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1. Introduction. Consider the self-adjoint second order linear differen-
tial equation

(1) [p()y'(0)] +glx)y(x) =0
and the corresponding nonchomogeneous equation
(NH) p(2)y (X)) +q(®)y(x) =[(x).

The functions p, g and f are positive continuous functions on an interval I=
[, 00), az0 and their producls are nondecreasing, unbounded, and of
class C'[/]. 1t is well known that if

(1.1) f[l:p(m]dx_m, jq(x)dx %

then every solution y(x) of (H) oscillates on [I.

In recent papers Maki [8], Komkov [53] showed out the useful-
ness of the transformation y(z)=mw(x)2(z) in studying qualitative properties
of (H). This transformation transforms

(0.1) g +q(x)y =f(x)
into

(0.2) (wz") w(w' +-qw)z =fw.
If w(l) is a solution of

(0.3) w' F-quw=0
then (0.2) becomes

(0.4) (wrz") =fiw.

Equation (0.4) enables us to sludy the osciilatory behaviour of solutions of
(0.1) in terms of the forcing function f and the nonoscillatory solutions of {0.3).

Fink and Mary [3] proved that if the equation (H) is oscillatory
then the equatijon

; (p(2)2'(2)) +rg()=(z) =0

is also oscillatory for 2==1. It is clear that this equation can be written as

()= (D)) F(x)=(x) =O.
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Also Erbe [2]. proved lhat multiplying the coefficienl q(x) by a [unction
a(x) preserves lhe oscillatory property.

The purpoese of this paper is to establish sufficient conditions Lo ensure
boundedness. and oscillations of solutions of (F) and (NH). We shall make
use of the following nolions for every solulion y(ay of (1)

(12 L) 1) Hpa) 2 [(p)' ] =4 (p)'— (pg) 32
{1.3) My, y' 1=y Hpy)pgd

with M, = M[y(a), y ()] =0. Also (he following theorem and delinition will

be used in our analysis :
Theorem A [3] If

(i) pla)=k=0 on I and ? (1/play)dx =,

gt : o
(i)Y gfe)y = k=0, (i) f(x) € L(0, ),
ihen all nenoscillatory solutions y(x) of (NH) satisfy lim g(x) =0.
Definition L Equalion (1) is suid lo be rlisc‘nnfuyﬁlr on I if no nontrivial

solulion of il has mere than one zero.
Let C{a, b] denole the set of absolulely continuous functions r{x) such

that r(a)=r(d)=0 and [r'(x) e[. Lek
(rd) Ir 4, b] = §(p(r')? —qrydx

for all r=C[e. b]. 1t well known, [1], that (1) is disconjugale on {e, b]if and
only if Jfr, @, b} =0 for all admissible functions r{x), (r(x)#0).

9. Main results, First we will‘establish the following theorem :
- Il ITheorem 2.% - ok :

@ tim [ {[(pg)'} | pae!
exisls and is finile, then for any solution y(x) of (H)
(2.2) Aim. { {pgY (py ") (pay'ydt

exists and is finile, and «all solulions y(x) remain bounded.
Proof. Differenliating (1.3) and -using (11) we obtain

(2.3) (M. g ) =—(pg) (py' VI (pg)*
Hence
€2.4) ) My, 9’ )= M, F e ey (pyedl.

Then we shall show thal Uhé expression (2.4} exists and is finite. Using (1.2),
(1.3), (2.3) and (2.4) we have = enp '
0< (py) pg<(pyyElpa} +y7 =M1y, y' 1= — § () (py )/ (peyd!
(257520 S e A

AL, — § ) (py e ) (py 7 eyl
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Hence

(2.6) (ny')?pgs M, + [{(py" Y2 po)'t [(pg)ydl,

and iy

(2.7) CHpg) (py )2 Hpgpdi< M+ [(pg) (py')*} [ (pg)*dl.

From (2.6) and by using Gronwall inequalily we have
(py' )2 pg< M, exp (§ {pg)'} | pydt)< M, exp ( ‘.f.{(pq)'}' I py db),
and Lhus (py')2/py is bounded on L. I can be casily seen, from (2.7),.lhat

lim § {(pg)'(py")2 [(pgy2dt, lim [ {(pg) (py Y5+ (pg)*dl

A=r 00 8 Ao At

exisl and are finite and the resull follows [rom (2.2) and (2.5). .
Theorem 2.2, If

e

(2.8) (i) f(imde=mn, |qdr=cw, lim plg =4,
(2.9 @iy’ =™ lim § {(pg)’[py}dt,

cxisls and finile, then all solulions of (1) are bounded and oscillalory on I.

Proaf. Theorem 2.1 implies that the solutions of (I11) are bounded on I
and M[y, y'] remains bounded on I. By Leighton’s result [6] and (1.1), it
follows that under conditions (2.8) and (2.9), all solutions of (H) are oscilla-
tory. This completes the proof. :

Theorem 2.3, A necessary and sufficient condilion for solutions of (H)
to be asciwatory is that there exists « funclion w(x)#0 of class C'[1] for which

(2.10) § (1 pw)dx =0, I w!(pw") +qw/dx=c0

hold.

I’rrm['._ Let u(x) and v(x) be any two linearly independent solution of
(11) for which Abel’'s [ormula is given by

pW=p[uy' —u'v]=Kk,

where W is the Wronskian of # and », and k>0 is a conslanl Il is clear Lhat

(211) w(w)=((x) F(x)) 2
is a solution of ? ‘
(2.12) ps(pw’) +qu] =k

The transformation y—w: transforms (H) into

{2.13) (pw*z"y +wl|(pw’) +quw]:=0.
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Further, if w(x) is such thal
(2.14) (ptyw|(pw’) +qwi= 1

and using lhe tramsformation
e [ 1/ (r(Hu)) Jat

of the independent variable, then the {wo linearly independent solutions
of {2.13) are

sin ; [1/r(Hyu(t) Jdt, cos _'|f |1 /r(Eye() Jdi.

Bul (2.14) is simply (2.12) with k=1, lhus solutions ol (11) are oscillatory
if and only if solulions of (2.13) arc oscillatory there. It follows that if solu-
tions of (I1) are oscillatory on I, then Lhere exists a function w(x)#0 of class
('[F] such Lhat conditions (2.10) hold. Conversely, if there exists function
w{x)#0 of class (’{J] such that condition (2.10) hold, then by condition (1.1)
and Theorem (2.2), solutions of (I1) are oscillatory.

As a consequence resull for equalion (2.13) is following :

Theorem 2.4, If there cxists function w(¥)=0 of class 2|1} such that
(pw’y -quw=0 for large X, then the solulions of (1) are nonoscillalory on 1.

Example 1. By laking p(x)=1, e=1, then equation= (k) is reduced to
the [orm g

g q(xyp =4, 1 r <0

and conditions (2.10) become
]:(l;'wz)d.r =00, [l w(w? J-quo)dr =0
B.y setting w=a'/2, then these conditions are reduced to
_f(l/x)d;v- 00, f{qu‘-'].-'-1a'i}d.v--—oo

then the solutions ol ' +g(¥)y=0 are oscillatory on [1, ).
Example 2. Consider the differential eguations
g Hkfa)y =0, 1sx<00

and there exisls a function z such thal

(2.15) (" H{Kfe)z) <0, Tor large .
By a choise == x'?, {hen the solulions ol (2.13) are nonosciltatory on (1, %)
Theorem 2.5. If o
(216) [ (g lpg doec,  { [l(p)rdw<oe
1

then dll selutions of (NH) are bounded.
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Proof : Using the substitulion w=y', then Lhe equalion (NH) lakes
the form

w' =(—p'w—qy+N/p-
Define E(y. w, x)=[pw*2¢)+x°/2.
Then
dE|dx =(fw/) —(wpg)'[2q9)< (fwlq) H(p2) [P E.
|fofqI<(ffpa)") Apw?)24) +1},
. = = (p) M +Hpg)' [ pa 1 A [2(pa)'E=.
Using condition (2.15) and Gronwall's inequality it follows Uhal [ is bounded,

and consequently g(x) is bounded. This completes the proof.
Theorem 2.6, If there exisls a posilive funefion w(x) such tha w(x)f(x) =

But since

{hen

| e L{I), w(w" fquw)=kgpr=k for some k=0 und?(l/w‘*)‘d.n —co, then every
) 0

l nonoscillatory solution of (NH) with p(f) =1 salisfies

, lim y(x)w(x) =0,

xX—m
Proof. The resull follows from Theorem A and the hypothesis, each
nonoscillatory solutions of (0.2) satisfies lim z(x)=0.

Theorem 2.7. If (NH) has a solution r(z)<0 on 1, then equation (H) is
disconjugale.

Proof. It is sufficient to show that, for any number ¢>«¢, equation (FH)
is disconjugate on [a, c]=1 (i.e. Jir, @, ¢c]=0 for all rel[g, b}, r(x)#£0). Let
w={pr'[r}; then

W = (pr'y'r— p(r ) = ({19 — 4 —[pr 1 =F) —a—(w/p).
—g=w'—(wp)—(f/r).
Therefore for any =< C[q, ¢] we have

gzt w'z? (w22 p)—([22]r).

Hence

Using (1.4) we have
H[z; «, Cl:j (P(Z'-)ﬂ—q:*)d-“ﬂ=j{w'22 4p(2")2 H(wz/p) — [} =
st fawsrdn (e ) (DM [P P
—2wzz'—(f:ﬂr_)}da:= i{(p‘“:'—11‘1’2wz)2-—f22/r}fla:>0.
{'his completes the proof.
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SUBMERSIONS METRIQUES PRESQUE DE CONTACT DONT
L'ESPACE TOTAL EST UNE VARIETE DE KENMOTSU
PAR

T, ISITIKUNA-MATAMBA

Introduction. S’inspirant des lravaux de Waltson [I15] et de
Watson el Vanhecke [19]. D. Chinea 2, 3, 4]s’est inléressé 2
I"étude des spbmersions riemanniennes sur les variétés méiriques presque
de contacl ; il les appelle submersions mélriques presque de conlact el ¥y
obtiecnt plusicurs résultats analgues & ceux des submersions presque hermi-
tiennes, ;

Poursuivant I'¢lnde des submersions riemanniennes qui commutent avee
les tenseurs de structure, B. Wa tson [16] a défini et éludié deux types
des submersions mélriques presque de contact ; submersions dont I'espace
total esl une variété métrique presque de conlact. Selon que Vespace de base
est une variété métrique presque de conlacl ou une variélé presque hermi-
tienne. il définil les submersions de type 1 ou de type II respectivement.
Précisons que par tenseur de structure nous entendons un champ de lenseurs
(qui définit une certaine classe des variélés riemanniennes; l'exemple le
plus familier étant celui du c¢hamp de tenseurs J qui définit la classe des
variélés presque hermitiennes. Parmi les problémes auxquels Walson s'est
intéressé, il y a celui du transfert de la structure de 'espace total 4 l'espace
de base ou sur les fibres ainsi que celui de la minimalité des fibres, problémes
déja abordés dans [13]. [17] et [18]

Ce papier est une pelite contlribution aux éludes déja amorcées par
Chinea el Watson. Nous avons choisi d’étudier, de manijére descriptive, les
submersions dont I'espace total est une variélé étudi¢e par K. Kenmotsu 8]
et élucidée par D. Janssens et L. Vanhecke [7]. L’intérét qu’il
y aurait & examiner une telle situation réside en ceel

1% Dans P'étude des submersions mélriques presque de contact, il ne
semble pas que l'on soit toujours certain gqu’une variété donnde puisse se
préter commne espace tolal de fibration. Par exemple, Chinea [3] a pu montrer
que I'espace lotal ne peut pas élre une variété sasakienne, contact, K-contact,
nearly-sasakienne ow quasi N — sasakienne ; une remarque que I'on retrouve
égalementl dans [16]. .

27, Avec Chinea [4], on sait que si I'espace lolal est une variélé semi-
sasakienne ou semi-cosympleclique, alors Pespace de hase hérile la structure
de Tespace lolal & condilion que les fibres soient minimales. Ceci montre
que dans ce genre de fibrations, le transfert de la structure de 'espace total
A Tespace de base n'est pas auiomatique.



