=( D H. ye=(=1)"% and ¥y, (V' The key of the
proof is 1o observe {hat the problem (S,) plus p(0) =10 is equivalent to Lhe
problem (&,) plus y(0) — y°, where (Soy =BWOgy) LGy=[(t. yy. 1t is now

casy lo check thal f(f, y) satisfies the ‘nvariance condition (3.2) with g in
place of x, il and only if H, satisfy the condition (7). This completes the proof.

Remark 3.1. In the case g=I[ one oblains a resull of Churikov 12].
Actually Churikov has proved only the sufficiency of Condition (7} in Theorem
3.1 above. He has used the successive approximalions, W hich do nol apply
{0 our nonlinear case here. A noenlinear g salislying the conditions of Theorem
3iilisi B omg(u=Cd)

An open problem: Setl ‘\"I=}’f‘, T. BB, Ty, vaee Bl M \iT, T
. B— B, T conlinuous}. According to Theorem 1.1, 3 is nonemply. We think
of M as a subsel of C(X)-the sel of all continuous bounded functions

from X into X, endowed with sup norm. Is M dense in M?
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ASYMPIOTIC PROPERTIES OF THE SOLUTIONS OF DIFFERENCE
SYSTEMS VIA [~DICHHOTOMY
BY

PAVEL TALPALARU

i. Introduction. The asvmplotlic behaviour of the bounded solutions of

(1.1) x(n 41y =A(ma(n) +f(n, ),
under the assumption that Lhe solutions of the associated homogeneous
(unperturbed) system

(1.2) yln 1) = duny(m).
are not all bounded, has been already investigaled by many authors. Invesli-
salions ol the system (1.2) with ordinary or exponential dicholomy have
heen made by J. Schinas and G. Papasc hinopoulos [4] [B]
[8] and P. Preda and M. Megan [7]. We are concerned with Lhe exten-
sion of such concepts to the "-space {{"-dicholomy), and we shall deal with
the exislence and asymptotic behaviour of the bounded solutions of (1.1},
T'he results oblained extend some of Lhe results from |1 ] and [3], and improve
some of Lhose from [4]—[8]. In what follows we shall deal, firstly, wilth the
properties of the solutions of (1.2) with f-dichotomy. Then, the asymptotic
hehaviour of the solutions of (1.1) will be investigated, by use of the proper-
lies of a suitable operalor. In particular, we shall prove that such operator is
compact in the space of discrete bounded functions with zere limil as n—oo.
This is true if (1.2) has an [?-dichotomy with p 1, while Lhe preceding sla-
tement does not hold if (1.1) has an *-dichotomy or an exponential dichotomy.
2. [P.dichotomy for linear diflference systems. In the following we shall
consider several function spaces or real functions defined on N==10,1,2, ...}
namely, B={x;c: N=It" xis hounded} and B, {v; aeB, lim x(n) =0}
H-— =

We shail denote by | -] the norm in R”, by the supremum norm in B or

1, and with |-/, the usual [P-porm, 1€ p<goo (|- 1.
l.et now consider the linear difference system
(2.1 y(n 1) =A@ yn), nEN,

and let us denote by ¥Y(-) a fundamental matrix of (2.1).
Definition 2.1, The system (2.7) has an 1P-dicholomy if there exist «
positive constan! K and an mx=m maitrix P,. with P}=P,. such that

" e
(2.2) [}_‘, Y(n)PoY'l(s+1);"] <K. 0<s<n,

=)



