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THE STABILITY FOR THE SOLUTION OF A DIFFERENTIAL
EQUATION OF NEUTRAL TYPE
BY
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I. Introduetion. The authors in [53] studied the existence of & wnigue
solution 2(f) for the so called _problem P, ic..

(0 2@ =F(, 2, wWi—=), ¥, ¥l U==); (£I=[0, T]
(2) 2@ =) (i =0.1); €J,=[—= 0],

where F is n-veclor continnous operator with respeel Lo all ils arguments
on R: [0, T}xs,> s %8 %8y %8, into the space S of abstract lunctions con-
linwons on I, with values in Banach space [ sq. s, and sy are Lhree spheres in
12 whose centres are at Lhe origin and radii are ro. ry, ra respectiy elv, &)
(i=0.1); 1€J, are lwice differentiable abstract functions from .J, into S
If (2(1. E) is the space of all conlinuous [wice differentiable n-vector functions
x(l); t=T whose values belong (o 2. Then, the solution of problem (1). (2)
will be xtye (1, E) which satisfies condition (2).

Some works as in [1, 2, 3] were dealing with similar problems. They arve
all of first order differentlial equalion with or withoul devialing argument.
Moreover, the aulhors trealed in {6] the stability of the solution of Lhe problem
suggested.

Tlere. we construcl the condilions which guarantee the stabilily of the
solution x({) of problem P. Principle of conlinuous dependence [4] on Lhe
initial functions () (i —0, 1) and on the right member of equation (1) is
used. We nole that the results will be oblained in a similar manner as in [0].
In parallel with problem P> we consider the following {wo problems -

Po:og (O =F ) G gy el g =o ) (i=0.1); €]y,
Po: g () =6(, y); =1 g i@ =0l (i=0,1); (€],
where
G, y) =Gt gy, y(—=). ' (). v —=) ¥ =7
F(t. gy =F, y{ty, gt —=), y' (0. y{t—==) y"(1—3)

are n-veclor continuous operators with respect to all its arguments on R into
S with values in E, ®() (i =0,1); {=J, are twice differentiable absiract
functions on J, into S.
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=i Uy RO =[O +BOHFCDO]1 - 2N,
11, Basie assumptions. 1. Suppose that F(l, ) satisfies the condition g Ty
| < N IO — ¥+ E e t— =3 (=] : =] {(0)—,
) |F(t, &)~ F( 9IS NOLE [® T2 BO =160 i+ 145 s,
where

F(t, x)=F(, 2(), 2t =), ¥ 2 (—7), (=7

’
a bl

St I|®l(l)—“;’i(‘)“<81(l =0, 1)’
S, : [G(, ¥l HIF 1 —G P < Ba
Syt sup & () — ¥ (O] < s <ef3.

Ch J"(l-!l SIN(G) sup 27—y ($O|ds NI sup 2 -y
{ ==

O, ) =(1 +—s) N{s)/(1 =25 (D),

and

L

2
W = Zsup x4 — yty.
P=0
Refering to the above lemma, (7) gives

T.s)

i I?( ) I.' T .s)ds j' O(I R( ) 0}(}|T|,,4“1
B s JUOERES T, s)R(s)e ds.
i itiv bers. A |
j = fficiently small positive num o |
wherelli;(;))isiiésil;l3g)osr:|::ilill\' Fi:?;tly, from [6] we use Lhe definition of % Now, taking =0 sufficiently small then. W{#) will be less than & if
(+ and introduce the following:

Lemma. Consider the linear inequalily

S 8. 55 hold. And consequentiy problem P has a stable solution.
(B} Problems £ and P, are equivalent respectively lo

x(h< y(t) +Ojt f(f, ©)z(s)ds ; 0gs<ts T,

!
(8) (1) =Ug(0) +5,(0) + | (- $)F(s, 2)ds,

0

o . T\ is non-decreasing and

t, 5)eCH(l, 5)5 O<s<is T r
here x(t), y() € C*{0, T} and fid, <. | - (L~$)G(s. s
trvu :glﬂion( 2n 5 for cvery fized s. (N H(t) = Bof0) 1D, (0) + § (=) (s, y)ds.

Then t [T pdu Taking in consideration relation (6) and condition (3), equations (8) and (%)
i .'Ofl.TzﬂdS;‘ f(T Q)y(s)eu ds. vield
sy<y+e ST : -

Now, we discuss the stability in two different cases.

WO S H() + § QL YW (s)ds,
0
(A) Problems P and P, are equivalent to

where
' HY ={A) + B +CO /[ — 2N
t —s)F(s, x)ds,
@ () =) H(0) + ] (=9 A = [04(0) 0] +(1 -H)1O0)—h,(0) .
and ' ‘ B() = § (1 +—8)|F(s. ) —Gls. 3)1ds +[F(s. 3)—Gis. ).
(5) () =04(0) +D,(0) +Jt (t—=9)F(s, Y+, w)ds
. CH = [ (1 4+f—8)N(s)sup [[z”(s)—y""(s)ds +-N{) sup |z"{H—y"{1)],
respectively. 0 ooy :
Knowing that and

) ll-’c(f—f)—U("T)“‘*oﬁiggnx(s)-y(s)“’ () v (1) Par delined s L L (A)

. I As before, our lemma helps W{) to be in the form :
equations (4) and (5) by using (3} lea(’ 0 I phd
@ W< R(l) +0; Q(t, s)W(s)ds, W) S H(l) +e" j Q(T, sYH(s)e" s,
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So. the solution of problem P will be stable if we lake ¢ =0 sufficiently
small such that W{f)< e when 5, Sa Sy are salisfied.

IV. Stability by suecessive integrations. We prove the stability of Lhe
solulion of problem P by using the method of successive integrations. This
will be when, the right member of equation (1) is changed by a function such
that [ F(l. y)—G{L yy| s sufficiently small. i.e.. when the parallel problem is
exaclly problem 1, Moreover. the interval (J =l == (1 2
will be denotled by J,

Let. problem P> be rewrilten in the form:

() = Fxys L1 () =D {). )= ROPRAED
whose solution is x{y =94 (g, j=0.1 2. such that
() = (D) i =1, 2
Also, the parallel problem P, bhecomes
gy =Gy L1 3D =0ld) y' (=) ; 1S Jo
whose solution is () =@ () (ST, j—=0,1, 2, ... such thal
g =D (D5 112,

F(t. ¥y and G(. y) are defined as before. The initial functions $ell),
Za(0), @gll), and voll) ; 1€ T, ave all twice differentiable abstract funelions

from .J, into S.
Later, we shall use the following notation

1

. :
W) = Z sup @ (1) — R k=0, 1, 2, ...)
{=0
So, for the first step we state the following problems :
Yty =F (b hi(0), bolt = =) ¥, ol )bl =N (€4
$(0) =he(0)s bo(0) = £0(0)

DD =GlL, D). Dol —), DL, Dl =), D=3 1=,
0,(0) =@,(0), ©3(0)=Yo(0)

which are respectively equivalent to

B0 =0s0) H 20+ { A—F (s, $r(8), a5 =),

and

(10) ) ) }
Pi(s) Bols —7), Gols—=))ds 3 ied;,
and
. D, (N =0 (1) (0 4+ § (- -8)G(s, D, (5), DPols- 2y, D),

Byls—=), O (s—=Nds; LS v

Now, laking in- consideration relation (6) and condition (3) we find
from (10), (11) thal

R Ty

A DIFMIZRINTIAL EQUATION OF NEUTRAL TYPE

185
(12) Wi(h) £ Eo(D) +- (D Wotl) + {. QU, YW ()ds ; teT
where 4 !

Eoll) = [Aolt) +-By() + GO ) [T = N(D) ],
Ao(l) = [o(0) = o(0)| (1 FN)[E0) —4(0) ],

]

Bty =F(l,4))—G(t, 4) +f(1 H—8)|F(s, $1) G(Q, &y) d.s
Cy=N ; | i
() A\(:)m’xp Dy ()¢ (1) —|-(J'(1—H $) sup D, (s) — i (s)| ds,

Dy1) = ]j'(l H = 5)N(s)ds +N (),

F( ) =F(L (D), wall =), 0il), woll = =), ol --~:;..1..
Gt G0 =G v, ol =), will), woll —3), %(!—11;,
and Q, s)=(1 +H—IN($)[1 =N ]. | |
By using the above Lemma, incquality (12) gives
!

T sy

Will) S o) EDOWoly e/ [QUT, 5) Eofs) +

. = ftQ-T.u]d'u
+ D) Wy(s) e” ds, t=J,
e,
(13
(13) W< I) +T(Wy); 1=Jy
where
1"0(7‘ Yl ;
. SN t — fOT,uidu
I(t) =Eo{f) +e° jo(r, S)Eo(s)e”! T
0 ’

g
— f T wjdu

I
. [T s)ds ¢
T(Wy)y=Do(HW,(#) +-e° {O(T, $)Dy(s)Wy(s)e® ‘ ds.
It is clear that, if =0 suffici { . .
‘ , _xent]y small, we can find 8{¢) (j= Y
such that W/} << if [or i =0, k=0, 2 the conditions RIS
U] o I(.!}E“(l) -'(Dlrl"([) I": 81.“3, h’f([) ks ";r(!) = 8.|1-

U, |[F(E b)) _G(l, Dl 8y, Uyzsup [0, () —D;

. -IJ '.{.“ M=z 8y
are satisfied.

Again, for the second step consider the problems: - .

4 = Wfaterniiag
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Yy = F (L (D, ot — ), $ald), Yell =, D 5 1S
D7) =) bu(7) = Ei(7)

Oty =G(t, Olt), B0 —), Bi(D), (=), D=5 [<Tw
®,(5) =B (=), D) ="11(7)

which are equivalent to

3ty =) HEE)  § (=S, (sl = 43(e) 52
(14) Yi(s—Nds 5 1€
and : _ .

Ds(1) =B.(3) iy (2) ] (1= 9)G(s. Do), Qa7 i), Orls =),
(15) (s —=)ds; (€]
1%pec’;‘il‘::liyn'tegral equations (14) and (15) Siad
(16) WA 5 O +DAOWA0) £ 0 Wil 1,
where

E(t) — [ 4D +Bsh) A0 [ =N O
A= [@1(=) D] T ADED =2

Bty =Fl 4 — Gl D+ (1-H—9)IFls, da)—Gls. gl
27 = G )
G0 =N@sup [0~ D]+§ A+ =9 ®(s)— Wi(s)lds.

Dty = | (1 H—)N(s)ds +N (D).

Fit, 4) —F(h 4ol (=) (0, 410 =), =)
and G, ) =Gl (D), il = D FalD Hl =D H U= D)

is defined as before. _ =
L Ql(;;fS)thl: force of our Lemma, inequality (16) gives

?
f T s t

W) S By +D:i(h WD) +¢° § (T, $)Exs) +

0

- f@{r,..;du

Dl(s)wl(s)]e" ds tEJg

inserting (13) we obtain
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(17) Wa(t) £ H(t) +Z(W,)
where
fft:' Tusd :?T d
(T ialds ¢ = QT u)du
H(O=E,() +Dy(HI(t) +e" } T, S}E(s)e® = ds +
1]
l foIT s ¢ = LT A
} et §O(T, s)Dy(s)I(s)e® ds,
1 0
1
;O(T.uds ¢ - !’O(T.uld“
Z(W,) =D\() T(W,) +e" {Q(T, s)D.(s) T( Woed ds,
1]

are satisfied.
For the third step we consider the problems :

ba(27) =a(27), P3(27) =Eel27),
and

By(27) =Dy(27), D(27) =7:(27)
which are equivalent o

(18)
da(s—tNds; 1],
and

(19)
O (s—Nds; 1T,
respectively.
Again, by condition (3) and relation (6) we have

W) < Ex) +DAOWalt) + § 00, SWi(s)ds

where

Egt) =[4.(t) +Bult) +Cs(H)/{1 = N(D ],

Ao (D) =[De(27) —$a(27)] +(1 +0)[Ee(27) —va(27) -

s () =F (L da(), §alt—=), Yal), ol =), pa(t=7)) 5 1€,

DY) =G, Dy(l), Oo(1—7), By(D), Byt —7), Byt —<)); 1Ty,
Jall) =s(27) HE(27) + | (=P (s, $als)s Bals =) 4, Yo =),

@.(1) =u(27) Hyo(29) -+ § ((—9)G(s, D.(6), Puls—1), Oifs), Bifa—7),

B.(t) =||F(t, ¢2) —G(L, o)l + i: (1t —$)|F(s, §s)—G(s. da)lds,

which will be less than ¢ if for i =0; 1; k=0, 2 the conditions U,, Usand U,
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D)= § (1 H =N s FNO),

"°Fm?oiﬁm@xm¢xr:x¢mi%0—ﬂﬁxuéﬂ)
G(L o) =Gl Yald)s Bl — 7). Ba(D) Gall =), Bt =)

and Q(, s) is defined as before.
So, using the Lemma, the last inequality gives
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= LT , _ .
] oA § JOIT, s 1 B Ty ™ 11

W.(f) € E() +Da() W) 4-e? § QT ) Exs) + D) We(s) }e'-{ ds;teJ,

1F e, W } T . it ; .U 7| .

which by inserting (17) becomes

W) < K() +S(Wo),

where ST i @
S g o = . o 4
JO(T a)ds 37
K(t) =E,(f)+-e* [ Q(T, s)Eo(s)ds +D (DT -
2= 5

?5:"‘:{11515 '\37 \ - ;O(T,n)du‘
42t oL QCT, YD) H{s)e" - ds,
2
4 s
(T — JO(T

,"(-; ds 37
W =DAOZW et QT IDADZWeds.
2 & : 2= “

As before, if =0, W({) will be-less than < if 5y, Sa. S, hold for i, k=0, 2.
Repeating the process, we can ecasily conclude that
& WiH=e; 1=1;

A8 P Y AT

—

when U,, U, and U, hold fori=0,j—1;k (.],—2.

Consequently, the solution x(t) of preblem P is stable.

Remark. Using successive inlegrations, similar vesults can be oblained
when the parallel preblem P, is considered.

From the whole previous discussion we can formulate the following
theorem. S ‘ ;
Theorem. The solution of problem (1), (2) is sluble, if for e -0 sufficiently

small there exist 3,(e) (J -1, 3)=0 such lha

— . W= é sup [t — g <e -

i=0 1t

when S,, Sy and S, or Uy, L ani=Uy are hold.




