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PTIMAL I\ELI?B'.‘\(.%{ CONTROL FOR A PROBLEM GOVERNED BY
A MULTIVALUED DIFFERENTIAL EQUATION 1 i
Y

CATIALINA DAVIDEANL

This article i g :
T controll(i; 1{5;”?'0‘11(.(-111[111% W ;1}1 the study of the exisience of optimal
: § a conlrol problem gover ' o
renlial equati % governed by a muiliva Tae
(.\01.\(_ Op(l]in‘rllllnn-‘ Will be shown that, under some vs[)ocificd“ ‘l;ucd d.lfk'
A al control for that problem is an oplimal fcedb'lclil S(I)I:H)llions.
H ol.

The problem laken i iderati
e into consideration, de_no‘ocl by (P), has the follo-

Minimize :
T
i!- (g(y(1)) + ANl 200y D). (Ve T oo

over the sel of all functions g, T :
diffecential equation s y= W20, T; R") which satisfy the multivalued

{(Ep i :

1 ¥ () HEF +3)(y(D)= B(u() ae. (=]0, T
with the initial condition | ‘
(1Cs)
| 0 §(0) =y, = D(B).
where n=sit= c RMY i
e W50, T; R™ is the unmque solulion lo the differential equaticn
4‘ o) () +Guty)=n(ty ac. t=]0, T] i
with the initial condition ,

ICED,

(ICED)) u()) = u, = R™,

when o= LA0, T ; R™) i

PELN0, T, and tr, is an arbitrarily fix 1

et ) 2 arbitrarily fixed p
- ]1{0 (l;menls which appear have the followinn'l (|))]|'l(1)t[;e1‘lics

T R« R is a local Lipschilz i ' :
() R wal Lipschilz function, whic isfi iti
here exist y,=17)A) and the constants D, !):Lh;;‘h ssuactllffllliit”]e S
(1 Z - | :

(Fy. y—g)= —Dily—uy![*— D, for every y=R";

(Il) (r: R"— R"M is n
_ : s a local Lipschitz functi 3 e ; e
there exist the constants A, 1, €R sflt;?ln{h‘;thmh Ralislesi i Spond L T

(2) ; :
(Gu, vyz —Ajaflf, —4, for every u=R";
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T

(i) B: D(R)= R'—R" is a maximal monotone operalor; .
(iv) g: R"—Rs. g( -y L=(0, T) and together with go: R'—Re satis{y
the condition : for every 50 there exists Lg= independent of 1, such that

(3) ) —9()| - 12eli) — Pl 1< Lsly—=
for every Yy, :€ R’ with [jyf H-llzli< &5

(v) h: R*— R is a convex inferior semicontinuous function which satisiies

the condition: there exist @, R, and @,= R so that
h(v)z ay|vls — for every veER™;

(vi) B: R™—R* is a linear, conlinuous operalor.
The necessary conditions for the oplimal conlrol problem (") are pre-
sented in

Theorem 1. ([31)- Lel (y". p)e W0, T Ry K L0, T, R™) be an apli-
mal pair for the control problem (I).

In the assumplions (i) ~(vi) there exist a function pe BV, T]; R")
(oplimal dual arc) and « measurc we (L= (0, ™" which salisfy the conditions:

@ pD)- (aj—;) ) D — el g e (=10 T
(9) pt D)t gy (T2
{6) ij’:'(U:l(l‘))'U;.(T)B'p(r)d-.E:Eh(u'(f)) a.e. 1<)0, T,
¢
where
(N Uy +HVG) U —1, ae {=]0, T}
{ Uu(0)=0v

I, being the m-dimensional unity malrizx.
For every U, < R™ and pe L0, T; R™), the differential equalion

(ED)) w'(s) +Gluls)) —u(s) a.c. s=). T,

with the initial condilion

(ICED)) u(l) =, € R”

has an unique solution, denoled by w(s) =uls; L o pye W3, T: R™) for
every 8>

Further on, we shall need the following resull
Theorem 2. ([4]). For cvery yo = D(3) and pe W20, T; R, the differen-
tial multivalued equafion

(Eo) y'(s) H(F + BN = Blusy ae s=) Tl
with the initial condifion
(ICy) () == o = D(B)

has an unique solution yeWirs, T; R") for cvery 8=l.

()

(10

(107

F
EEDBACK CONTROL FOR A DIFFERENTIAL EQUATION

(  5(8) =y(s. L Yoo 1Y = Y{s. L. o, u(s, {, tha, B}y =H(s. 4, Yo, 1)}

Definition. The funcli [ORN = i
(I fi Tum [0, T]xD(B)—R defined by the relation
)
) (! ya) =inf{ [ (g(y(s. L yo, 0)) F0(0())heds -+ 20(Y( T, L, Yo, P}

N | ve L0, T; R™
is mH;'?rl. the ;plh‘mu[ vm’ug function for the control problem (D)
emark. The function @ is well defined and is finite e.\'cr\' where on

[0, T = IXB).
Lemma 1. a) FFoar every
O, yo) is alfained. !

b) The function y,—®(L, yo} is locally Lipschitz for every te[0 T]

¢) The function t—O(! R T
Pmr{[. A dike fllnc[io(n’ yo) is Lipschilz for every y, = D(B).

(L ya) =0, T D(B) the infimum defining

g
'F? [ g 'l . 3 N
| . j{ (g(y(s)) +h(v(s)))ds +po(y( T)) reaches the infimum ; there exists an
optimal pair (y°. v*) for the optimal control problem (P) (see [3])

b) Mulliplyi i ; .
I plying the multivalued differential equation (E,) by ¥(s)— .
1

d
©) 5 af y(s) — 2 HE)) 98} — ga) - =21 Y(s)—§) +

which becomes +(7 y(s)—yl)z(B(H(S)), 9(5)'—91),

i
. (0) 4511 20Dy 1) 4(5) =+ 52 B 2D

:€8(y,) ; from the monotonicity of 3 and assumption (i)

Integrating (9°) on the closed:interval {f, s] and using the

dition (Icl) we get il'litlal cOn-

4(s)— 1l — o — BalF< 2D, 1) § 1y(=) — gy 2+ 213t —s)
t .

4 f B(u(<))|? d= +2Dy(f —s),

which becomes

gy =< Yo — gul* +122 2T 42D, T f!B'2|H(T)|2dT—-—
? 1

+2(Dy 1) [ |y(=) —y1 =
t
Gronwall's lemma and the assumption (vi) lead to

y(s) € C for every s i, T[,

where C=]'C exp C,+/y, .

(:,l = la=till + Tz +2D,) +| B/ |u '?{-'1.”:-, T R™p
Co=(D, 1) T. '
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Appling Theorem 2 {he differential multivalued equation () with |
the initial condition (IC,) has an unique solution y(s) =g 5. Yo neWrs. T,
R") for every 5= and the same equalion wilh the initial condition {1C) -
y(h —T, e D(B) has an unique solution
ij(s) =y(s, L, Yo W3, T R"y for every 8 =1,
Substracting the equations (£ satisfied by () and respeetively G(s)
we have the inequality
' 1 d
(11} V£ o) —TF(9& Llyts) = 1)
2 di
We took into account the fact thal F s a locally L
the relation (100 and B is a monoton operator.
Integrating the relation (11) on the closed interval [ s)s using the

conditions (1C.), respectively (I_(:) {here resulls; 1

ipschilz funclion,

(i2) y(s)— §(s) 2< Yo Bl LoL, § g — gl

2
Gronwall’s lemma leads o
(127 | y(s)—§(s) < M|y — Jol| Tor cvery 0gt<s< T, where M =exp(L.T).

From the definition of DL, o) respectively ®(. o). and from the Tact
that ¢ and gy are locally Lipschitz functions. relation (12) allows conclusion (.
¢) For every yo=D(3) and every pe W0, T; R the multivalued

differential equation

B .o OV HE LB Bl ac st Tl
with the initial conditien .

(IC;) 1 gy =yeD(B).

and the multivalued differential equalion

(E.) J'(s) +(F + 8= Blue) ae s e TH
with the initial condition

(1C2) y(1) = 17a € D(3).

admit the unigue solutions »(s, Lis Yas W)y s W3, T RY. Tor every 3, >,
y(s, tas Hao )y s W1 33, T, RY) respectiy ely. for every S. =1

Substracting Lhe cqualions (E,). (E,,) and multiplying the difference
by y(s, L Yoo uy — (s, L Yoo u) we get the incquality

(13) g“ll!i(sv e Yor 1) — (s, La Yoo S LS, Iy, oo 1) — YUso Lo Yoo WP
S

{we used the propertie:s of B, I7, and relation (10"
Multiplying the relation (13) b¥ ok we get

Lo (s, L oo 1) — Y5 b2 Yo W) S0

ds

FEEDBACK CONTROL FOR A DIFFERENTIAL EQUATION

which means lhat the funclion

H(sy=¢ ™ Foly(s. Iy oo 6) = Y5 Las Yoo )2
is a decreasing one; we have [{s)= [I(t.) thal is
- L LY .
A0 e 5 ly(s, by oy 1)~ Ys. L Yoo ) €0 “Ig(le B Yoy W) —Holf oT.
(11 Y5, 1 Yoo i) — (s, Lan Yoo 1) g "My (L 1y Yor W= Yol
! s F Qe ' Yol -

Because g(s.{ i i
al y(s. [y, 4y ) is the unigue solution 2 ali g i
the condition {I¢,) we have l RPN

G (s, by Yoo ) HUF 18U, e by )y = Blu(s)) ae. s= . T,
Lhat means
(13) Bu(s) —(F B u(s. L Yoo 1)) 2 475, Ly Yo, 1)-
By integraling the relation (15) on the closed interval [, 1] we gel
LIS be)
Gl (10 oy 1) — 1y i s — | Fy(s i
s 1: tor 1) — tal| =1 § Bluls))ds = F(y(s: b oo w)ds — ] 2(s)ds) <
< f Blllu(s)lds + §1E (s, b dfor u))ds 1 [2(s)] s,
where_ ‘:(s)t= B(y(s, L, Yo 1)),
Il::‘l:):liulnhc;]on] Il".is hm(u;ded on bounded sels, because is locally Lipschitz
" n relation y'(s)eL-(0, T; R") (see [4]) & N —Fyls)) <
=\ ’-2(_{). I R") we conclude that :(.s')c\)\'(l-ﬁ({)[l'p- '};"()l RS
Now we mayv write the inequalil (15') as o i .
(16) Yl Ly, Yoo 1) — 1o S Gyt 1,

which. introduced in relation (14). Teads to {c).
Lemma 2. For all te= |0, T] and y, < D(3) we have

!
D0, yo) ~ inl | |] (g(g(s, 0, Yo. 0)) -=h(p(s)ds +D, y(L, 0, yo, o) 1

| e L0, T; R™).
For d'e‘lails of the proof see |[1]
Fheorem 3. Lel assumplions (i) —(pi) be salisfied and (y°, )= W0, T,

I{I') Lg(() T .R'") he an o Hin i
‘ I 2 “,(1 - . . o " Lf -
is an oplimal feedback (-nnl!ml. Gt o e R (g () e

Proof. By virtue of theorem 1. for ev T

b4 - R [ s HEAY ": " 1%

eBV([0, []; R") satisfving the equalion R QI FEORE
t

]- . v ALK Tw . .

(17) ;‘ (U NN U= B pl(=)d=€ éh(v'(s)) ae. s=]0,{]

which implies :

(18) vi(s) € eR’( E (UTHsH U () B p()ds) ae s 0]



6

CATALINA DAY IDEANTI
written for s=

178
From the equation (1) with the initial condition (3).

&0, f[, p' canbe expressed as a funetion of ¥
a function of y

P =25, 475, ae s 10,1

(1M
“The relations (18) and (1) allow us to express o' as
o (s) =D (s. y'(s) ae s={0. t
for every {€(0. T] which means that 0" is an optimal feedback control.
¢le. where &l is the subdifferential of

Remark. Let us consider 2
the indicater function of the convex closed set
K—{zeR";0<z<q, i ~1,n}, ¢, =R 1, n.

In this case problem ([P?) becomes

Minimize

over Lhe set of all functions (4. wys W, 1
satisfy the finite dimensional variational inequality

y' () HF el = Blu(ty) ae t=]0, T[,
(y', u’) restricted to [0, {]

with the initial condition y(H =y, =K (see [3]).
By lemma 2, for every {0, T] the pair

is optimal for the control problem.
!
inf { § (g(y(s, O Yo ) +heu(s))ds + @, y(t 0. Yoo 1) 5

so that relation (3} is now
pihy s — 0 ¥y (1)

&'
The necessary optimalily condition (6) becomes now

B p(lys oh(u' (1)) ae. t=]0, T]

(69

(6)
From the above relation (6”)

B pH(t) = 3h(u™ (1)) (see (1))

6"
The relations (3°) and (6""") lead to

w(tye ah' (B (—ed(l, g (), for every (=0, T},
as a function of the

which proves that we can eXpress the optimal control u
state function y*, i.e  isa feedback control.

FEEDBACK CONTROL FOR A DIFFERENTIAL EQUATION

p
.\L')(y(y(f)) Lh(u)dt S g(T)),  0=T<=®,
"y R") < 120, T; R™) which

uwe L0, T R™)}

which can be wrilten as follows
B pis) e dh(u’(s)) a.e s 10, t{.
it is possible Lo demonstlrate that:
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