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ASYMPTOTIC PROPERTIES OF THE SOLUTIONS OF DIFFERENCE
SYSTEMS VIA [-DICHOTOMY
BY

PFAVEL TALPALARU

1. Introduction. The asvmplotic behaviour of the bounded solutions of

(1.1} x(n 4-1) = A(mya(n) +f(n. ).
under the assumption that Lhe solutions ol the associated homogeneous
(unperturbed) system

(1.2) y(n 1) = A y(n).
are not all bounded, has been already investigaled by many authors. Invesli-
galions of the system (1.2) with ordinary or exponential dichotomy have
been made by J. Schinas and G.Papaschinopou los [4] - [8]
[8] and P. Preda and M. Megan [7]. We are concerned with Lhe exten-
sion of such concepls o Lhe "-space {{"-dicholomy), and we shall deal with
the exislence and asymptolic behaviour of the bounded solutions of (E.1).
The results oblained extend some of the results from [1] and [3], and improve
some of those from [41]—[8]. In whal follows we shall deal, firstly, with the
properties of the solutions of (1.2) with {1-dichotomy. Then, the asymptotic
hehaviour of Lhe solulions of (1.1} will be investigated, by use of the proper-
lies of a suitable operalor. In particular, we shall prove thal such operator is
compact in the space of discrete bhounded Tunctions with zero limil as n—o0.
This is true if (1.2) has an {*-dichotomy with p {1, while the preceding sta-
tement does not hold if (1.1) has an {’-dichotomy or an exponential dichotomy.
2. {*-dichotomy for linear dilierence systems. in the Tollowing we shall
consider several function spaces or real funclions defined on N={0,1, 2, st |
namelv, B—{x; ©: NI, v is bounded} and B, {x; xe B, lim a{n) =0}
H-+ 0

We shall denote by | -1 the norm in 1™, by the supremum norm in B or

B, and with | -, the usual [P-norm, 1€p=w (| [.= ")
L.el now consider the linear difference system
{(2.1) y(n 1) -y, =N,

and let us denote by Y(-) a fundamental matrix of (2.1).
Definition 2.1, The system (2.7) has an 1°-dichotomy if there exist «
positive constan! K and an m<imn matriz Py, with Pj=DP,. such thal

] Iif
(2.2) [}_‘, Y(n)PoY'l(s-{-l);”] =K. 0<s<n,



e

2

166 PAVEL TALPALARU
w 1p

(2.3) [Z .Y(n)(I—Po)Y“(s -H)\"] <K, 0€n<s,
§=n

when 1< p=00, 0T .

(2.2 'Y(n)PoY’l(s)l,<K, O<s<n,

(2.3) 'Y(ﬂ)([—-Pu)Y“(s)|<K, ognLs,

when p

The defined --dichotomy is the ordinary dichotomy for difference
cquations (41181 fi-dicholomy is a more general case than the:

Definition 2.2. (418D The system (2.1 has an exponentia dicho-
tomy on the sef N if there exist 0 projection 1, thal is o malrix such that PieDy,
and constanis K0, 0<r<l, such that

(2.2) '|Y(:1)P.,Y"(S)l<1\' PN VB £ L
(2.3) Yy — POY <K T ngngs.

if r-1, then (2.1) has an [=-dichotomy.
Definition 2.3 ((1]. 2. The equilibrium y—=0 of the equalion (2.0

is said to be [P=sluble if it is slable and if 2 [4(s; Mo o) [P <oo for seme p=0.

[1 is easy lo show that if y =01s jr.gtable, Lhen any solution of (2.1)
is I"-stable.
Using simple arguimnents the following proposition can he proved.
Propesition 2.1. The system (2.1) has -
_ an {P-dichotomy, 1< =% with Po=1. tf and enly if il is [P-sluble ;
_ an exponentid dichotomy when p,=1I, if and only if il is asymplolically

uni formly stable;
an 17-dichotomy when Po=I, if and only if il is uniformly stable.
To determine Lhe asy mptotic behaviour of the solutions of (2.1), we

shall use the following two lemnas:

Lesmuna 2.1 ([10]). Let Y(n) be a nonsingular matriz defined for n<
e N(1ty) =110 ng 1. ..}, Assume there exist « projection Py and u« consfant

Jo—1 such that for n= N(n,). the following inequality

H

T Y P Y ) REG i1

E=Hy

holds. Then lhere exists a constant L=>0 such that the following inequalities
are valid for ne N(g):

(2.4) Yy Pol = L (41t —1)! e (1 —K™) (1 —Km2vr)..
=V 4 oK —n) TS 1(n 1 —ngyrrexpl— (1 +1 — VK
Remarks. 2.1) From (2.4) we have, obviously, lim Y ()P, =Y.

n=—

2.9) An analogous result may be proved in the case p=1 when the ine-

quality (2.1) hecomes
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) Y(n) P|< 1. K 1K — 1) < Loexp [—(n—ngK™],
where L>K | Y(no) P | and again lin Y(r)P,| =0,
2.3) Under the same hy es as i i
o7} et el vpotheses as in Lemma 2.1 it follows also (see

Lemma 2.2, Lef Y(n) be a i
‘ © o el () be nensingular malriz define y
Suppese there exist « projeclion P, and o consfani K =1 £uc~hd'f{z; 6

-uzn Y(“)(l . }Ju)y I(_‘a’) J;ﬂ;; I(p' Iﬁ”‘ ne‘\'(”ll)l ]i]) = ol

Then, for any %< R™ such thal (1 —-D)2#£0, we have

lim Y(“)(I ])0)5 | o,

n- v

Proof. Ii p=1, putting o(11} YO (I — Py L we ha\'e[ 3 () Y(m{I —

S—n

POE[=X| YT~ Po)Y 1(s) Y(s)(1 — Py)|o(s) and hence [o(n)] T o)< K

ar 08 iy | g LA o
I'hus ‘_.”:9(.\) exisls, which implies lim o(n)=0.

If L us
1 < p<oo, lel us denole by a(m) =Y Po)E|7". Then we have

PR Eet) Z V() — P YT Y ()T — Po) 2[9()<

F=n ¥

L wirg v 'y
< ()] Y()(I—P) Y \(s) ») Y Y () —Po)aap(s) q)l- :

" §=n
- . 1
<K (E" Y(s)(I—Po)El? ap(s)“] CptEgi=1
Taking into accounl that

V() — Po) 3|7 a(s)? = | YW — P51 Y (5T — Po) 372
V) — Po) £ 100 = | Y (s)(] = Do) | =(5).

q

we gel [a(n}y]? X o(s) SJ\'(E c?(-\'))1 hinens

(o) 7 o)) —otmy (& ao(s))”p-s K,

L.

or, {o(n)yt Y, o(s)< K». for any vzn, S

y=n

From here il follows 1 S g i5 1
) l1als)::p(.s)-. oo and this implies Lhat

H

lim p(n) =0.

.\‘ 1 Conse B
& [ L cy h N
5 mnsequence ﬂt t s ! (‘(l.(l]llg_,’ L[’lll]n(l's wWe ha\ ¢ lhe f()“() W ln_,”

- dij::;;()]}t;ln H:;;l:' Hlf Hzf".xyslem (2.1 has an P-dichotomy. 1€ p<co wilh
] % were exists a subspace By of bounded solulions whi(‘}l tend
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fo zero of (2.1) and « subspace Uy s of unbounded selutions of (2. 1) such that

S—B,@®U,, 1. where S is the m-dimensioal space of all solulions of (2.1).

Vo eover. we have ZE Im( D) if and vilyif n— Y(myreEhn e N. k=dim Im{Py).
Proof. Vet y(i) be a solution of (2.1). Then we have

y(n) =Y () YD) = Y (L PR (V) Y () Po) Y 1(0),

and from Lemmas 2.1 a2 2 o ime = ()} and p(n) is a bounded s0-
lution if and only if ([ _PHY 0y =0, e if and only if y1{0)7, & Lm{ Py).
\[oreover, from lemma 9.1 we gel lim x{n)= 0. veeB,.

N
3. I.dichotomy for perturhed difference systems, Let now consider
Lhe homogeneous system

(3.1 y(n +1 —A(n)yin),
and its corresponding perturbed system
(3.2) w(n +1)= A@)a(n) (. 2),

where {: N RM— R™ is a continuous function. The following result holds:

Proposition 3.1 .1ssume {hat the following hypotheses hold ;
iy The linear system (3.1) has an [P-dichotomy, 1< p<o0;
i) There exisls funetion wli, ) NxRi— Ity confintous wul non-
deereasing tn o for eachon e N such that
wln, ©) 14, for every constant ¢, 0=c¢=0, P Vgl

3.3
G (p=1, ¢=00; pP="%- g=1);

(3.4) [, Wy ol lul), neN, usR"

Then. a funclion usB is « solution of (3.2} if and only if il is a B-solution of
w1
(M =YP Y (0):(0) + Y, V()P Y s+ Df (s, 2()) —
(3.5) B =
Y YT =P YT D) (s 2(3)). n= 1.

s=n

Proof. Let u{n) be a solution of (3.5). 1t is easily to verily thal u(m) is

a bounded solution (B-solution) of (3.2}
Let u be a B-solution (ju|ge) of (3.2); from the variation of constant

formula we have

u(n) Y)Y (O)u(0) + ’;V_;,l Y(m)Y s+, u(s)) =
3.6 = Y(n) P, Y3 (0)u(0) +Y((I—Pn)Y 1(0)u(0) + ’:20 Y(R)P, Y (s -11)
f(s, u(s)) + 2_0 Yyl P Y (s +1(s, u(s))— g Y(n)(I—

—P)Y Hs D (s uisy). n=1.

g
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a 1€ bﬂ\ f MM « X1¢ I a < 5
& pecat
Pl he SIS 1 l e q ¢ I ".l 1 € "9[ 1 15 0! flU 11 ]) l'ld 1]) we h']\ e

| 5 00— Py (s-41) fls, u) €3 V()L Py)Y (s +1) sup afn, o)
1< p< o o o i nEN ’ ’
T Y0 - POY-H(sHDfGs, u(s)) s[ Y, Y(n)(I—P)Y(s) ,,]

saa |
i s=h

1/q
[‘E_,"ma(s. c)} <K wn o), neN;

[y

Z" Y(m(I — P)Y (s +1)f(s, u(s))

5= sy "L

<KY (s, u(s) < !'\'i w(s, O}

< K|w(n, e);, neN.

i | n—1 :
Reasoning as above it follows that Z Y(n) P Y (s +1)f(s, u(s)) neXN,isb
» s ¥y oune-

s}

ded. Moreover, because of i) w Sy 503 r—
fore, from (3.6) it follows ll}u\l‘le have Y(n)P,Y(0)u(0) € B,= B, n<'N. There-

Y(n)(I—Pu)[Y ‘(O)H(O)—kgj0 Y-i(s + 1)f(s, u(s))], neN, is--bounded.

Now, from Lemma 2.2, if 1< p<oo, or from i) il p =c0, we get

(I—Pu) [Y”(O)N(O) + SEO }'-l(s —}-l)f(s‘,[l)(q))] =0, ¥

» i3 3§ e I
Proposition 3.2, Assume that the conditions i) and ii) of the Proposilion

3. 1. hold. If for p=1 (g=00) th r
lim sup A(s)=0 such f{mt ) there exist v=R. and a funclion Nn)< B with

Hror SZH

1

3.7 e, [u)}<ylu| +um), neN, usR”, 2Ky <1;
and for p=co (g=1) |
(3.8) | Y{(n} P, =0, as n—x,

then e3fr'y I}?-sulm‘ion of (3.2) belongs lo B,
roof. Let usB (ju <c) be a solution .
] L = = a ¢ of 3.2 o ¥ iti
is a solution of (3.5). For a fixed n, =N, from E3.5; \\]'-?:a) hi\r'?eposm?n bt

ny,—1

aim) < Y P, Y (0 u(0) Y Y(myP. Y (s +1)f(s, u(s))j.-|:-

3.9 1 -
+ B IVPY s DM ) + B YOU—PY 6D

fis, u(sy, n=1. .
If p=oc, from (3.8) we have

wy—1

u(n)[<{¥(n) Po[ Y {(Wa(0)| + gﬂ | ¥™(s .I--.l)f(s, u(s))] i [‘ i w(n ()

gty
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' B 1 Iy < L, . sl I
)] 1 ]](‘ i (4311 ‘ 8 ( h()(l‘i ng i =] \ s f'(‘len”\ ] rge t €
0. . 1 {., - T 1 h s lt[_) (‘lll

follows.

1f 1< p<oo, from : : l+
=115 2 1)f(s, |
i< YR [ YoEu) |+ B 1Y eI

=) 1/q
1pra—1 1lg " .
+i'il Y(")PUY_I(S +1) ”] [ 2 (s, ()] = {;ﬁm {s, C)]

5oy

sy Lrp |
[f} Yy —PYY s +1) rl < Y(n)P, [ Y- 1{0)u(v)| +

(3.4) we have

" —

i=n

n—1 1P x 11'4\
LY s Dfts u(s))'] +K “32‘.‘,,"’?('“’ 0| +[Z‘ & ")] X

en p=1, we shall

he s Nows. Wh
Choosing m &N sufficiently large, the statemenl follows T R

fW.A Coppel Uz},
. similar arguments to those of M.
S1911':0‘i“()su;)l.l Eii;) wgith slight modifications.
From (3.7) and (3.9) we have

n-1 . Y [
()< Y Pl 1Y 1(())1!(()).-'-.-(2 Y(mPY (s "-”)(Y_;;?IL!?. fu

'?(5)) ' Er, | Y(m)(I - pPOY s+ | (y sup u(s) | M)
N % sEn

I pi ¢ i | Y g M, for
pi-dichotomy and Lemma 2.1 (Remark 2.2y imply Y(m) Po'€

The [*-dic E

neN, and therefore

: 2 b ol 21{/\,/\=5up7‘(n).
|y | <M | Y (OuE) | +27 Ksup 119 1

From here we have
sup | u(s) | <M |
SEN
which implies

y o (u(® | 2y K ‘:Lé]: Cu(s) | 42 KA

sup | u(s) | (1 =2y K)7 (M| y Oyl | +2KAL

SEN
Sl a1 —2¢ K) MY {0yu(0) | +2K AL neN. S
i iy | T R se
Therefore it {ollows the existence of —-lm}. u(my|. Now we choos

3.5) we obtain
-1, for nzn,, say. From (3.5) v
L=-0, then |ugm) €07
2vK <<l I u=0,

that for nzn ol -
u(n)l< [ Y{(n) Py Y 1{0)u(0)! +,\’(11)P“]\ ?_,'n y(s DS, u(s))l 4
+ 2 Yy P Y7'S +1).[T'"(S).+1(S)]+s§=lY(n)(l’- pyY s 4+1) [yl +

”il Y- i({s +Df (s, ll(s))\ +yK 07w+
§=0

f=an,
Ans) g YU Po Y1 (0)u(0)! A1 Y(m) P! \
+K sup As) Ay K 070 K Ss;}:) n(s).
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If n,eXN is in addition such thal sup A{s)<sup a(s)<"c for any ¢>0, then
MESEA nas

we have, letling n—on, w(1—2yKH ')=e, Ye>0, which is impossible and
hence —{).

Let us now consider and study an operator associated to system (3.2},
below given,

Theorem 3.1. Assume thal the condilions i) and ii) from Proposilion 3.1
hold for 1 < p<eo and that | Y(n)Py|—0 as n—oo. Then the eperator F : B,— B,

(Fr)im)= & Y PY (s +Df(s, a(6) = L Ym)(T—PYH(s +D(Gs, 2(s))

maps B, inlo B, and il is complelely conlinuous.

Proof. Il z=B,, then, from the proof of Proposition 3.2, it follows
Fax= B, To establish that the mapping F is continuecus, let {x}cB,, =~
—x =B, as i—o0. Then we have

n~t

.(F:c‘.)(n) (F"C)(n):"g Z |'Y(“)p0Y'1(S 1]) r(s, Sﬂl(S))-—f(s, 55(3))1-{-

§rail

% [V —P)Y (s +1)] Ifls, ) —fis, x(s»l} *

§=n

< K”Qqéo [(s, xd(s)) —[(s, a(s))|*

Taking into account that lim [f(., x,(.))—ft., x(.))?=0, and

1@

f(s, mds)) —fls, ()P 2 If(s, @ls) 1+ (s, 2P
<2%wi(s, {a) +eils, [2] <,
it follows that lim |Fa;,—Fz(=0, and therefore I is continuous. A slight

different argument to prove the continuity of F is given in [10] where the
considered topology is that of the uniform convergence on every set Ny(n,) =
={n,, Ny 41, ..., ny +k}.

Let Q be a bounded subset of B,. To prove that F({)is equibounded,

we consider x(n)=€Q for which |2 =sup lx) <b, Yr=Q. Then, as above,
ney

(Fz)n)[?< K9 {[)f.: f(s. w(s')"’]w-k[i If(s, jl“-(S))I“]mrs

§=n

@

< Re2¢ i f(s, 2(s))]o< K929 Y, (s, b).
50

5=0

The equicontinuity of the family F(Q) follows immediately because ol the
functions in F(Q2) are defined for a discrete variable n.
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This article i
- 15 concerning will
e ARG rning with the study of {1 .
rols . . . 2 e CX1S .
rendial (‘qn'iliui;] \&)'I] a control problem governed by a ml“lzln'Cc of oplinal
© . b H g o
every optimal (l il be shown that, under some specifi !d Lralued Oifle:
: al control for that problem is an 0])“ln‘l]l fecd%’t fSSUmphons,
5 ack control. -~

] e l]t 0 )Iel“ lal\(‘ .[ll cons ra (le l e -
. h l en i sy . . )
W . O 1(1(‘ I 110“, 1 IlOl(‘(l ]'I\ (I ). ]185 ]] f()”O

Minimize :
oy
I () ROl +5 (1 T)), < T <00

over Lhe set of all functions B2 T
TR S W ions g=W130, T; R") which salisfy the multivalued
(E,) ' l

' ¥ HEF +B) YU B(u(l)) ae. (<10, T]
with the initial condition i

(1Co) :
1 p Y = yo = D(B3),
where ueiin? T . ppmy e .
(0, T; R™) is the unique solution to the differential equati
ion

(ED ! = |
. n) i (f) —|—G(N(!))—l?(f) a.e, t*—]o [ ¥
wilh the initial condition , ,
( 11) H(”) HDEH 0
when v/ "'(U T R’”) i :

oR <N 3 and u, is an arbitrari B

= ; : " o al )lllﬂlll}’ fixed i

e elements which appear have the f()]l()\\'I.llﬁp(l))lt‘l:)t];el'tit"s
s %) 5

(i) I': " R" is
: is a local Lipschitz f ;
t here - Lipschitz function, e .
e exisl y; =1 8) and the constanls D, D “:_:h;?c‘h S.??Ctllsf‘:]estthe condilion:
=k 1 tha

(1 2
(Fu.y—y)z —Dily—u*—D, for every ysR*;

(i) G: R"=R™ is
. A s a local Lipschitz f i hi e = :
there exist the constants _1,’[ ‘12éR‘llll(l:lt(:l?1n{h‘;tIHCh satisfies the condition :

(2)

Gu, i)> — = — \
( ), .11 (131 A, for every ueR™;
N ’



