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OF CERTAIN LINEAR
TABILITY TESTS FOR THE SOLUTIONS
° EQUATIONS IN PARTIAL DIFFERENCE EQUATION

BY

H. ATTIA HUSSEIN

1.Introduction. In a previous work [1} we obtained a solution of a difference
boundary problem

(1.1) ADAD L AR =N Ay, ATAT.ADY = f(t, b,y t)

(12) leSt,‘(p,‘ﬁ,‘ =6 (J = 1,2,...,11)

in the region 0 < t; < oo, in the form

1" -1gpi.
N o M (- ASH)TISE
y=(-57) j{, fc, fi =i

(13) Aql‘“q” =1 i/\—]ﬁ?_ d,\“
. [I - z AT BT A A2 T A
—(——L)nf f f l'l?=lexpt—"1n(1+6.v\i)'
Y=o e Jea Jen 5;
5 “Lexp — Z In(1 + &M E(E: = DT
(1.4) 'm(Es'*I) exp -y In{1 + 8 A:) (6 (Ei — ])
-1
Ao | it B
.[I_ZA{I-QITHA{J'II‘*Q':] f N Az Aa
Here
Ajy= (i, o tjot + 8i, by, watn) — ¥, ...,fn), 5J_ >0 j=1,2,..,n
iY== T

]
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pj 2 ¢; but 3°p; > 5" ¢; and Ay, ,. denotes families of constant and bounded
linear operators which act in a complex Banach space. The contours ¢y, ¢q, ..., cn
must be chosen so that for any A; € ¢; the point (A1, A2, ..., ;) is the regular point
of the operator - function

T(A1, Az, An) = (AT A8 — ZAQM?H)\‘;: .“Ag‘n]_l

The operator-function I' is uniformly bounded for every X; € ¢; (i = 1,2,...,n) i.e.
BE(AL, s Al € D < 00.

The functions y = y(t),...,tn) and f = f(t1,...,1,) are elements of the space of
continuous functions whose values are in a Banach space B. In the present work we
establish necessary and sufficient criteria for the exponential growth (in particular,
boundedness) of the solutions y of the difference boundary problem (1.1) - (1.2)
for all right hand side f satisfying this same condition. The result which obtained
in this work is more accuracy from the result in [2].

2.Definitions and notations.

(1) Let N be a set of points {0, §,26, ...} then for all ¢;,t; € N x N, we define

ty + b, ta + 62) — y(ty, to + 62) — y(ty + 61,8 {1
A1Azy=y(1 2+ 62) —y(ta 25152) Yyt + 61, t2) + y(t1, 82)

we have the following

(= 2151)7181(F - 2282)7 ' Saf =

(21) m-1 n—1
=68 Y D expyi(m — ki — 1)+ v2(n = ko — 1}f (161, k265)
k|=0 kg:ﬂ

where {; = mé;,t; = nd; and 1; = %ln(l + 8 A;) is a solution of the difference
equation '

A1Agy — AjAay — Adyy+ My = f
¥(t1,0) = y(0,t3) = 0.

(ii) Let E be a shift operator such that Ef(t) = f(¢t + §}(§ > 0), then if we
define the operator

8E —I)"'f(t) = Sf, then

n-1
(2.2) SF =83 - (k4 1o
k=0

where ¢ = [n8], [a] denote the greatest positive integer < a.
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(iii) (k)®) is the usual factorial notation i.e. (B)® = k(k - 1)..(k—p+1),
then we can prove the following

n—-1
(2.3) P10 = o 2 WO (4 8)
P ) k=p~-1
The proof is by mathematical induction, since the identity (2.2) is true for p = 1,
that is (2.1). Then for p = 2 we have 5%f = 82 TR kE-HD (1), 1
Suppose the identity is true for p = r, 57f = (%)Tzz;:-l ()TDE-(+D £(2)
then for p = r + 1 we obtain

) 5" n=1 . ~ B
SHf=85f= 6(;‘1 B )G ,,Z (k)" D E-C¢+D £(1)) =

=r=1
r+1 n-1
= S (k4 )OGS
ri
k=r

= r— r=1) _ (r4i+1)0
(considering the summation (r — I G R ner-Y = g—r)—)
(iv) Let || - || be a norm in B. If we select a subspace from B, denote by

Ba, aa,...,an Which consists of the functions satisfying the condition

liflla, .. a. =SUP If (1, - ta)ll exp(—asty... — apts) < 00.

Then B, . o, Will be complete in this norm i.e. Banach space. _
(v) Let f belong to the linear space Ba,,. ,an, then f has an exponential
growth with order on, ag, ... and oy, that is for every € > 0.

tyda,ta

Em  Hf(t, o ta)llexp(= D (e +€)t) =0
- i=1

lim__(1f(tr, - ta)ll exp(- Y (@i - €)ti) = o0,
e i=1

3.Some Lemmas _

Lemma 3.1. If f(t) is en ezponential function, [Ifll € Ce™, then
[1S? fIl < De** (p>1,@ >0 and 57 defined in (2.3)). .

Proof. If p = 1 then from (2.3), we have Sf =63 ;2o (t = (k + 1)8).
Then

n—1 n-—1 n=1
ISFI < 6 S Nf(t - (k+ D) € C Y et tDD=C ) Jetr? =
k=0 k=0

r=0

c

= s (e - 1) < Cle
[ 4 —
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then the Lemma is proved when p = 1.
We now calculate ||S? f]|. Using (2.3) we get

n—-1
WSPAI<C Y. B Is(e - (k+ D)o)€
k=p-1

n—1
<Gy E (k)(P—l)ea(n—k—-l)é;
k=p—1

pui_& =n-k—1,then ||SFfl| < Ci (28 (n— € - 1)P=Deaé (uging the relation
Yoesg ueAvg = uevely P! — T vgy1 Aug) finally we have |57 || < Cae.

.Lemma 3.2.[3). If the funclion f € B, and the funcltion K € B, , then the
Sfunclion v

n—-1
2t) =3 K(t — k6)f(k6)
k=0
belongs to the space B, where y=a if a>a) and ¥y > a; if o <a.

[ Since (1 —AS)™'Sf = p& exp In(1 + 62).

n-1
(E-D)exp -% In(1+62)£(t) =83 exp(n — k — ) In(1 + 6X) f(k6) =
k=0

n-1
=Y K(t - kb) (ko)
k=0

then K(t — k6) = e~ 11482 has an exponential growth a; = 1 In(1464)).
Lemma 3.3.(3]. If the function f € By, o, and K € B, p,, then the function

n-1 m~1
gt ta) = 3 Y K(th — k1dy, ta — koby) (k161 k262)

Ey=0ka=0

belongs to B, y, where v; = max(&;, af) if ai#gBiandy;=Fi+e if oy=4;.
Lemma 3.4. If f € B,, then

(I-A5)7's* feB, (p>1)

Proof. The series f+ASf+...+ X" 5™ f + ... is convergent for ever
€B
and the sum of this series is (I — AS)™' f then * rre s

(T=AS)"'SF=[S+AST+.. + \P=25P=1f £ \-1(] = AS)" 575,
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By using lemma (3.1) and lemma (3.2) we have (I — A5)"'Sf € By where
v = max{a,B) if « # 8 and (I )..‘\')_lS”f £ Baye for any small ¢ > 0 and
a=08= -;—ln(l+6).).

Lemma 3.5. If xo is an element of a Banach space with |lxol| = 1 and let
{A1,0,Az,0) be an eigenvalue of the operalor - function ['(A1, Az)

i.e, (/\1,0)2”]] — A)\Q_u = BAIIQ - C)ro =8
where @ is a zero element in a Banach space, then

Zop
(M = A10)(A2 = Az0)

(d) T(A,A)zo =

A=Ao B—/\z,o]
Zo
Al o AI,O )\2 - )‘2,0

+ (A, /\2)[
Proof. Since
T'(Ay, Ag}{AAaf — Ay — BAy — Clzo = 70
{A1.0, A2,0) be an eigenvalue of the operator - function T'(A;, Az), then
[(A1, A2)[(MA2 = Aoree)] = A(Aa = Az0) — B(A — A1 0))20 = Zo,

consequently

T(A1, A)[(A1 = A1 0)(A2 = Az0) + Aro(Ae — Az0)+
+ Az,0(A — Ao} — A(Az2 = A20) = B(A1L = Auo)lzo = Zo.

The last equation leads to (d).
4.Result. The operator - function

Ag.ga -
Ti(A1, .. An) = [I um Z Apl—'hl Apn_qn]
1 CERTAS /

is uniformly bounded for every A; € C; ( the point (A1, ..., n}is a regular point of
I'1(M, ., An)), then we have

(4.1) IT1(A1s - ARSI < DIAI

consequently we have the following.

Theorem. Let the right hand side f for the boundary problem (1.1) (1.2) runs

all space By, as, ..an, then the totaly solution {y} is covered by space Bp, g8,
provided that the following conditions are satisfied

Bi=ai if ai>alandfi>al” if ai<al”
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6

where af” = L n |1+ 8diol. (Mo, Ao, e, An o)
- function T'(A, ..., Ap).
lf'roof. We split up the proof of the theorem into several parts
i) proof of sufficiency using (1.4) we have
&;
14+ 8; )

(E: = I)~"exp _;_ In |1+ &M IBE - 1)~ 1Al

t
loll < L M2y exp - In 1+ 5,0

where L = max||[[';(Ay, Ay, ..., An)ll, lengthes ¢, ()"
IE||fIl < Meoatr¥eatatotantn ysing lemma (3.4), we have

L &;
I, exp Sjln 1T+ 6] -I-m(Ei -n-t
i (e’

i -
exp = £ In |1+ BAJI6(B: = 1)1 P~ eontrt Houin g

T T
where ¥; = max(a;, aso)) o; # af-n)

1
(ago) = Eln L+ &A] and A € G,

0
and v > o; when o = a,(- ) from the above result we proved the sufficiency.

. Since lemma (34) plays important rule in our proof, then for simpicity and
without loss of generality we consider the boundary value problem

(4.2) AAgy~ AAsy — BAy~Cy= f

(4.3) “logrcs, =8 (8 >0,i=1,2)

The solution of the above equation can be put in the form
y—(—i)zf f (T~ A8 ™ Sy(1 = ApSy)=?

(44) 2w J, J, 0T Sl sy

G-A_B_C 7 anay

)tl z\z 1\11\2 Al /\2
Taking f(t;,fg) = eMhitartag, where z; is an element of Banach space, using
lemma (3.5} in equation (4.4) leads to

1.2 _
V= (_517?) f;. fcz("—)‘lsl) 'S1(1 — 2285)71 S,
A1As A—-2A
: I e
(4.5) {(*\1 = Ao} Az — Az) + I h)‘z)(’\l - ’\l,0+
B- ), } dA, dX
+ _ : oyt +ogzty __1___2_
Y a0 fC N R T

=+ (A= Aoy + (B~ Arolys

be an eigenvalue of the operator
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where

(4.5)a v = Aodzo(] = AreS1) T S1(1 - A2,082)  Sperti¥ Otz

(4.5) yo = (I = Ar,0S1) " Sy

(4.5)c ys = (I — A2,052)" ' Say

If f runs through all of Ba, a, the totality of solutions is covered by Bp, s,,
for By, Ba, sufficiently large. We shall determine the smallest 3; to be the solution

is stable. .
If f = e®1h1+e3*255 we consider the following cases

(1) f o > a&o) = %lnll + 6; A0} i = 1,2 then from equation (4.5) we get
(i) y1 belongs to the class B, aa; o o
(ii) y2 belongs to the class By, g, where 71 = max(ﬁl,o:(1 ) when fi # aj
and 91 > B when f = a(lo), EO)
(iii) ya belongs to the class Bp, v, where 42 = max{Bz,a; ) when B # a2
and 72 > 2 when 82 = a(zo).
(2) f oy = aS") then from equation (4.5) we get

(i.2) Y1 € Ba4e,aate
B o < asu) then from equation (4.5} we get
(i.3) u € B,w o

Now we can prove the necessity, the proof will be completed in the following steps.
(1) If f € Bay,a, and a; > o', the solution y belongs the space Bg, 8,

From the equation _(4.5‘) we have the right hand side belongs to space By, v,
g (0

where »; = max(ay, 8;} (since ai > o ). _ ‘ . '
If a; > ‘ﬁ,-, then( equ:;tion (4.5) ieads' to a contradiction. It 1s su.fﬁ-:lent to c'homfi*‘
B = a; in our case to obtain the solution y € By, o, and the right hand side o
equation (4.5) belongs to the same space. ‘
(2) If f € Ba,,a00 = aE“’ and if 3 = oy, then from equation (4.5) we have a
contradiction. _
But if §; > «; we have both sides of equation (4.5) belongs to the same space.
(3)If f € Bay,appr i < aED) and if 3; > a§°), then from equation (4.5) we have both
sides of equation (4.5) belongs to the same space. This completes the proof.
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Remark. If §; - 0 (i =1,2,..

result »7) in theorem (1) we obtain the following

(i) B = o; if a; > Re); 0
(ii) Bi > Re,\,"o if a < Relip

this result is more accuracy from the result in [2)
1

Bi = o; > ReA; o is new result which it disappear in th e

eorem (1) in [2).
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ON A SOLUTION OF OPERATOR DIFFERENTIAL EQUATION
AND APPLICATION TO PARTIAL DIFFERENTIAL EQUATION

BY

1.E. SHARKAWI

1.Introduction. The field M of Mikusinski operators is an extension of the
integral domain C, [1]. As it is known that the quotient field M of Mikusinski con-
tains the differential operator s, the integral operator ! and translation operator.
The differential equation in M covers some classes of partial differential equations,
integral equations and difference equations, which have quite wide range of appli-
cations.

In this paper we shall deal with the differential equation

(1) Lpz(A) = 2™MA) + a1 (N2 (2) + .+ ao(N)z(d) = b(2), 0< A < A
where z(}),b()) and a;(3), i =0,1,.,n— 1 are functions which map the interval
[0, A) into the field M of operators.

2. Preliminaries. The class C of continuous complex-valued functions of
non-negative real variable forms a commutative algebra without zero divisors,
where the product is defined as the finite convolution, the sums and scalar produets
are defined in the usual way. The quotient field of this algebra is the operator field
M of Mikusinski.

K(}) is the class of all numerical bounded function of the form of finite sum
T, A,e¥*, where A, is a numerical constant, i = /=1 and X € [0, A). We shall let
f = {f(t)} denote the representation of f(t) in C[0,00), while z(}) = g{z(A, 1)}
stands for an operation function, where ¢ € M and {z(A,t)} is a parametric
function.

M(X) is the set of all mappings of [0,A] into M, A <o

D(T):0<A<A, 05th<ooist.hedomainR2.

J(D) : is the set of all continuous complex-valud functions f(},t), such that
(i) for every T < oo, f(A,1) is defined, bounded and measurable over D(T'),
(i1) for every A in [0, A], f(A, 1) is in C.

Finally J()) is the algebra which lies in M()), its elements are of the form:
f) = ¢{f(A\ )}, ¢ € M and f(A1) € J(D). In M(}) the limit, derivative and
integral are defined [1].



